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Introduction

Let GL+
2 (R) be group of matrices in M2(R) whose determinant is positive, and

let PGL+
2 (R) be the quotient of GL+

2 (R) by its center R×. Denoting the group
of holomorphic automorphisms of the complex upper half-planeH by Aut(H),
one has the well-known isomorphism

PGL+
2 (R) ∼−→ Aut(H)[(

a b
c d

)]
7−→

(
z 7→ az + b

cz + d

)
.

Let Γ be a Fuchsian group of the first kind, that is, a discrete subgroup of
PGL+

2 (R) of finite covolume. Then the group Γ acts onH, and one can consider
the quotient

Y(Γ) = Γ\H.

This thesis is devoted to studying these quotients and their arithmetic nature
for a special finite list of PGL+

2 (R)-conjugacy classes of Γ cut out by a rather
restrictive set of conditions, as in [Tak83]. The greater part of this introduction
is dedicated to describing these conditions and to giving a broader overview by
relating them to several congruent areas of mathematics. After this, we describe
our study of the resulting list.

Lamé equations

The first conditions that we impose on Γ are of a geometric nature: we demand
that

• The quotient Y(Γ) is compact and of genus 1; and

• The ramification locus of the canonical projection

H π−→ Y(Γ)

consists of a single point P of Y(Γ), where π ramifies with index e ≥ 2.

In the terminology of [Bea95], Γ is a Fuchsian group of signature (1; e). Being
a compact Riemann surface, Y(Γ) has an algebraic structure: in fact, because
of the compactness condition, it is a projective algebraic curve over C. It has
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a distinguished point, namely P. We are therefore justified in calling Y(Γ) a
pointed complex torus, although in the rest of this thesis, we will usually refer to
it as a (1; e)-curve.

Our motivation for considering such Γ and Y(Γ) is the following. Consider
the multivalued inverse map

Y(Γ)
π−1

99K H.

This inverse map is intimately related to a differential equation on Y(Γ). Indeed,
choose a Weierstrass equation

y2 = p(x)

for Y(Γ) such that P is the point at infinity. Then π−1 can be described as the
quotient of two solutions of the Lamé differential equation[

(y
d

dx
)2 − (n(n + 1)x + A)

]
u = 0 (0.1)

on Y(Γ). Here we denote

n =
1
2e
− 1

2
< 0,

and A ∈ C is an accessory parameter. This differential equation has exactly one
singular point, given by P, which is regular singular.

Lamé equations can be thought of as being the simplest higher genus analogue
of the hypergeometric differential equations[

x(1− x)
d2

dx2 + (c− (a + b + 1)x)
d

dx
− ab

]
u = 0 (0.2)

(with a, b, c ∈ C) on P1. These hypergeometric equations describe similar
multivalued inverse maps

Y(∆) 99K H,

namely those arising from triangle groups ∆, which are the Fuchsian groups
whose signature equals (0; p, q, r) for some p, q, r ∈ Z≥2.

The presence of the extra parameter A in the Lamé equation (0.1) is a new
feature that does not occur in the hypergeometric case: like the parameter
n in (0.1), the parameters a, b and c in (0.2) are determined by the signature
(0; p, q, r) of the associated triangle group ∆.

We now turn to the second demand on Γ that relates these groups to a
classical construction due to Shimura.

Arithmeticity

The geometric demands above are satisfied by a continuum of discrete groups
Γ ⊂ PGL+

2 (R), even up to conjugacy. Indeed, let E be an elliptic curve, and let
e ∈ Z≥2 be an integer. Consider the maximal cover

Ẽe −→ E (0.3)
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that is unramified outside the origin O of E and such that all ramification indices
over O divide e. Then Ẽe inherits a complex structure, and as in Section 6.4
of [Ser92], one sees that

• Ẽe is isomorphic toH; and

• The map in (0.3) is isomorphic to a projection mapH → Y(Γ).

By construction, then, Γ is of the type considered in the previous paragraph.
For a more explicit study of the totality of these groups, we refer to Chapter 1
and [FK65].

We shall consider a smaller class of Γ. Classically, some of the most reward-
ing subgroups of PGL+

2 (R) have been the groups

Γ0(N) =
{[(

a b
c d

)]
∈ PSL2(Z) : c ≡ 0 (mod N)

}
.

The corresponding curves Y0(N) = Γ0(N)\H have a moduli interpretation,
parametrizing elliptic curves equipped with a cyclic N-isogeny. This moduli
interpretation yields a model of Y0(N) over Q, which can be compactified to
yield a proper smooth curve X0(N) over Q.

The Galois representations and Heegner points obtained from the curves
X0(N) and their Jacobians are a treasure trove of arithmetic information, not
least in light of the proof of the Shimura-Taniyama-Weil conjecture by Wiles,
Taylor et al.

One can describe the groups Γ0(N) in a different way by using orders of the
matrix algebra M2(Q) over Q. This algebra has a maximal order O(1) given by
M2(Z). Consider the element

wN =
(

0 1
N 0

)
of O(1). Then we can form the order O(N) in M2(Q) given by

O(N) = O(1) ∩ wNO(1)w−1
N =

{(
a b
c d

)
∈ M2(Z) : c ≡ 0 (mod N)

}
.

Using the order O(N), we can recover Γ0(N) in a more involved way as the
image in PGL+

2 (R) of the group O(N)+ ⊂ GL+
2 (R) consisting of the matrices

in O(N) ⊂ M2(R) whose determinant is a totally positive unit of Z (that is, 1).
In analogy with the above, let F be a totally real number field, and let B be a

quaternion algebra over F such that

B⊗Q R ∼= M2(R)×H× · · · ×H, (0.4)

where H is the Hamilton quaternion algebra over R. Let O be an order of B,
and let O+ be the group of units of O with totally positive norm. Let PO+ be
the subgroup of PGL+

2 (R) associated to the image of O+ in the factor M2(R)
in (0.4). One can then construct the curve

Y(O+) = PO+\H.
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In [Shi70], Shimura proves the existence of canonical models of the compactifica-
tions X(O+) of these curves Y(O+), which are analogues of the models of the
curves X0(N) over Q considered above. When the quaternion algebra B is not
isomorphic to a matrix algebra (which is the case, for example, when F 6= Q),
then we in fact have X(O+) = Y(O+).

Shimura’s canonical models are models (or forms) of X(O+) over an abelian
extension of F, which we describe in more detail in Chapter 3. As in the classical
case, the study of the Galois representations associated to X(O+) has borne a
lot of fruit (see [HT01]).

A subgroup Γ of PGL+
2 (R) is called arithmetic if it is commensurable with a

group PO+ as above, meaning that Γ∩ PO+ has finite index in both Γ and PO+.
This arithmeticity condition is the second condition that we impose on Γ.

In terms of the Lamé equation (0.1), arithmeticity of Γ results in overconver-
gence of the local expansions of the solutions around a regular point. This in
turn gives rise to special transcendental numbers. In fact, though we will not
get into this, the construction of such transcendental numbers was one of the
main motivations for our study of these groups Γ.

A list by Takeuchi

An arithmetic (1; e)-group is a Fuchsian group for which the demands of the
previous sections are all satisfied. Up to PGL+

2 (R)-conjugacy, this results in
a finite list of 71 possible Γ, which was determined by Takeuchi in [Tak83].
Colloquially, we call the corresponding quotients Y(Γ) arithmetic pointed tori.
However, in the main text, we predominantly use the more accurate term
arithmetic (1; e)-curves for these quotients.

Let Γ be an arithmetic (1; e)-group, and let A and B be matrices in SL2(R)
whose images in PGL+

2 (R) generate Γ and whose commutator is of finite order.
We can describe the conjugacy class of the group Γ by giving the trace triple

(x, y, z) = (tr(A), tr(B), tr(AB)). (0.5)

In [Tak83], the full list of arithmetic (1; e)-groups Γ is given in terms of trace
triples. For these Γ, the compactification X(Γ) of Y(Γ) is simply equal to Y(Γ).

The main objective of this thesis is to determine equations for these arithmetic
pointed tori over number fields. Whenever possible, we realize X(Γ) as a
(possibly trivial) Atkin-Lehner quotient of a Shimura curve and determine the
resulting canonical model of the Jacobian J(Γ) of X(Γ).

Our results can be found in Table A.3 in the appendix, where we give
equations for J(Γ) for 57 (out of 71) arithmetic (1; e)-groups Γ. In all other
cases, we still give candidate curves or isogeny classes, whose correctness
would follow from standard conjectures on Hilbert modular forms, such as the
Fontaine-Mazur conjecture (cf. Section 7.2).
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Previous results

The first explicit results on arithmetic pointed tori are due to Chudnovsky and
Chudnovsky. In [CC89], they gave models for X(Γ) over C, along with the
accessory parameter A from (0.1), for 13 of the groups in Takeuchi’s list. Their
results were obtained using numerical approximations: however, [CC89] does
not prove the correctness of these models, and some of the accessory parameters
are missing or seem incorrect.

For example, we approximated the accessory parameters in the two (1; 4)-
cases determined by Chudnovsky and Chudnovsky using a program kindly
shared with us by Yifan Yang. The results agreed with the values (−17 +
16
√

2)/26 and (2−
√

2)/24 up to 50 decimals, which seems contrary to the
cubic values claimed (but not calculated) in [CC89]. That said, the j-invariants
claimed in [CC89] never contradict our results.

Other results on arithmetic pointed tori can be found among the results in the
papers [Kra96], [Elk98] and [GR06]. These papers determine 5 of the 7 arith-
metic (1; e)-curves whose corresponding quaternion algebras B have ground
field F equal to Q.

Outline

This thesis is organized as follows.

In Chapter 1, we use the geometry of Fuchsian groups to construct fundamental
domains for the groups Γ in Takeuchi’s list. As a result, we obtain an algorithm
that given an element γ ∈ Γ determines its homology class [γ] in H1(X(Γ), Z) ∼=
Γab ∼= Z2. Additionally, we show that the trace triples (0.5) used in Theorem 4.1
of [Tak83] give rise to certain optimally shaped fundamental domains for the
corresponding group Γ.

Chapter 2 summarizes the results on quaternion algebras that we use in this
thesis.

In Chapter 3, we discuss canonical models for Shimura curves and arith-
metic pointed tori. We also consider the subgroups O1 of O+ consisting of
elements of norm 1 and construct canonical models for the associated covers

Y(O1) = PO1\H

of the curves Y(O+) considered above. It turns out in order to construct a
canonical model for Y(O1), one has to make a choice of compact open subgroup
of the adèlic points of the algebraic group B×, and that the canonical model of
Y(O1) may depend on this choice.

Chapter 4 determines the traces of Frobenius of an arithmetic pointed torus
X(Γ) by calculating the action of a Hecke algebra on H1(X(Γ), Z). We give an
algorithm that implements these calculations: it incorporates the algorithm
from Chapter 1 described above.

In Chapter 5, we explore the consequences of a result of Boutot and Zink
([BZ]) and Varshavsky ([Var98]) generalizing a classical result due to Čerednik
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and Drinfel’d. We give an algorithm that returns a list of explicit candidate
equations for a genus 1 Shimura curve coming from an Eichler order.

A special subclass of arithmetic pointed tori is considered in Chapter 6,
namely those for which the corresponding group Γ is contained in a triangle
group ∆. The corresponding morphism X(Γ)→ X(∆) is calculated using the
theory of Belyı̆ maps, resulting in models over C for the curves X(Γ).

Finally, we harvest our results: Chapter 7 describes how to obtain canoni-
cal models for arithmetic pointed tori using the machinery developed in the
previous Chapters.

The appendix gives two tables that we computed for use in our calculations,
along with a third table summarizing our results in Chapter 7.

The algorithms that we developed and used in this thesis, and that form an
important part of it, can be found at [Sij10]. These are to be used with the most
recent version of Magma ([BCP97]), available at http://magma.maths.usyd.edu.
au/magma/.

Notation and conventions

• The ring of integers of a number field or a non-archimedean local field
F is denoted by ZF throughout this thesis. The symbol O is reserved for
quaternion orders.

If p is a prime of F, then we denote the norm of p by Nm(p). A uniformizer
of the localization ZF,p is usually denoted by π. If p is a prime number,
then pp denotes a prime of ZF over p.

• Let F be a totally real number field. Then we denote the group of totally
positive units of F by F+, and the group of totally positive units of ZF by
Z+

F .

• Let F be a field. By a curve over F we mean a smooth scheme X over F
that is pure of dimension 1. We emphatically remark here that we do not
insist on X being proper or connected. If X is a curve over a subfield of C,
then we denote the Riemann surface associated to X by X(C)an.

• Let G be a group. Let H be a subgroup of G and let X be a set with an
action of G. We denote the center of G by Z(G) and its abelianization by
Gab. Moreover, we let

Gad = G/Z(G),

the adjoint group. The image of H in Gad will occasionally be denoted by
PH.

The normalizer of H in G will be denoted by NG(H), or N(H) if no
confusion can arise, its centralizer by CentG(H) or Cent(H), and its core⋂

g∈G gHg−1 by CG(H) or C(H). For an element x of X, its stabilizer in G
is denoted by StabG(x) or Stab(x).

http://magma.maths.usyd.edu.au/magma/
http://magma.maths.usyd.edu.au/magma/
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• Let X be a set with a left action of the group G1 and a right action of
the group G2. Let x be an element of X. Then the element of the double
quotient G1\X/G2 represented by x is denoted by [x].

• The cardinality of a set S is denoted by |S|.

• For the notation that we shall introduce in the course of this thesis, we
refer to the index of notation on page 163.





Chapter 1

Fundamental domains

In this Chapter, we define the notion of a (1; e)-group and the algebraic curves
associated with them, which we shall call (1; e)-curves or pointed tori. Our main
objective is the explicit construction of fundamental domains for (1; e)-groups.

After introducing the necessary tools from hyperbolic geometry in the first
section, the second and third sections are devoted to this construction. Sec-
tion 1.2 considers quadrilateral fundamental domains for (1; e)-groups. We
show that Takeuchi’s presentation of (1; e)-groups in [Tak83] gives rise to qua-
drilateral fundamental domains that are, in a quantifiable sense, of a more
symmetric shape than other such domains.

Section 1.3 constructs Dirichlet domains for (1; e)-groups. In the final section,
these Dirichlet domains are put to use in an algorithm that, given a (1; e)-group
Γ ⊂ PGL+

2 (R) and an element γ of Γ, explicitly determines the homology class
[γ] ∈ H1(Γ\H, Z). We will use this algorithm in Chapter 4 to calculate traces of
Frobenius for certain Shimura curves.

1.1 Preliminaries

For the definitions and terminology from hyperbolic geometry used in this
Chapter we refer to [Bea95] and the article [Voi09a]. Recall from the introduction
that a Fuchsian group of the first kind is a discrete subgroup of PGL+

2 (R) whose
covolume is finite.

Definition 1.1.1. Let e ∈ Z≥2. A (1; e)-group is a Fuchsian group of the first kind
Γ ⊂ PGL+

2 (R) with presentation

Γ = 〈α, β, γ | γ = [α, β] = α−1β−1αβ, γe = 1〉. (1.1)

Using the notion of signature (as in Section 10.4 of [Bea95]), a (1; e)-group is
simply a Fuchsian group of the first kind whose signature equals (1; e). We refer
to the introduction for a more geometric definition of (1; e)-groups.
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Remarks. (i) (1; e)-groups should be considered as the most elementary class of
Fuchsian groups of the first kind after triangle groups: along with these groups,
they are the only Fuchsian groups of the first kind generated by two elements.

(ii) Note that by the Riemann mapping theorem, there is no such thing as a
Fuchsian group of signature (1; 1).

We will often abuse notions by calling a subgroup of SL2(R) or GL+
2 (R) project-

ing to a (1; e)-group in PSL2(R) ∼= PGL+
2 (R) a (1; e)-group as well.

Before beginning with the construction of fundamental domains for (1; e)-
groups, we fix an isomorphism PGL+

2 (R)→ PSU(1,1)(R). Given a matrix M in
PGL+

2 (R), we define

M̃ =
(

1 −i
1 i

)
M
(

1 −i
1 i

)−1
∈ PSU(1,1)(R).

In what follows, we let PGL+
2 (R) act on the complex unit disc D through the

composed isomorphism

PGL+
2 (R) M 7→M̃−→ PSU(1,1)(R) −→ Aut(D).

Henceforth, given M ∈ PGL+
2 (R), we abuse notation by writing Mz for M̃z.

Geometrically, the choice of isomorphism above comes down to fixing the
conformal equivalence

H ∼−→ D

z 7−→ z− i
z + i

.

This is exactly the equivalence obtained by setting p = i in (1.1) of [Voi09a].
Let G be a subgroup of PSU(1,1)(R), and let

M =
(

a b
c d

)
be an element of G. Then the isometric circle I(M) of M is given by

I(M) = {z : |cz + d| = 1}.

Denoting the exterior of an isometric circle I(M) by I(M)ext, the Dirichlet domain
centered at 0 for G is the fundamental domain for G given by⋂

M∈G
I(M)ext ⊂ D.

Given a subgroup Γ of PGL+
2 (R), the choice of isomorphism PGL+

2 (R) →
PSU(1,1)(R) made above allows us to unambiguously define the notion of a
Dirichlet domain based at 0 for Γ: we define this to be the Dirichlet domain based
at 0 for Γ̃. Alternatively, this is the image of the similarly defined Dirichlet
domain based at i for Γ under the isomorphismH → D given above.

We shall also use the following result:
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Theorem 1.1.2 (Poincaré). Let P ⊂ D be a compact convex polygon with a side
pairing grouping the vertices of P into cycles. For a vertex v of P, denote by ϑP(v) the
interior angle of P at v.

Then P is a fundamental polygon for the group G generated by the side-pairing
elements of P if and only if for every cycle C of P there exists an e ∈ N such that we
have the following equality of angle sums:

∑
v∈C

ϑP(v) =
2π

e
.

In addition, if this equality holds, then G is a Fuchsian group of the first kind.

Proof. See [Mas71].

1.2 Quadrilaterals

Let Γ ⊂ PGL+
2 (R) ∼= PSL2(R) be a (1; e)-group, and choose a presentation (1.1)

for Γ. Let A, B be matrices in SL2(R) lifting α, β respectively. Then if we denote
the commutator A−1B−1 AB by [A, B], we have [A, B]e = 1 in PGL+

2 (R).
Let (x, y, z) = (tr(A), tr(B), tr(AB)): we call this the trace triple associated

with the pair (A, B). A short verification or [Tak83] shows that we have the
following equality:

x2 + y2 + z2 − xyz− 2 = tr([A, B]). (1.2)

In particular, since [A, B] is elliptic, this quantity is strictly between −2 and 2.
The first step towards the construction of a quadrilateral fundamental do-

main for Γ is to normalize A and B in a suitable way. In light of the presen-
tation (1.1), A is hyperbolic. Hence after conjugating by a suitable element of
SL2(R), we have

A =
(

λ 0
0 λ−1

)
with |λ| > |λ−1|. Suppose that this conjugation transforms B to the matrix

B =
(

a b
c d

)
.

Proposition 1.2.1. Let A and B be of the form above. Suppose [A, B] is elliptic. Then
we have:

(i) b and c are non-zero and have the same sign;

(ii) a and d are non-zero and have the same sign.

Proof. Let (x, y, z) be the trace triple of the pair (A, B). One calculates

bc = ad− 1 =
xyz− x2 − y2 − z2 + 4

x2 − 4
.
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Now the quantity xyz− x2 − y2 − z2 + 4 is strictly larger than 0 because of (1.2).
Since clearly x2 > 4, both bc and ad− 1 are strictly positive, which concludes
the proof.

Let

D =
(

δ 0
0 δ−1

)
∈ CSL2(R)(A)

be an element of the maximal torus centralizing A. Then DAD−1 = A and

DBD−1 =
(

a δ2b
δ−2c d

)
.

After choosing δ ∈ R such that δ2 =
√

c/b, which is possible by Proposi-
tion 1.2.1(i), we see that up to simultaneous SL2(R)-conjugation, A and B are of
the form

A =
(

λ 0
0 λ−1

)
∈ SL2(R), B =

(
a b
b d

)
∈ SL2(R). (1.3)

By changing the signs of A and B if necessary, we can by virtue of Proposi-
tion 1.2.1 ensure that λ > 1 and a, d > 0. This normalization determines A and
B uniquely as matrices in SL2(R).

It is not necessarily the case that b > 0; however, this can be achieved
by replacing B by B−1. The matrices A and B−1 then still generate Γ. Their
commutator [A, B−1] is Γ-conjugate to [A, B]−1.

Definition 1.2.2. A pair (A, B) as in (1.3) for which λ > 1 and a, b, d > 0 is called
an elliptic standard pair (of order e) if in addition, the commutator [A, B] is elliptic
of order e ≥ 2.

Remark. Using (1.2), one calculates that the matrices constituting an elliptic
standard pair are necessarily hyperbolic: cf. the discussion before Proposi-
tion 1.2.7.

Given a (1; e)-group Γ, the discussion before Definition 1.2.2 shows that, up to a
suitable conjugation, Γ is generated by an elliptic standard pair (A, B), whose
trace triple then satisfies the fundamental relation (1.2). Conversely, it is not
hard to see that an elliptic standard pair (A, B) can be reconstructed from its
trace triple (x, y, z), which will satisfy

x, y, z > 2 and x2 + y2 + z2 − xyz = 2− 2 cos(nπ/e),

for some n coprime to e. Moreover, any triple (x, y, z) satisfying these conditions
gives rise to an elliptic standard pair (A, B). We will later derive a condition
on triples (x, y, z) that will ensure that the associated pair (A, B) generates
a (1; e)-group: see Theorem 1.2.5.

Now consider an elliptic standard pair (A, B), and let p be the fixed point
of [A, B] in D. Then one can consider the points Ap, Bp and ABp = BAp.
These points are elliptic, with stabilizers generated by [B, A−1], [B−1, A] and
[A−1, B−1] respectively.
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Proposition 1.2.3. Let (A, B) be an elliptic standard pair, and let p be the fixed point
of [A, B] in D.

(i) We have ABp = −p and Bp = −Ap. Consequently, 0 is the center of the
hyperbolic quadrilateral with vertex set {p, Ap, Bp, ABp}.

(ii) p, Ap, Bp and ABp are not on one line.

Proof. For any symmetric matrix M, one has the equality M(−z) = −M−Tz =
−M−1z. Therefore

ABA−1B−1(−p) = ABA−1(−Bp) = . . . = −A−1B−1 ABp = −p,

so −p is the fixed point of ABA−1B−1 = [A−1, B−1], hence equals BAp = ABp.
A similar argument proves Bp = −Ap.

(ii) Since A and B are hyperbolic, the four points are distinct. The matrix A
transforms the segment {p, Bp} into {Ap, ABp}, and B transforms the segment
{p, Ap} into {Bp, BAp} = {Bp, ABp}.

Therefore, if the four points were on a line, then the geodesic that passes
through them would be fixed by A as well as B. This would imply that either
A and B commute or either A or B is elliptic. The former possibility is ruled
out by the hypothesis e ≥ 2, and the latter by the remark after Definition 1.2.2
regarding hyperbolicity of A and B.

Remark. Proposition 1.2.3(i) shows the geometric significance of standard pairs:
non-standard pairs (A, B) with elliptic commutator will not in general have 0
in the center of the aforementioned hyperbolic quadrilateral.

The convex hyperbolic quadrilateral Q with vertex set {p, Ap, Bp, ABp} as in
the proposition is called the quadrilateral associated with the pair (A, B). We
now consider whether Q is a fundamental domain for the group generated by
A and B. First we prove the following

Lemma 1.2.4. Let (A, B) be an elliptic standard pair, and write

tr([A, B]) = −2 cos(πn/e), (n, e) = 1, 0 < n < e.

Then the sum of the interior angles of the quadrilateral Q associated with (A, B) equals
2πn/e.

Proof. Consider the translates Q, AQ, BQ and BAQ of Q. The intersection
AQ∩Q is given by the segment {Ap, ABp}, BQ∩Q by the segment {Bp, ABp},
and BQ ∩ BAQ by {BAp, BABp}. Note that A · 0 is to the right of 0 because we
have λ > 1.

Starting with a point close to ABp = BAp on the segment {BAp, BABp}
bounding BAQ and rotating clockwise, we therefore stay inside of Q ∪ AQ ∪
BQ ∪ ABQ until we meet the segment {ABp, A2Bp} bounding AQ. Figure 1.1
has been added for clarification.

During this clockwise turn, we meet translates of all the angles occuring at
the vertices of Q. Consequently, the total angle that is traversed clockwise equals
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ABp

p

Q AQ

BAQ

BQ

BA2 p

A2Bp

Figure 1.1: An example of Q ∪ AQ ∪ BQ ∪ BAQ with e = 5, n = 2.

the angle sum of Q, which we abbreviate by Σ. A matrix inducing this clockwise
rotation is given by [A−1, B−1], since this commutator fixes ABp = BAp and
sends BA2 p to ABAp = A2Bp.

Therefore [A−1, B−1], hence also the conjugate matrix [A, B], should induce
a clockwise rotation about the angle Σ. This implies that [A, B] is SL(2, R)-
conjugate to one of the following matrices:(

cos(Σ/2) − sin(Σ/2)
sin(Σ/2) cos(Σ/2)

)
or
(
− cos(Σ/2) sin(Σ/2)
− sin(Σ/2) − cos(Σ/2)

)
.

Since 0 < Σ < 2π, we have sin(Σ/2) > 0. Now on the hand, this inequality
implies that all SL2(R)-conjugates of the matrix on the left (respectively right)
given above all have negative (respectively positive) upper left corner. On
the other hand, one can explicitly check that for a standard pair (A, B), the
commutator [A, B] has positive upper right corner.

Hence we can conclude that [A, B] is conjugate to the second matrix above.
Consequently tr([A, B]) = −2 cos(Σ/2), proving the lemma.

Theorem 1.2.5. Let (A, B) be an elliptic standard pair of order e. Let Q be the
quadrilateral associated with (A, B). Write

tr([A, B]) = −2 cos(πn/e), (n, e) = 1, 0 < n < e.

The group Γ generated by A and B is a (1; e)-group if and only if n = 1. Moreover, if
Γ is a (1; e)-group, then Q is a fundamental domain for Γ, and up to translation, all
quadrilateral fundamental domains for Γ are associated with some elliptic standard pair
(A′, B′).

Proof. If n equals 1, then the angle sum of Q equals 2π/e by Lemma 1.2.4. As
2π/e ≤ π, the quadrilateral Q is also convex. Since by construction, the vertices
of Q from a single cycle, the conditions for Poincaré’s Theorem 1.1.2 are all
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fulfilled. Therefore, Q is a fundamental domain for the Fuchsian group of the
first kind generated by its side pairings.

The matrix A clearly pairs the side {p, Bp} to {Ap, ABp}, and B pairs
{p, Ap} to {Bp, ABp}. Consequently, the group generated by the side pair-
ings of Q equals 〈A, B〉 = Γ, which is therefore a (1; e)-group considering that it
is Fuchsian of the first kind.

Conversely, suppose that Γ is a (1; e)-group. Then by Theorem 10.5.1(iii)
in [Bea95], a fundamental polygon for Γ has at least 4 sides, and there exists a
fundamental quadrilateral Q′ for Γ. Consider such a Q′.

Q′ is necessarily convex, since its angle sum equals 2π − area(P′) = 2π −
2π(1− 1/e) = 2π/e ≤ π. Therefore by §9.3 in [Bea95], Q′ has a side pairing.
Take A′ and B′ to be the side-pairing elements. Then we have Γ = 〈A′, B′〉.

We claim that the side pairing pairs opposite sides of Q′. To prove this, we
use the theory of cycles (for which see [Voi09a]): if the claim were false, then
either A′2 = 1, B′2 = 1, or A′2 = B′2. All these possibilities would imply that Γ
has an abelianization of rank < 2, which is clearly impossible.

From the claim, it follows that there exists a vertex p′ of Q′ such that the com-
plete set of vertices of Q′ is given by {p′, A′p′, B′p′, A′B′p′}. Using the theory
of cycles once more, we see that all relations between A′ and B′ are generated
by [A′, B′]e = 1. Hence A′ and B′ satisfy the relations in the presentation (1.1).

Standardizing A′ and B′ corresponds to translating Q′ (note that this implies
the final statement of the theorem). By Lemma 1.2.4, the resulting standard pair
(A′, B′) satisfies tr([A′, B′]) = −2 cos(π/e) since P′ has angle sum 2π/e. By
part (2.1) of Theorem 1 in [Ros86], we have tr([A, B]) = tr([A′, B′]) (also see the
discussion on elementary transformations below). Hence indeed n = 1. The
quadrilateral Q is a fundamental domain for Γ by (i).

The theorem motivates the following

Definition 1.2.6. An elliptic standard pair (A, B) satisfying

tr([A, B]) = −2 cos(π/e)

is called a (1; e)-pair. A trace triple (x, y, z) is called a (1; e)-triple if the associated
elliptic standard pair is a (1; e)-pair.

Remark. Using (1.2), one sees that a trace triple (x, y, z) is a (1; e)-triple if and
only if

x, y, z > 2 and x2 + y2 + z2 − xyz = 2− 2 cos(nπ/e). (1.4)

In light of Theorem 1.2.5, all (1; e)-groups are generated by a (1; e)-pairs (A, B),
with which we have associated a quadrilateral Q. Not all these quadrilaterals
are translates of one another. Indeed, consider the Euclidean situation: here,
fundamental domains for Z2\R2 can be given by both [0, 1]2 and S([0, 1]2),
where S(x, y) = (x, x + y). We now consider this phenomenon in more detail
in an attempt to construct an ”optimally shaped” fundamental domain.
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Let (A, B) be a (1; e)-pair and consider the following transformations:

T1 : (A, B) 7−→ (B, A)

T2 : (A, B) 7−→ (AB, A−1)

T3 : (A, B) 7−→ (A−1, ABA−1).

These are the elementary transformations from [Tak83]. The Ti have the property
that the pairs (A′, B′) = Ti(A, B) satisfy [A′, B′] = [A, B]±1. Note that the
Ti(A, B) are (1; e)-pairs for the same group Γ as (A, B). The Ti affect the trace
triples (x, y, z) as follows:

T1 : (x, y, z) 7−→ (y, x, z)
T2 : (x, y, z) 7−→ (z, x, y)
T3 : (x, y, z) 7−→ (x, y, xy− z).

For a (1; e)-triple (x, y, z), we have x, y, z > 2 by (1.4). We claim that the
triples Ti(x, y, z) also satisfy x′, y′, z′ > 2. This is trivial for T1 and T2. So let
(x′, y′, z′) = T3(x, y, z) = (x, y, xy − z). Clearly x′ = x > 2 and y′ = y > 2.
By (1.4), we also know that

x′2 + y′2 + z′2 − x′y′z′ − 4 < 0.

This certainly implies z′ > 0. As a polynomial in t′, the discriminant of x′2 + t′2 +
z′2 − x′t′z′ − 4 equals (x′2 − 4)(z′2 − 4). Since this polynomial has a negative
value at t′ = y′, we see that we must have (x′2 − 4)(z′2 − 4) > 0, hence also
(z′2 − 4) > 0, which proves the claim.

Pairs (A, B) that can be obtained from one another by a finite succession of
elementary transformations are called equivalent, as are the corresponding trace
triples (x, y, z). Quadrilaterals coming from equivalent pairs essentially exhaust
all fundamental quadrilaterals for a (1; e)-group:

Proposition 1.2.7. Let (A, B) be a (1; e)-pair, and let Γ = 〈A, B〉. Suppose that Q is
a fundamental quadrilateral for the group Γ.

Then there exists a (1; e)-pair (A′, B′) equivalent to (A, B) such that Q is a trans-
late of the quadrilateral associated with the pair (A′, B′).

Proof. Let (A′, B′) be a (1; e)-pair corresponding to the quadrilateral P′ by The-
orem 1.2.5. Part (2.1) of Theorem 1 in [Ros86] shows that the pair (A′, B′) can
be obtained from the pair (A, B) by a succession of Nielsen transformations

N1 : (A, B) 7−→ (B, A)

N2 : (A, B) 7−→ (A−1, B)
N3 : (A, B) 7−→ (AB, A)

Since conjugation of the pair (A, B) merely translates Q, we shall be through if
we show that up to conjugation by elements of Γ, the Ni can be generated by
elementary transformations.
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For N1, this is obvious, and N2(A, B) = A−1T3(A, B)A. To conclude, one
checks that

N3(A, B) = AT1(T3(T1(T2(A, B))))A−1.

We can reduce a (1; e)-triple (x, y, z) with respect to the transformations Ti in
the following sense.

Lemma 1.2.8. Given a (1; e)-triple (x, y, z) with x, y, z > 2, there exists an equivalent
triple (x′, y′, z′) with 2 < x′ ≤ y′ ≤ z′ and 2z′ ≤ x′y′.

Proof. See page 387 of [Tak83] for this brief calculation.

Definition 1.2.9. We call a (1; e)-triple (x, y, z) satisfying 2 < x ≤ y ≤ z and
2z ≤ xy a reduced (1; e)-triple. The associated (1; e)-pair (A, B) is also called
reduced.

Given an integer e ≥ 2, let us for the remainder of this section denote by Se the
set of (1; e)-triples. That is, let

Se =
{
(x, y, z) ∈ R3 : x2 + y2 + z2 − xyz = 2− 2 cos(π/e), x, y, z > 2

}
.

The group T generated by the Ti acts on Se. We let Fe be the set of reduced
triples in Se:

Fe =
{

(x, y, z) ∈ R3 : x2 + y2 + z2 − xyz = 2− 2 cos(π/e),
2 < x ≤ y ≤ z, 2z ≤ xy

}
.

Let (A, B) be a (1; e)-pair with trace triple (x, y, z) ∈ Se. Consider the hyperbolic
quadrilateral Q associated with (A, B). Let α1 be the angle between the sides
{p, Ap} and {p, Bp} of Q, and let α2 be the angle between the sides {p, Ap} and
{Ap, ABp}. These angles are equal to the interior angles between the geodesics
containing the given sides.

Definition 1.2.10. The angle difference of the triple (x, y, z) is given by

a(x, y, z) = |α1 − α2|.

The following theorem shows the geometric significance of reduced (1; e)-pairs
(A, B): among all pairs generating the associated Fuchsian group Γ = 〈A, B〉,
they give rise to the most symmetric quadrilateral fundamental domains.

Theorem 1.2.11. Let (x, y, z) ∈ Fe. Then for all (1; e)-triples (x′, y′, z′) equivalent
to (x, y, z), we have

a(x, y, z) ≤ a(x′, y′, z′).

The set Fe is a fundamental domain for Se under the action of T, and the relations in
the group T are generated by

T2
1 = 1, T3

2 = 1, T2
3 = 1, T1T3 = T3T1 and T1T2 = T−1

2 T1.
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Proof. The relations in the theorem obviously hold. As a result, every element t
of T is of the form

t = Ta
1 Tb

2 T3Tc1
2 T3 · · · Tcn

2 Td
3 (1.5)

with a ∈ {0, 1}, b ∈ {−1, 0, 1}, ci ∈ {±1} and d ∈ {0, 1}.
We need some explicit calculations. Let λ, a, b, c, and d be as in (1.3). Then

one verifies that the geodesic containing {p, Ap}, respectively{p, Bp}, is given
by {z : |z− c1| = r1}, respectively {z : |z− c2| = r2}, where

c1 =
2ad

b(a + d)
i +
−a + d
a + d

c2 =
−2λ2(a− d)
b(λ4b− 1)

i +
−λ2 − 1
λ2 − 1

r2
1 =

4ad
b2(a + d)2

r2
2 =

4λ2(b2 + a2λ2 + 2b2λ2 − 2adλ2 + d2λ2 + b2λ4)
b2(λ2 − 1)(λ2 + 1)

The law of cosines tells us that

π − cos(α1) =
r2

1 + r2
2 − |c1 − c2|2

2r1r2
.

Using Proposition 1.2.3, we also get that

π − cos(α2) =
r2

1 + r2
2 − |c1 + c2|2

2r1r2
.

Since by Proposition 1.2.3 the sum α1 + α2 is equal to π/e on all triples equiv-
alent to (x, y, z), we may as well minimize the expression | cos(α1)− cos(α2)|
instead of |α1 − α2|. One verifies

| cos(α1)− cos(α2)|2 =
(xy− 2z)2(xyz− x2 − y2 − z2)2

4(xyz− y2 − z2)(xyz− x2 − z2)

Note that the factor (x2 + y2 − xyz + z2)2 in this fraction is positive and con-
stant on Se by (1.4). Therefore it suffices to show that a reduced triple (x, y, z)
minimizes the function

a′(x, y, z) =
(xy− 2z)2

4(xyz− y2 − z2)(xyz− x2 − z2)

among all equivalent triples. Along the way, we will show that Fe is a funda-
mental domain for the action of T.
We first note that the transformations T1 and T3 do not affect the value of a′.
By (1.5), it remains to examine what happens upon successive applications of
T2 and T3. We first prove the following claims:
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Claim 1: Let (x, y, z) ∈ Fe. Then

a′(T2(x, y, z)) ≥ a′(x, y, z),

a′(T−1
2 (x, y, z)) ≥ a′(x, y, z),

a′(T2T3(x, y, z)) ≥ a′(x, y, z),

and a′(T−1
2 T3(x, y, z)) ≥ a′(x, y, z).

Moreover, if (x, y, z) ∈ int(Fe), then these inequalities are strict.
Claim 2: Suppose a′(T2(x, y, z)) ≥ a′(x, y, z). Then

a′(T2T3T2(x, y, z)) > a′(T2(x, y, z))

and a′(T−1
2 T3T2(x, y, z)) > a′(T2(x, y, z)).

Claim 3: Suppose a′(T−1
2 (x, y, z)) ≥ a′(x, y, z). Then

a′(T2T3T−1
2 (x, y, z)) > a′(T−1

2 (x, y, z))

and a′(T−1
2 T3T−1

2 (x, y, z)) > a′(T−1
2 (x, y, z)).

Naturally enough, we start by proving Claim 1. Explicitly, a′(T2(x, y, z)) −
a′(x, y, z) is given by

y2(z− y)(z + y)(xyz− x2 − y2 − z2 + 4)
(xyz− x2 − y2)(xyz− y2 − z2)(xyz− x2 − z2)

Because of (1.4), the quantities xyz − x2 − y2 − z2 + 4, xyz − x2 − y2, xyz −
y2 − z2 and xyz− x2 − z2 are positive. And since (x, y, z) ∈ Fe, we also have
z ≥ y, which proves the first inequality. As a′(T−1

2 (x, y, z))− a′(x, y, z) is equal
to a′(T2(y, x, z))− a′(y, x, z), the second inequality also follows since we have
z ≥ x as well.

The inequality z ≥ y remains valid under application of T3 since by re-
ducedness xy − z ≥ xy/2 > y. We obtain a′(T2T3(x, y, z)) ≥ a′(x, y, z) and
a′(T−1

2 T3(x, y, z)) ≥ a′(x, y, z) by T3-invariance of a′, concluding the proof of
Claim 1. That these inequalities are strict when (x, y, z) ∈ int(Fe) is clear from
the calculations above.

Now for Claim 2. The proof of Claim 1 shows

a′(T2(x′, y′, z′)) ≥ a′(x′, y′, z′)⇐⇒ z′ ≥ y′

and
a′(T2(x′, y′, z′)) > a′(x′, y′, z′)⇐⇒ z′ > y′.

Therefore, if the hypothesis of Claim 1 holds, then z ≥ y.
Now T3T2(x, y, z) = (z, x, xz − y). Since x, y > 2, we have that xz − y ≥

xy− y > x from the inequality (x − 1)(y− 1) > 1. So we can conclude that
a′(T2T3T2(x, y, z)) > a′(T2(x, y, z)). Similarly,

a′(T−1
2 (x′, y′, z′)) > a′(x′, y′, z′)⇐⇒ z′ > x′.
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But since z ≥ y, we have xz− y ≥ xz− z > 2z− z = z, proving the second
inequality of Claim 2. As for Claim 3, this is proved the in the same way as
Claim 2, interchanging the roles of x and y.

Using these Claims in conjuction with the invariance of a′ under T1 and
T3, it is straightforward to show that Fe is a fundamental domain. Indeed, by
Lemma 1.2.8, every element of T\Se has a representative in Fe. To show that Fe
is a fundamental domain, we remark that inductively applying the Claims to
expression (1.5), we get

a′(t(x, y, z)) ≥ a′(x, y, z).

for all t in T. Moreover, if (x, y, z) ∈ int(Fe), then this inequality is strict if (and
only if) the expression (1.5) for t contains a factor T2. It therefore suffices to
check that t(int(Fe)) ∩ int(Fe) = ∅ for all t in the finite group 〈T1, T3〉, but this
is easily verified.

Finally, if there were any additional relations between T1, T2 and T3, then
this would yield a word w in these elements such that a′(x, y, z) = a′(t(x, y, z))
regardless of the initial triple w. The Claims show that the expression (1.5) for
t would then only contain T1 and T3. But clearly there are no more relations
between T1 and T3 than those in the theorem.

1.3 Dirichlet domains

This section gives an explicit description of the Dirichlet domains centered at
0 for the Fuchsian groups associated to reduced (1; e)-pairs. Throughout, we
let (A, B) be a reduced (1; e)-pair, (x, y, z) its trace triple, and Γ = 〈A, B〉 the
corresponding (1; e)-group.

Theorem 1.3.1. If 2z = xy, then the Dirichlet domain centered at 0 for Γ is the
quadrilateral Q associated with (A, B).

Proof. If 2z = xy, then B is of the form

B =
(

a b
b a

)
.

One then explicitly calculates (using the expressions (1.6) and (1.7)) that the
vertices p, Ap, Bp, ABp are equidistant to 0. Hence the isometric circle I(A)
contains the segment {p, Bp}. Similarly, we obtain the inclusions {p, Ap} ⊂
I(B), {Ap, ABp} ⊂ I(A−1), and {Bp, ABp} ⊂ I(B−1).

These isometric circles therefore contain the sides of the fundamental domain
Q constructed in Theorem 1.2.5. Since all fundamental domains for Γ have the
same area 2π(1− 1/e) by Corollary 10.4.4 in [Bea95], we see that the Dirichlet
domain is in fact given by Q.

It remains to see what form the Dirichlet domain takes when 2z 6= xy. We first
prove two lemmata.
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Lemma 1.3.2. The fixed point p of [A, B] is in the second quadrant of C. Furthermore,
the point Bp is in the third quadrant, ABp in the fourth, and Ap in the first.

Proof. Let x = tr(A) = λ + λ−1, y = tr(B) = a + d, z = tr(AB) = λa + λ−1d.
Let

w =
√

4− b2(λ + λ−1)2 =
√

x2 + y2 + z2 − xyz.

The point p is given by one of

−(aλ2 + d)± λw
aλ2 − d + b(1 + λ2)i

. (1.6)

The quantity λw is real and positive because of (1.4). Obviously, aλ2 + d > 0.
Furthermore, we have

(aλ2 + d)2 > (λw)2 = 4λ2 − b2(λ2 + 1)2,

for using the relation ad− b2 = 1, one can check that this boils down to

λ2xyz− x2 − y2 > 0,

and this follows from (1.4) and z > 2, λ > 1.
So the numerator of (1.6) is strictly negative. Considering the denominator,

b(1 + λ2) is clearly strictly positive. Now

aλ2 − d =
xz− 2y
1− λ−2 .

This is strictly positive. Indeed, the denominator is obviously strictly positive,
and xz > 2y since x > 2 and z ≥ y. Therefore p is given by a quotient of a
strictly negative real number by an imaginary number in the first quadrant,
hence is indeed in the second quadrant.

For Bp, the proof is similar. This point is given by one of

aλ2 + d± λw
a− dλ2 + b(1 + λ2)i

. (1.7)

Again, the factor inside of the square root is positive, and aλ2 + d > 0. We claim
that

(a + dλ2)2 > (λw)2 = 4λ2 − b2(λ2 + 1)2.

This inequality rewrites as

λ2(x2y2 − x2 − y2 − xyz) > 0,

which follows because of the reducedness hypothesis: x2y2 − x2 − y2 − xyz ≥
(x2y2− 2x2− 2y2)/2, and x2y2− 2x2− 2y2 + 4 = (x2− 2)(y2− 2) > 4 because
x, y > 2.
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So the numerator of (1.7) is strictly negative. Considering the denominator,
b(1 + λ2) is clearly strictly positive. Now

a− dλ2 = − x2y− xz− 2y
1− λ−2 .

This is strictly negative. Indeed, the denominator is obviously strictly positive,
and again because of reducedness we have x2y− xz− 2y ≥ y(x2 − 4)/2 > 0.
So Bp is given by a quotient of a strictly positive real number by an imaginary
number in the second quadrant, hence indeed lives in the third quadrant.

Since ABp = −p and Bp = −Ap by Proposition 1.2.3, we are through.

Lemma 1.3.3. We have

d(p, 0) = d(ABp, 0) = d(BAp, 0) ≤ d(Ap, 0) = d(Bp, 0),

with equality holding if and only if 2z = xy.

Proof. Let

w =
√

4− b2(λ + λ−1)2 =
√

x2 + y2 + z2 − xyz.

Explicitly determining the points Ap and p, we see that the inequality |p| ≤ |Ap|
is equivalent to

2(xy− 2z)(w(x2 + y2)− xy(x2 + y2 + z2 − xyz)) ≥ 0.

It therefore suffices to show that

w(x2 + y2)− xy(x2 + y2 + z2 − xyz) > 0.

Plugging in w and rearranging, this comes down to

(x2 + y2 − xyz)(x2y2 − xyz− x2 − y2) ≤ 0.

The first term is negative because of (1.4). As for the second, since 2z ≤ xy,
this term is stricly smaller than 1

2 (x2y2 − 2x2 − 2y2). This is a strictly positive
quantity: as x, y > 2 by (1.4), we have

x2y2 − 2x2 − 2y2 + 4 = (x2 − 2)(y2 − 2) > 4.

We can therefore conclude using Proposition 1.2.3.

Using these lemmata, we can now prove our main result on Dirichlet domains.
Let M1, M2 ∈ PGL+

2 (R). Then supposing that the set I(M1) ∩ I(M2) ∩ D is
proper and nonempty, we shall abuse notation by identifying it with its single
element.

Theorem 1.3.4. Suppose 2z 6= xy. Then the Dirichlet domain centered at 0 for Γ is a
proper octagon whose sides are, in clockwise order, contained in the geodesics

I(A), I(BA), I(AB), I(B), I(A−1), I((AB)−1), I((BA)−1) and I(B−1).
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Proof. We subdivide the proof into steps.
Step 1: We have −I(A) = I(A−1), −I(B) = I(B−1), −I(BA) = I((BA)−1),
−I(AB) = I((AB)−1).
This follows from the fact that A and B are symmetric and from the more general
identity

−I(M) = I(M−T),

which is proved by remarking that

d(M(−x), 0) = d(−x, 0)⇔ d(−M−Tx, 0) = d(−x, 0)⇔ d(M−Tx, 0) = d(x, 0)

(cf. the proof of Proposition 1.2.3). Note that this implies that the octagon we
end up with is pointsymmetric around the origin.
Step 2: The intersections I(A) ∩ I(BA), I(BA) ∩ I(AB), I(AB) ∩ I(B), I(B) ∩
I(A−1), I(A−1) ∩ I((AB)−1), I((AB)−1) ∩ I((BA)−1), I((BA−1) ∩ I(B−1), and
I(B−1) ∩ I(A) are non-empty and contained in D.
I(BA) and I(AB) intersect in D because the fixed point p of [A, B] is on both
of them by Proposition 1.2.3. As for the other intersections, suppose that
I(B) ∩ I(A−1) is a point q in D. We then have Bq = I(B−1) ∩ I((BA)−1).
Indeed, rearranging the equalities d(Bq, 0) = d(q, 0) = d(A−1q, 0), we obtain
that d(B−1(Bq), 0) = d(Bq, 0) = d((BA)−1(Bq), 0).

Similarly, we have A−1q = I(A) ∩ I(BA). Therefore, exploiting the same
symmetry that was used in Step 1, we see that we are done if I(B) and I(A−1)
intersect in D. Now the isometric circles I(B) and I(A−1) both contain Ap
in their interior by Lemma 1.3.3. The only way, then, for these circles not to
intersect is for one of them to be contained in the other. However, the center
cA−1 of I(A−1) is in the exterior of I(B). Indeed, one readily calculates

|B̃2,1cA−1 + B̃2,2|2 =
xyz− x2 − y2

x2 − 4
,

and this is strictly greater than 1, since

xyz− 2x2 − y2 + 4 ≥ xyz− x2 − y2 − z2 + 4 > 0,

the former inequality using that x ≤ z and the latter following from (1.4).
Step 3: p and −p are in the exterior of I(A), I(A−1), I(B) and I(B−1). Ap is in
the interior of I(A−1) and I(B) and in the exterior of I(A) and I(B−1). Bp is in the
interior of I(A) and I(B−1) and in the exterior of I(A−1) and I(B).
By Step 1, it suffices to prove the statements for p and Ap. The point p is in the
exterior of I(A) and I(B) by Lemma 1.3.3. Since I(A−1) is contained in the first
and fourth quadrants, p is in the exterior of I(A−1) by Proposition 1.3.2.

Now note that the proof of Proposition 1.3.2 still goes through if x > y. Since
applying T1 does not change the point p and switches the roles of A and B, we
can therefore conclude that p is in the exterior of I(B−1) as well. The statements
for Ap are proved in a similar way.
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Step 4: q = I(B) ∩ I(A−1) and −q are in the exterior of I(AB), I((AB)−1), I(BA)
and I((BA)−1); p is on I(AB) and I(BA) and in the exterior of I((AB)−1) and
I((BA)−1); and −p is on I((AB)−1) and I((BA)−1) and in the exterior of I(AB)
and I(BA).
By Step 1, it suffices to prove the statements for q and p. Considering q first,
suppose it is not in the exterior of I(AB). Then both q and the point r =
I(B)∩ I(AB) are in the closure of the interior of I(AB). Now using the methods
of Step 2 and Step 1, one shows that Bq = I(B−1) ∩ I((BA)−1) = −r and
similarly Br = −q. This means that there is a point s on the segment between
q and r such that Bs = −s. This point would then also be in the closure of the
interior of I(AB).

One calculates, however, that s is given by

s = − a + d− 2
a + 2ib− d

and we have
|ÃB2,1s + ÃB2,2|2 − 1 =

xz− 2y
y + 2

.

This is strictly positive since x > 2 and z ≥ y. So in fact s is in the exterior
of I(AB), yielding a contradiction. Replacing I(B) by I(A−1) and I(AB) by
I((AB)−1) leads to a similar calculation showing that q is in the exterior of
I((AB)−1).
Let cAB and cBA the centers of the isometric circles I(AB) and I(BA), respec-
tively. Then it is straightforward to calculate that =(cBA/cAB) > 0. Let L be
the geodesic connecting p and −p. It is given by a straight line. The estimate
implies that cAB is to the right of L and that cBA is to its left. Therefore the angle
between I(B) ∩ I(AB), p and I(A) ∩ I(BA) is smaller than π.

This allows us to prove that q is in the exterior of I(BA) and I((BA)−1). In
fact, since it is situated on I(A−1), which is contained in the first and second
quadrant of C, the point q is to the right of the geodesic L. We have that I(AB)
and I(BA) intersect in p, and I((AB)−1) and I((BA)−1) in −p. By the angle
estimate above, then, those parts of the interiors of I(BA) and I((BA)−1) that
are on the right side of L are already contained in the interiors of I(AB) and
I((AB)−1), respectively.

As for p, Proposition 1.3.3 shows that it lies on I(AB) and I(BA). It is in
the exterior of I((AB)−1) and I((BA)−1) because −p is on these geodesics, and
these do not pass through the origin.
Step 5: The eight geodesics in the theorem describe a proper compact octagon E.
This follows from Step 3 and Step 4. A few pictures of the construction process
have been added for clarification in Figure 1.2. On the left are the four isometric
circles I(A), I(A−1), I(B) and I(B−1) along with the points p and −p. On the
right is the complete Dirichlet domain.
Step 6: E is a fundamental domain for Γ.
The octagon E is convex. Indeed, the only points of E at which it is tricky to
prove that the interior angle of E is smaller than π are p and −p. Exploiting
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Figure 1.2: Construction of a Dirichlet domain centered at 0.

the usual symmetry from Step 1, however, one can conclude at these points
as well by the using the angle estimate in Step 4. E also has a side pairing,
as can be seen the argument in the proof of Step 2. For example, B pairs the
side contained in I(B) to the side contained in I(B−1) because of the following
argument:

The side contained in I(B) has vertices given by I(B) ∩ I(A−1) and I(B) ∩
I(AB). We have already seen in Step 2 that the former point is sent to I(B−1) ∩
I((BA)−1) by B. The latter, call it t, satisfies d(Bt, 0) = d(t, 0) = d(ABt), so
d(B−1(Bt), 0) = d(Bt, 0) = d(A(Bt), 0), hence necessarily At = I(B−1) ∩ I(A).
Now the points I(B−1) ∩ I((BA)−1) and I(B−1) ∩ I(A) are the vertices of the
side of E contained in I(B−1), therefore B does indeed pair the two sides as
described. Verifying that the other sides are paired is no more difficult.

Now consider the elliptic vertex p and the generator [A, B] of its stabilizer.
As we have seen in the proof of Lemma 1.2.4, [A, B] induces a rotation around
p through a clockwise angle of 2π/e. Consider a point u 6= p on the side
contained in I(AB). Then by the usual arguments, ABu is on the side contained
in I((AB)−1). This is outside of I((BA)−1) by Step 4. Hence

d([A, B]u, 0) = d(A−1B−1 ABu, 0) > d(ABu, 0) = d(BA[A, B]u, 0),

therefore [A, B]u is in the interior of I(BA). As a result, the interior angle ϑ
between I(AB) and I(BA) is strictly smaller than 2π/e.

Theorem 9.8.6 in [Bea95] tells us that the sum ∑γ∈S ϑγ(p) is an integer
multiple of 2π. Here S is the set of γ in Γ having the property that γ maps p
into its E-cycle, and for γ ∈ S, the quantity ϑγ(p) is given by the interior angle
of E at γp.

The E-cycle containing p is given by {p,−p}. Clearly

S = 〈[A, B]〉 t AB〈[A, B]〉.
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Because of the symmetry in Step 1, ϑγ(p) is independent of γ. It therefore
equals the angle ϑ between I(AB) and I(BA) that we considered above. By the
estimate,

∑
γ∈S

ϑγ(p) = |S|ϑ < |S|2π

e
= 4π.

So since the outcome should be an integral multiple of 2π, we in fact have
∑ ϑγ(p) = 2π, hence for all γ ∈ S we have ϑγ(p) = ϑ = π/e.

We can now apply Poincaré’s theorem. Indeed, Theorem 9.8.6 in [Bea95]
tells us that if ∑ ϑγ(v) equals 2π for one vertex v, then in fact it equals 2π for all
vertices. For a vertex v with trivial stabiliser, the sum ∑ ϑγ(v) simply runs over
the cycle of v, so the angle sum for hyperbolic cycles is equal to 2π. Since the
argument above shows that the angle sum equals 2π/e for the elliptic cycle, the
conditions of Theorem 1.1.2 are fulfilled. We conclude that E is a fundamental
polygon for the group generated by the side pairings of E. But this group is
contained in Γ and contains A and B, hence equals Γ.

Step 7: E is the Dirichlet domain centered at 0 for Γ.

This is now immediate: the Dirichlet domain is certainly contained in E, but
it cannot be smaller because of Step 6. The clockwise order of the sides of E
follows from the construction process.

Remarks. (i) Using the side pairing given in the proof, it is straightforward to
verify that p and −p are the only elliptic points in E.

(ii) When x = y, the octagon acquires an extra symmetry given by reflection
in the line through p and −p, as can be verified by considerations analogous to
those in the proof of Step 3 above.

(iii) It is possible for the set of geodesics {I(A), I(A−1), I(B), I(B−1)} to
close up into a compact quadrilateral Q when 2z < xy. However, Q will then
not be a fundamental domain. Indeed, even though the geodesics above are
paired by A and B, the sides of Q that they give rise to will in general not be
mapped onto one another by these matrices.

(iv) We refer to pp. 305-337 [FK65] for more considerations on Dirichlet
domains for (1; e)-groups. The approach in [FK65] is quite geometric; we took
a more explicit algebraic inroad, since our main reason for being interested in
Dirichlet domains is developing the reduction algorithm in the next section.

1.4 Explicit homology

Let us denote H+1 = H and H−1 = H. Then given a ∈ {±1} and a Fuchsian
group of the first kind Γ ⊂ PGL+

2 (R), we can consider the quotient

Ya(Γ) = Γ\Ha. (1.8)

We usually abbreviate Y+(Γ) = Y+1(Γ) and Y−(Γ) = Y−1(Γ). Moreover, we
usually write Y(Γ) instead of Y+(Γ). Note that there is an antiholomorphic
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isomorphism

Y+(Γ) −→ Y−(Γ) (1.9)
[z] 7−→ [z].

Let Γ be a subgroup of SL2(R) or GL2(R), and suppose that PΓ ⊂ PGL2(R)
is Fuchsian of the first kind. Then we shall frequently abuse notation and
write Ya(Γ) instead of Ya(PΓ). Finally, we denote the compactifications of
the Riemann surfaces Y(a)(Γ) by X(a)(Γ). Note that Xa(Γ) = Ya(Γ) if Γ is
a (1; e)-group, and that we can recover the curves Y(O+) and Y(O1) from the
introduction, along with their compactifications X(O+) and X(O1), by taking
Γ to equal (P)O+, respectively (P)O1.

This thesis considers a special subclass (to be defined in Section 3.3) of the
following class of geometric objects:

Definition 1.4.1. A (1; e)-curve (or pointed complex torus) is a Riemann surface
Xa(Γ) associated with a (1; e)-group Γ.

Let (A, B) be a (1; e)-pair, and let Γ = P〈A, B〉 be the associated (1; e)-group.
An element γ of Γ gives rise to a homology class [γ] ∈ H1(Xa(Γ), Z): if x ∈ Ha

is non-elliptic, this [γ] can be described as the class of the projection of an
arbitrary path inHa with initial point x ∈ Ha and final point γx ∈ Ha (also see
Section 4.2).

Using either the explicit description of the fundamental domain for Γ given
in Theorem 1.2.5 or the correspondence in Theorem 6.1.5, one observes that
this association gives rise to an isomorphism Γab ∼= H1(Xa(Γ), Z). We get a
composed isomorphism

H1(Xa(Γ), Z) ∼−→ Γab ∼−→ ZA⊕ ZB. (1.10)

Note the notational abuse: ZA⊕ ZB is the free abelian group on the symbols A
and B, and the map Γab ∼−→ ZA⊕ ZB is given by the factorization of the map
determined by A 7→ A and B 7→ B.

Given an element γ of Γ, we shall in Chapter 4 be interested in explicitly
determining the element of ZA ⊕ ZB corresponding to [γ] ∈ H1(Xa(Γ), Z)
under the isomorphism (1.10). This comes down to determining the image of γ
under the morphism

Γ −→ Γab ∼−→ ZA⊕ ZB. (1.11)

If 〈A, B〉 is a reduced (1; e)-pair, then we can use the Dirichlet domain from the
previous section to get the following algorithm (implemented at [Sij10]):

Algorithm 1.4.2. Let Γ ⊂ PGL+
2 (R) be a (1; e)-group generated by a reduced (1; e)-

pair (A, B). Let γ be an element of Γ. This algorithm calculates the image of γ under
the morphism (1.11).

1. Set L = {A, B, A−1, B−1, AB, BA, (AB)−1, (BA)−1}.
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2. Set p = γ · 0 ∈ D and h = 0 ∈ ZA⊕ ZB.

3. If there is an l ∈ L such that d(lp, 0) < d(p, 0), then set p equal to lp, subtract
the class [l] ∈ ZA⊕ ZB from h, and repeat this step. Otherwise, go to step 4.

4. Return h.

Proof of correctness. This is a slight simplification of the standard reduction al-
gorithm using Dirichlet domains: cf. Algorithm 4.3 in [Voi09a].



Chapter 2

Quaternions

In this Chapter, we give the basic definitions and results on quaternion algebras
that we shall need in our considerations of Shimura curves from the next Chap-
ter onwards. For detailed proofs and a more complete exposition, see [Vig80]
and [Mila].

2.1 Definitions

Quaternion algebras

Definition 2.1.1. Let F be a field. A quaternion algebra over F is a central simple
F-algebra whose dimension as a vector space over F equals 4.

Examples. (i) The simplest example of a quaternion algebra over F is the matrix
algebra M2(F): this is called the (everywhere) split quaternion algebra over F. Up
to isomorphism, it is the unique quaternion algebra over F that is not a division
algebra ([Vig80], Corollaire I.2.4).

(ii) Given a1 and a2 in F×, one can construct the algebra

B =
(

a1, a2
F

)
whose underlying vector space is given by F1⊕ Fi⊕ Fj⊕ Fk and whose mul-
tiplication satisfies i2 = a1, j2 = a2, and ij = −ji = k. As long as F does not
have characteristic equal to 2 (which will be the case throughout this thesis),
all quaternion algebras over F can be obtained in this way ([Vig80], p. 2). We
define the reduced norm of an element b = x0 + x1i + x2 j + x3k ∈ B by

nrd(b) = x2
0 − a1x2

1 − a2x2
2 + a1a2x2

3.

and its reduced trace by
trd(b) = 2x0.
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The reduced norm and trace map coincide with the usual norm and trace maps
on the commutative algebra F(b). In particular, we have

b2 − trd(b)b + nrd(b) = 0

for all b ∈ B. The map nrd : B× → F× is a homomorphism.
(iii): Taking F = R and a1 = a2 = −1 in (ii), one obtains the Hamilton algebra

H over R.

Classification

For a more complete discussion of the results in this subsection, we refer to
Chapter IV of [Mila].

Let F be a field. Then the quaternion algebras over a F are classified by the
group Br(F)[2] of 2-torsion elements in the Brauer group Br(F). The algebra
M2(F) corresponds to the trivial element of Br(F)[2]. We will now describe
Br(F)[2] more explicitly.

First let F be a local field. Then

(i) if F is non-archimedean, then Br(F) is isomorphic to Q/Z. As a result,
Br(F)[2] is isomorphic to 1

2 Z/Z: up to isomorphism, there is a unique
non-split (or ramified) quaternion algebra over F.

(ii) if F = R, then Br(F) = Br(F)[2] ∼= 1
2 Z/Z, with the unique non-trivial

element of Br(F) corresponding to the Hamilton algebra H|R, which is
the unique ramified quaternion algebra over R.

(iii) if F = C, then Br(F) is trivial: all quaternion algebras over C are split.

Now let F be a number field. Given a quaternion algebra B over F and a place
v of F, B is said to split at v if Bv = B⊗F Fv ∼= M(2, Fv). Otherwise B is said to
ramify at v. Consider the set

Ram(B) =
{

v : B⊗F Fv � M(2, Fv)
}

of places at which B ramifies. The exact sequence of Theorem X.4.2 in [Mila] (or
Théorème III.3.1 in [Vig80]) then gives

Theorem 2.1.2 (Classification). The assignment B 7→ Ram(B) establishes a bijection
between the set of isomorphism classes of quaternion algebras over F and the finite
subsets of even cardinality of the set of non-complex places of F.

For a given quaternion algebra B, we denote by D(B) the product of its ramify-
ing places: it is called the discriminant of B. We denote the finite part of D(B)
by D(B) f and its infinite part by D(B)∞. If F is totally real, then a quaternion
algebra B that is split at at least one infinite place is called indefinite; the algebras
ramifying at all infinite places, which we will usually denote by H, are called
definite.
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Lattices, orders, ideals and adèles

Definition 2.1.3. Let B be a quaternion algebra over a number field or a non-archime-
dean local field F. A lattice of B is a ZF-submodule I of B such that the induced map of
F-vector spaces

I ⊗ZF F −→ B

is an isomorphism. A (quaternion) order of a quaternion algebra B is a lattice of B
that is also a unital subring.

Given a lattice I of B, one can construct its left order

Ol(I) = {b ∈ B : bI ⊂ I} .

Analogously, one defines the right order Or(I) of I. Conversely, given an order
O and a lattice I, we call I a left (respectively right) O-ideal if Ol(I) = O
(respectively Or(I) = O).

Let F be a number field, and let B be a quaternion algebra over F. We denote
the adèle ring over F (see [Neu99], Section VI.1) by AF, and the closure of ZF in
this ring by ẐF. There is a decomposition AF = A f

F ×A∞
F , where A f

F is the ring
of finite adèles. Let

B̂ = B⊗Q A f
Q
∼= B⊗F A f

F.

Given a prime p of F, we let Bp ⊂ B̂ be the localization B ⊗F Fp, and we let
B̂p = B̂ ∩∏q 6=p Bq.

Let I be a lattice of B. Then we can construct the ZF,p-module

Ip = I ⊗ZF ZF,p ⊂ Bp

and the ẐF-module
Î = ∏

p

Ip ⊂ B̂.

Fix a lattice I0 of B. Then by definition, a lattice of B̂ is a ẐF-submodule of B̂ that
can be written as a product ∏p Ip of lattices Ip of Bp such that for almost all p we
have Ip = I0,p. An order of B̂ is an lattice that is also a unital subring. One can
show (see [Vig80], Proposition III.5.1) that these definitions do not depend on
the choice of I0. The fundamental result relating local lattices to global lattices is

Theorem 2.1.4 (Local-global correspondence). Let F be a number field, and let B
be a quaternion algebra over F. The associations

I 7−→ Î

B ∩∏
p

Ip ←− [ ∏
p

Ip

give a bijection between the set of lattices of B and the set of lattices of B̂, and restrict to
give a bijection between the set of orders of B and the set of orders of B̂.

Let J ⊂ I be two lattices of B. Then the canonical map I/J → Î/ Ĵ is an isomor-
phism.
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Proof. [Vig80], Proposition III.5.1. The second part follows from strong approxi-
mation for the additive group of B, see [Vig80], Théorème III.1.4.2. Alternatively,
this map is an isomorphism by the Chinese remainder theorem.

Let O be an order of B. By Proposition I.4.2 in [Vig80], O is contained in a
maximal order O(1). The quotient ZF-module O(1)/O is a finite ZF-module,
hence there exist ZF-ideals a1, . . . , an such that

O(1)/O ∼=
n

∏
k=1

ZF/ak, (2.1)

We define the level of of O to be the ZF-ideal ∏k ak. This does not depend
on the choice of O(1). Indeed, we could also have defined it in terms of the
discriminant of O, as in Section III.5.A of [Vig80].

Consider the finite idèle group F̂× of F with the idèle topology. Let Ẑ×F be the
unique maximal compact subgroup of F̂×. A basis of open subgroups of F̂× is
formed by the compact open subgroups

∏
p

U(kp)
p ⊂ Ẑ×F , (2.2)

where the kp are non-negative integers that are 0 for almost all p and

U(kp)
p = Z×F,p ∩ (1 + pkp). (2.3)

Let F+ be the group of totally positive units of F, and let N be a subgroup of
Ẑ×F . Then we denote

Cl(N∞) = F+\F̂×/N

and
Cl(N) = F×\F̂×/N.

If in addition N is open, then we denote by FN∞ the finite abelian extension of
F corresponding to Cl(N∞) by class field theory. Finally, if N is a basic open
subset as in (2.2), then we denote

Cl

(
∏

p : kp>0
pkp∞

)
= Cl(N∞).

The corresponding class field is denoted in a similar fashion. In particular,
taking kp = 0 for all p, we obtain the narrow class group Cl(∞) of F and the
narrow Hilbert class field F∞.

Now let B be a quaternion algebra over F and consider the multiplicative
group B̂× of B̂. As in Chapter 4 of [Milb], the group B̂× has a natural topology.
Let O be an order of B, and let Ô× be the subgroup ∏pO×p of B̂×. Let O(1) be



2.2. Eichler orders 25

a maximal order containing O. Then by Section 2.9 of [Shi70], a basis of open
subgroups of B̂× contained in Ô(1)× is formed by the compact open subgroups{

b ∈ Ô(1)× : b− 1 ∈ NÔ(1)
}

= Ô(1)× ∩∏
p

(
1 + pvp(N)Ô(1)p

)
(2.4)

of B̂×. Here N is an integral ideal of F. This subgroup is contained in Ô× when
we take N equal to the level of O. We conclude that the subgroup Ô× of B̂× is
compact open.

Remark. The group Ô× need not be the product of the closures of O× in the
factors B̂×p . For instance, if B is definite, then O× is finite, but all the factors O×p
are infinite.

One can describe the ideals of an order O of B using the adèlic groups above.
We say that a left (respectively right) O-order I is locally principal if there exists
an element b̂ of B̂ such that Î = Ôb̂ (respectively Î = b̂Ô). Moreover, two left
(respectively right) O-ideals I and J are called equivalent if there exists a b in B×

such that I = Jb (respectively I = bJ). We denote the set of equivalence classes
of locally principal left (respectively right) O-ideals by Picl(O) (respectively
Picr(O)).

Corollary 2.1.5. Let O be an order of a quaternion algebra B.

(i) The assignment
b̂ 7−→ B ∩ b̂Ô

gives a bijection from the quotient B̂×/Ô× to the set of locally principal right
O-ideals of B.

(ii) The assignment from (i) induces a bijection B×\B̂×/Ô× → Picr(O).

(iii) Let I be the right O-ideal represented by an element b̂ of B̂×. Then given an
element b of B, we have

bb̂Ô× = b̂Ô× ⇐⇒ bb̂Ô = b̂Ô ⇐⇒ bI = I.

2.2 Eichler orders

Throughout this section, let B be a quaternion algebra over a number field or
non-archimedean local field F. If F is local and B is ramified, then the algebra
B admits a unique maximal order (cf. Lemme II.1.5 of [Vig80]). In general, B
will have multiple maximal orders. If F is local and B is split, then the set of
maximal orders of B is described by a Bruhat-Tits tree (cf. Section II.2 of [Vig80],
and also see Chapter 5). This section considers the following generalization of
maximal orders:

Definition 2.2.1. Let B be a quaternion algebra. An Eichler order of B is the inter-
section of two maximal orders of B.
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In particular, all maximal orders of B are Eichler. As we saw in the introduction,
Eichler orders are natural generalizations of the orders

O(N) =
{(

a b
c d

)
∈ M2(Z) : c ≡ 0 (mod N)

}
of M2(Q) that figure prominently in classical modular arithmetic geometry. We
shall further elucidate this connection by giving a local description of Eichler
orders.

Proposition 2.2.2. Let O be an Eichler order of B.

(i) At primes p where B ramifies, Op equals the unique maximal order of Bp.

(ii) At primes p where B splits, choose an isomorphism Bp
∼= M2(Fp). Then there is

a unique integer n ∈ Z≥0 such that under this isomorphism, Op is conjugate to
the suborder {(

a b
c d

)
∈ M2(ZF,p) : c ∈ pn

}
of M2(Fp). This integer equals the exponent of p in the level of O.

(iii) Let p be a prime where B splits, and suppose that the localization Op has level pn

with n > 1. Then there are n + 1 maximal orders O(1)p of Bp containing Op,
and exactly two O(1)p such that one has an isomorphism of ZF-modules

O(1)p/Op
∼= ZF,p/pn.

(iv) If the level of O is square-free, then all O-ideals are locally principal.

Proof. See Lemme 1.5, Théorème II.2.3 and Lemme II.2.4 in [Vig80]. Note that
although (iii) is stated incorrectly in the conclusion of the proof of Lemme II.2.4,
the proof in fact also shows how to obtain (iii).

The following proposition can be seen as a partial converse of the previous.

Proposition 2.2.3 ([Eic55]). Let O be an Eichler order maximal at a prime p, and let
O(p) be a level p suborder of O. Then O(p) is an Eichler order.

We will use the following Proposition in Section 2.5:

Proposition 2.2.4. Let F be a non-archimedean local field. Let ZF be the valuation
ring of F, and let p be the unique prime ideal of ZF.

Let B = M2(F), and let O(pn) be a level pn Eichler order of B, where n ≥ 1. Let
O(1) be a maximal order containing O(pn), and let q = |ZF/p|. Then

[O(1)× : O(pn)×] = (q + 1)qn−1

and we have
nrd(O(pn)×) = nrd(O(1)×) = Z×F .
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Proof. We use the local description in Lemme II.2.4 of [Vig80]: there exists an
F-basis of B such that O(1) is given by M2(ZF) and the suborder O(pn) is of
the form

O(pn) =
(

ZF pa

pb ZF

)
.

One has n = a + b.
We can compute the index [O(1)× : O(pn)×] after reducing modulo pn. On

the one hand, we have

|GL2(ZF/pn)| = (q− 1)2q4n−3(q + 1).

On the other hand, the image of O(pn)× in this ring is given by the matrices
in GL2(ZF) whose diagonal elements are invertible and whose off-diagonal
elements have valuations are at least a and b, respectively. We get

|Im(O(pn)×)| = ((q− 1)qn−1)2qn−aqn−b = (q− 1)2q3n−2.

Taking the quotient, we get the first statement of the proposition. The statement
on norms is also clear from this description.

2.3 More orders

We now consider somewhat more general orders than Eichler orders. A lot of the
ordersO in the upcoming Table A.2 have the property that there exist a maximal
order O(1) containing O and a squarefree ideal N such that NO(1) ⊆ O. The
propositions constituting this section give a local description of such orders.
Throughout, we let F be a non-archimedean local field with valuation ring ZF.
Let p be the unique prime ideal of ZF, uniformized by π. Let κ be the residue
field ZF/p, and let q = |κ|. As in (2.3), we denote

U(k) = Z×F ∩ (1 + pk).

Let
ϕ : λ −→ M2(κ)

be an embedding of the unique quadratic field extension λ of κ into the matrix
ring M2(κ). For example, a choice of basis for λ over κ results in an embedding

λ −→ Endκ(λ) ∼= M2(κ)
x 7−→ (x· : y 7→ xy)

Two such embeddings are conjugate by the Skolem-Noether theorem (I.2.1
in [Vig80]).

Proposition 2.3.1. Let B = M2(F). Let O(1) be the maximal order M2(ZF) of B.
Let O ⊆ O(1) be an order such that pO(1) ⊂ O. Then up to conjugation by elements
of O(1)×, the order O is of exactly one of the following forms:
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(i) O = O(1);

(ii) O =
{(

a b
c d

)
∈ O(1) : c ≡ 0 (mod p)

}
;

(iii) O = {x ∈ O(1) : x (mod p) ∈ ϕ(λ)};

(iv) O =
{(

a b
c d

)
∈ O(1) : a ≡ d (mod p), c ≡ 0 (mod p)

}
;

(v) O =
{(

a b
c d

)
∈ O(1) : b ≡ c ≡ 0 (mod p)

}
;

(vi) O =
{(

a b
c d

)
∈ O(1) : a ≡ d (mod p), b ≡ c ≡ 0 (mod p)

}
;

The following table summarizes the properties of the O above:

Case Level [O(1)× : O×] nrd(O×)
(i) (1) 1 Z×F
(ii) p q + 1 Z×F
(iii) p2 (q− 1)q Z×F
(iv) p2 (q− 1)(q + 1) U(1)Z×2

F
(v) p2 q(q + 1) Z×F
(vi) p3 (q− 1)q(q + 1) U(1)Z×2

F

O is an Eichler order if and only if we are in case (i), (ii) or (v). Up to conjugation, the
inclusion relations between these orders are as follows:

(iii)

((PPPPPPPPPPPPPPPP

(vi)

==zzzzzzzz
//

!!DD
DD

DD
DD

(iv) // (ii) // (i)

(v)

=={{{{{{{{

66nnnnnnnnnnnnnnnn

Proof. We have pM2(ZF) ⊂ O by hypothesis: we are therefore reduced to
determining the κ-subalgebras of M2(κ). Note that all these algebras contain
the diagonal matrices, hence are at worst of index q3. Case (i) is clear, and case
(ii) is indeed the only index q subalgebra by Proposition 2.2.3. Also, case (vi)
clearly corresponds to the only index q3 subalgebra of M2(κ).

The algebras of index q2 correspond to the quadratic algebra extensions of κ
embedding into M2(κ). It turns out that all these algebras allow an embedding,
and the cases (iii), (iv), (v) correspond to the algebras

λ, κ[ε], κ ⊕ κ
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respectively. These embedded algebras can indeed be conjugated to the stan-
dard form above. We saw this for case (iii) in the discussion before the propo-
sition, and the other two cases are even easier. In case (iv), for example, this
follows from the fact that every non-zero nilpotent matrix in M2(κ) is conjugate
to the matrix (

0 1
0 0

)
.

The indices [O(1)× : O×] can be calculated by reducing modulo p as in Propo-
sition 2.2.4. We omit the details and focus on the norm groups. If we let

O(1)(1) =
{

x ∈ O(1) : x ≡
(

1 0
0 1

)
(mod p)

}
,

then we obviously have nrd(O(1)(1)) = U(1). We have O(1)(1) ⊂ O× for all
the orders O under consideration. Hence we need only determine the image of

O× nrd−→ Z×F −→ κ×.

Because the diagonal matrices are in O, this image clearly contains κ×2. Hence
nrd(O×) contains U(1)Z×2

F .
We clearly have nrd(O×) = U(1)Z×2

F in case (vi), and we have already seen
that nrd(O×) = Z×F in case (i) and (ii). As for the remaining cases, they follow
because κ[ε] is the only algebra extension of κ for which the norm to κ does not
surject (except when κ is of characteristic 2, but then U(1)Z×2

F = Z×F anyhow).
As for the final part of the proposition, cases (i) and (ii) are clearly Eichler.

The order O of case (v) can be obtained as the intersection of maximal orders

O =
(

0 π
1 0

)
O(1)

(
0 π
1 0

)−1
∩
(

0 1
π 0

)
O(1)

(
0 1
π 0

)−1
.

Cases (iii), (iv) and (vi) do not correspond to Eichler orders by Lemme 2.4(2)
in [Vig80]. Finally, the inclusion relations are clear from what preceded.

Remark. Part (v) of the proposition also shows that given an Eichler order O,
the quotient ZF-module O(1)/O from (2.1) may indeed depend on the choice
of a maximal order O(1) containing O.

In what follows, we denote by A(λ, u) the κ-algebra whose underlying κ-vector
space is given by

λ1⊕ λu

and whose multiplication is given by

(a1 + b1u)(a2 + b2u) = a1a2 + (a1b2 + b1aq
2)u.

The (reduced) norm (respectively (reduced) trace) of an element a + bu of A(λ, u)
is defined to be aq+1 (respectively a + aq). These maps restrict to the usual norm
and trace maps on the quadratic subalgebras of A(λ, u).
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Proposition 2.3.2. Let B be the ramified quaternion algebra over F, and let O(1) be
the maximal order of B. Then there is an isomorphism of algebras

O(1)/pO(1) ∼= A(λ, u) (2.5)

respecting the reduced norm and trace maps.
Let O ⊆ O(1) be an order such that pO(1) ⊂ O, and let O/p be the image of O

under the isomorphism (2.5). Then up to conjugation by the elements of the groups
O(1)× or N(O(1)×), the algebra O/p is given by exactly one of the following:

(i) O/p = A(λ, u);

(ii) O/p = κ ⊕ λu;

(iii) O/p = κ ⊕ κ(a + bu), where a is a fixed element of λ\κ and b runs through a
set of representatives for λ/λ×(q−1);

(iv) O/p = κ ⊕ κbu, where b runs through a set of representatives for λ×/λ×2;

(v) O/p = κ ⊕ {0}.

The following table summarizes the properties of the O above:

Case Level [O(1)× : O×] nrd(O×)
(i) (1) 1 Z×F
(ii) p q + 1 U(1)

p U2
p

(iii) p2 q2 Z×F
(iv) p2 q(q + 1) U(1)

p U2
p

(v) p3 q2(q + 1) U(1)
p U2

p

The order of B corresponding to case (ii) is the unique level p order of B. Up to
conjugation, the inclusion relations between these orders are as follows:

(iii)

((PPPPPPPPPPPPPPPP

(v)

=={{{{{{{{
// (iv) // (ii) // (i)

Proof. The first part of the proposition follows by reducing the isomorphism in
Corollaire I.1.7 in [Vig80] modulo pO(1). Note that pO(1) is a two-sided ideal
of O(1) since ZF is in the center of O(1), and that the algebra O(1)/pO(1) is
not central simple over κ.

As in the previous proposition, case (i) and (v) are clear. As for case (ii),
the given vector space is clearly a suborder. We claim that it is the unique
level p suborder of A(λ, u). Indeed, for any other κ-subspace V of A(λ, u), the
projection

V π−→ λ⊕ {0}
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is surjective. Let x be an element of the non-trivial intersection V ∩ ({0} ⊕ λu)
Then one checks that vx = π(v)x for all v ∈ V. Surjectivity of the projection
map therefore implies that V contains the subspace {0} ⊕ λu. Now if V were
an order, it would also contains the subspace κ ⊕ {0}. Hence because V has
codimension 1, we would then have V = κ ⊕ λu, contrary to what we assumed
above.

We now consider the quadratic subalgebras Q of A(λ, u). We have

Q = κ ⊕ κ(a + bu)

for some a + bu /∈ κ ⊕ {0}. The isomorphism class of Q as a κ-algebra is
determined by the reduced trace and norm of a + bu.

First we show that Q cannot be isomorphic to the split κ-algebra κ ⊕ κ.
Indeed, then Q would contain an element a + bu with

trd(a + bu) = a + aq = 1

nrd(a + bu) = aq+1 = 0.

This clearly cannot happen.
Next, suppose that Q as above is a field. Then a is an element of λ\κ, and

the projection map
Q π−→ λ⊕ {0}

is an isomorphism. Moreover, one calculates that for c 6= 0, one has

(c + du)(a + bu)(c + du)−1 = (c + du)(a + bu)(cq − du)/cq+1

= a + bc−q+1u.

This implies that up to conjugation by elements of O(1)×, all Q that are fields
are given by exactly one of the algebras in (iii). Note that taking a = 0 gives a
suborder that is stable under conjugation.

To conclude that the same holds up to N(O(1)×)-conjugation, we first
remark that if we let u ∈ O(1) be a preimage of u, then N(O(1)×) = B× =
〈O(1)×, u〉. If we let ã + b̃u be an element ofO lifting a + bu, then Corollaire I.1.7
in [Vig80] shows that u(ã + b̃u)u−1 reduces to a + bqu in A(λ, u). But bq =
b · bq−1, so we could have obtained the corresponding conjugate algebra equally
well by conjugating with an element of O(1)×.

Finally, we consider the inseparable quadratic subalgebras Q of A(λ, u).
These are all of the form

Q = κ ⊕ κbu.

Q determines b up to a κ×-multiple. The group κ× consists of the q + 1-powers
in λ×. Conjugating as above again multiplies b by a q− 1-power. Combining
these two statements, we get (iv) up to O×-conjugation. The proof up to
N(O×)-conjugation is the same as in the previous case.

Calculating the indices [O(1)× : O×] is again trivial, so we conclude by
calculating the norm groups nrd(O×). For this, we remark that if we let

O(1)(1) = Ker(O(1)× −→ (O(1)/pO(1))×),
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we have O(1)(1) ⊆ O× for all O as above. But if we let L be the unramified
quadratic extension of F, then Corollaire II.1.7 in [Vig80] shows that

U(1)
L ⊆ O(1)(1).

Now
nrd(U(1)

L ) = U(1)
F

by Corollary V.1.2 in [Neu99]. Taking this into consideration, deriving the table
and the inclusion relations is straightforward.

A more general analysis of non-Eichler orders in quaternion algebras can be
found in [HPS89].

2.4 Norms

This section is dedicated to the explicit determination of the image of the unit
groups of orders of B̂× under the reduced norm map.

Let F be a totally real number field, and let B be a quaternion algebra over F.
Then we denote

F×B =
{

x ∈ F× : ι(x) > 0 for all ι dividing D(B)∞} .

The main result on norms in quaternion algebras, due to Eichler, is as follows.

Theorem 2.4.1 (Eichler norm theorem). Let B be a quaternion algebra over a field F.

(i) If F is a non-archimedean local field, then nrd(B×) = F×.

(ii) If F is a totally real number field, then nrd(B×) = F×B .

Proof. Part (i) is clear from the description of quaternion algebras over local
fields in Chapitre II of [Vig80]. Part (ii) is Théorème III.4.1 in loc. cit.

Let Z+
F = Z×F ∩ F+ as in the introduction, and let Z×F,B = Z×F ∩ F×B . The following

proposition is a consequence of strong approximation (Theorem 2.5.1).

Proposition 2.4.2. Let B be an indefinite quaternion algebra over totally real number
field F. Let K be a compact open subgroup of B̂×, and let O be an Eichler order of B.

(i) The group nrd(K) is an open subgroup of Ẑ×F . Moreover,

nrd(K ∩ B×) = nrd(K) ∩ Z×F,B.

(ii) We have
nrd(Ô×) = Ẑ×F

and
nrd(O×) = Z×F,B.
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Proof. The first part can be proved as in [Vig80], Proposition III.5.8. The second
part then follows from Proposition 2.2.4.

For more general orders O, the image nrd(Ô×) ⊂ Ẑ×F can be determined as
follows.

Algorithm 2.4.3. Let B be a quaternion algebra over a number field or a non-archime-
dean local field F, and let O be an order of B. The following algorithm determines the
group

N = nrd(Ô×) = ∏
p

nrd(O×p ) ⊂ Ẑ×F .

1. Determine the level N of O.

2. For p not dividing N, set Np = Z×F,p.

3. If no primes p of F divide N, then terminate. Otherwise, choose a prime p dividing
N and go to step 4.

4. Determine a ZF,p-basis for Op, and determine the polynomial map f : Z4
F,p →

ZF,p corresponding to nrd.

5. Determine an n such that all elements of U(n)
p lift to an element of Z4

F,p under f .

6. Determine the image of nrd(Op) in the finite group Z×F,p/U(n)
p by calculating the

image of the factorization

f : (ZF,p/pn)4 −→ ZF,p/pn.

Set Np equal to the corresponding subgroup of Z×F,p.

7. If Np has been calculated for all p dividing N, then terminate. Otherwise, choose a
new p dividing N and go to step 4.

Proof of correctness. The only parts that require proof are steps 2, 4 and 5. As for
step 2, it follows from the local-global correspondence in Theorem 2.1.4 that
O is maximal at any prime not dividing its level. In step 4, a ZF,p-basis for Op

exists since ZF,p is a discrete valuation ring. Finally, the existence of an n as in
step 5 follows from the fact (which is just a reformulation of Hensel’s lemma)
that the reduced norm map, being a polynomial map, is open: note that 1 ∈ Ẑ×F
is in its image.

Remark. More naively, one can dispense with the use of Hensel’s lemma in
step 5 by remarking that since Op contains ZF,p, the norm group nrd(O×p ) con-
tains the open subgroup Z×2

F,p of Z×F,p. One then takes n such that Z×2
F,p contains

U(n)
p and goes to step 6. This is the approach taken in our implementation of

this algorithm at [Sij10].
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2.5 Indices

Let B be a quaternion algebra over a field F. Let B1 be the subgroup of elements
of B× consisting of the elements of reduced norm equal to 1. Additionally, if
F is a number field, let (B⊗Q AQ)1 (respectively B̂1 and Bp1) be the similarly
defined subgroup of (B⊗Q AQ)× (respectively B̂× and Bp×). We will make use
of the following fundamental result.

Theorem 2.5.1 (Strong approximation). Let F be a number field, let B be a quater-
nion algebra over F, and S be a set of places of F containing at least one place at which
B splits. Consider the group

B1
S = ∏

v∈S
B1(Fv) ⊂ (B⊗Q AQ)1.

Then B1B1
S is dense in (B⊗Q AQ)1.

Proof. [Vig80], III.4.3. For generalizations, see Theorem 4.6 in [Milb] and the
accompanying discussion and references.

Corollary 2.5.2. Let F be a totally real number field.

(i) Let B be an indefinite quaternion algebra over F. Then B1 is dense in B̂1.

(ii) Let H be a definite quaternion algebra over F. Then for any finite prime p at
which H is split, H1H1

p is dense in Ĥ1.

We conclude this section by describing how to compute global indices in terms
of local indices for indefinite algebras B, but not before fixing some more
notation. We have already defined the group B1, and now we additionally
define B+ to be the group of units of B whose norm is totally positive. Similarly,
given an orderO, we can define subgroupsO1 andO+ ofO×. Given a compact
open subgroup K ⊂ B̂×, we denote K1 = K ∩ B̂1. We also define the global
groups

K+
B = K ∩ B+ (2.6)

and

K1
B = K ∩ B1. (2.7)

Note that O1 = Ô1
B and O+ = Ô+

B . We obtain subgroups PK+
B and PK1

B of the
adjoint group PB× = B×ad = B×/F× of B×.

Proposition 2.5.3. Let B be an indefinite algebra and let K′ ⊆ K be two compact open
subgroups of B̂×.

(i) We have

[K1
B : K′1B ] =

[K : K′]
[nrd(K) : nrd(K′)]

.
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(ii) We have

[K+
B : K′+B ] =

h[K : K′]
[nrd(K) : nrd(K′)]

,

where
h = |Im(nrd(K) ∩ Z+

F −→ nrd(K)/nrd(K′))|.

(iii) If K′ ∩ F× = K ∩ F×, then the equalities in (i) and (ii) also hold for the indices
[PK1

B : PK′1B ] and [PK+
B : PK′+B ], respectively.

Proof. We prove (ii): case (i) is similar to case (ii), and (iii) is obvious. Consider
the sequence of maps

K+
B /K′+B

ϕ−→ K/K′
ψ−→ nrd(K)/nrd(K′).

The map ϕ is clearly injective. We prove (ii) by showing

Im(ϕ) = ψ−1(N), (2.8)

where
N = Im(nrd(K) ∩ Z+

F −→ nrd(K)/nrd(K′)).

The inclusion Im(ϕ) ⊂ ψ−1(N) is trivial. Conversely, suppose we are given
a coset kK′ mapping to an element n of N under ψ. Let k′ ∈ K′ be such that
nrd(kk′−1) is in nrd(K) ∩ Z+

F . Using Proposition 2.4.2, we see that there exists
an element b of K+

B such that nrd(b) = nrd(kk′−1). Therefore nrd(b−1kk′−1) is
equal to 1. By Corollary 2.5.2(i), there exists a b1 ∈ B1 and a k1 ∈ K′1 for which
we have

b1k1 = b−1kk′−1.

But then bb1 = kk′−1k−1
1 is in K+

B and represents the coset kK′.

We calculate these indices in a few special cases. Note that for all orders O of B,
we have

Ô× ∩ F× = O× ∩ F× = Z×F . (2.9)

Corollary 2.5.4. Let n > 0. Let O(pn) ⊆ O(1) be an inclusion of a level pn Eichler
order into a maximal order, and let q = Nm(p). Then

[PO(1)1 : PO(pn)1] = [PO(1)+ : PO(pn)+] = qn−1(q + 1).

Proof. Using the previous proposition, this is clear considering (2.9) and Propo-
sition 2.2.4.

Corollary 2.5.5. Let O(1) be maximal, and let O ⊆ O(1) be a inclusion of orders
such that

pO(1) ⊆ O.

Let κ be the residue field ZF/p.
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(i) We have
[PO(1)1 : PO1] = [Ô(1)× : Ô×]/d,

where d ∈ {1, 2} equals 2 if and only if p is odd and the final column of the
row corresponding to O in the table in Proposition 2.3.1 or 2.3.2 is given by
U(1)Z×2

F .

(ii) We have
[PO(1)+ : PO+] = [Ô(1)× : Ô×]n/d,

where d is as above and n ∈ {1, 2} equals 2 if and only if d equals 2 and the
canonical map Z+

F −→ κ×/κ×2 is surjective.

Proof. This is clear from Propositions 2.3.1 and 2.3.2 as Z×F,p/U(1)
p
∼= κ× is a

cyclic group of order Nm(p)− 1, which is odd if and only if p is even.

Remark. The Corollaries above clearly generalize to composite level. In the
calculations in Chapter 7, however, the level will contain only one prime.

2.6 Class and type numbers

Let B be a quaternion algebra over a totally real number field F that, for sim-
plicity, we suppose to be split at exactly one infinite place ι of F. Let K ⊂ B̂× be
a compact open subgroup, and consider the double quotients

Picr(K) = B×\B̂×/K

and
Picr(K∞) = B×\ {±1} × B̂×/K.

Here b ∈ B× acts on B̂× through left multiplication and on {±1} through
multiplication by the sign of nrd(b) at ι.

We call the cardinality |Picr(K)| (respectively |Picr(K∞)|) the class number
(respectively narrow class number) of K. The motivation for this terminology
is the following. Let K = Ô×, where O is an order of B. Then we have
Picr(K) = Picr(O) (cf. Section 2.1). Moreover, for elements (a, b) of {±1} × B̂×

we can consider the association

(a, b) (B ∩ bÔ, a).

This induces a bijection between Picr(K∞) and the set of equivalence classes
of locally principal right O-ideals equipped with an orientation at the infinite
place ι.

Similarly, we introduce the double quotient

T(K∞) = B×\ {±1} × B̂×/N(K)
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Its cardinality is called the narrow type number of K. For K = Ô×, it classifies the
orders locally conjugate to O equipped with an orientation at ι modulo global
conjugation. This is accomplished by the association

(a, b) (B ∩ bÔb−1, a),

cf. [Vig80], Section III.5.B.

Remarks. (i) Suppose that K is of the form Ô×. Then since the quotient
B×\{±1} is trivial, we can also describe Picr(K∞) as the set of locally prin-
cipal right O-ideals modulo left multiplication by elements of B+. Similarly,
T(K∞) describes the orders locally conjugate to O modulo global conjugation
by elements of B+.

(ii) Note that if K = Ô× for an Eichler order O, then by Théorème II.2.3 and
Lemme II.2.4 in [Vig80], we can remove the hypotheses on local principality
and local conjugacy in the descriptions of Picr(K∞) and T(K∞) in (i).

Proposition 2.6.1. Let B and K be as at the beginning of this dection.

(i) The reduced norm map induces a bijection

Picr(K∞) ∼−→ F×B \{±1} × F̂×/nrd(K) ∼= Cl(nrd(K)∞). (2.10)

(ii) Similarly, it induces a bijection

T(K∞) ∼−→ F×B \{±1} × F̂×/nrd(N(K)) ∼= Cl(nrd(N(K))∞). (2.11)

The cardinality |T(K∞)| is a power of 2.

Proof. The isomorphisms (2.10) and (2.11) are straightforward generalizations
of Corollaire III.5.7 in [Vig80]. Since we shall see the proof technique in Propo-
sition 5.1.8, we skip the details of the present proof. The final remark follows
from the fact that F̂× ⊂ N(K), implying F̂×2 ⊂ nrd(N(K)).

We can make the group nrd(N(K)) more explicit for K coming from Eichler
orders:

Proposition 2.6.2. Let B be as at the beginning of this section, and let O(N) be a
level N Eichler order of B. Let K = Ô(N)×.

(i) Let p be a prime of F at which B is split. Then

nrd(N(Kp)) = 〈F×2
p Z×F,p, πvp(N)〉.

(ii) Let p be a prime of F at which B ramifies. Then

nrd(N(Kp)) = F×p .
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(iii) Let
C2 = Cl(∞)/2Cl(∞).

Then we have

T(K∞) ∼= C2/〈{p : p divides D(B) f } ∪ {p : vp(N) odd}〉.

Proof. The first two statements follow from the considerations in Section II.2
of [Vig80]. Part (iii) follows by combining the first two parts with Proposi-
tion 2.6.1(ii). Also see Corollaire III.5.7 in [Vig80].

Remark. For definite quaternion algebras, determining class and type numbers
is considerably more complicated. We refer to [KV10] for more on this subject.



Chapter 3

Curves

Our goal in this Chapter is to define the notion of an arithmetic pointed torus.
These complex tori are intimately related to Shimura curves, which we introduce
in the first section. Shimura curves are generalizations of classical modular
curves, and like modular curves, they have canonical models over certain
number fields. The results on the arithmetic of quaternion algebras of the
previous Chapter will be used to deduce geometric and arithmetic properties of
these models.

The third section will at last give the definition of an arithmetic subgroup of
PGL2(R), along with the corresponding notion of an arithmetic pointed torus.
We review the technique used by Takeuchi in [Tak83] to relate such pointed
complex tori to Shimura curves. It turns out that in order to develop arithmetic
theory for these (1; e)-curves, we have to work with adèlic groups K′ that are
somewhat smaller than those usually considered in the literature: this technical
point is discussed in the second section.

The third section also defines canonical models of arithmetic (1; e)-curves.
The irony here is that although these models fully deserve the name ”canonical”,
as we will explain, they do depend on the choice of a group K′ as above.

Throughout this Chapter, let F be a totally real number field, and let B be a
quaternion algebra over F that is split at exactly one infinite place ι of F (and
possible at some finite places of F as well). Finally, let K be a compact open
subgroup of B̂×.

3.1 Shimura curves

LetH± be the Riemann surface

H± = P1(C)− P1(R) = H+ tH−.

The group GL2(R) acts on H± through fractional linear transformations, hence
so does B× after choosing an isomorphism

ι : B⊗F,ι R ∼−→ M2(R). (3.1)
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The group K+
B from (2.6) can be considered as a subgroup of GL+

2 (R) through
the embedding ι. Théorème IV.1.1 of [Vig80] shows that PK+

B ⊂ PGL+
2 (R) is a

Fuchsian group of the first kind. For a ∈ {±1}, we denote

Ya
0 (K) = Ya(K+

B )

and we abbreviate Y0(K) = Y+
0 (K). Moreover, for an order O of B, we abbrevi-

ate Ya
0 (O) = Ya

0 (Ô×).
We can define an action of B× onH± × B̂× by

b(x, b̂) = (bx, bb̂).

There is also a right action of K onH± × B̂× given by

(x, b̂)k = (x, b̂k).

Consider the double quotient

Y(K) = B×\H± × B̂×/K. (3.2)

Again, for an order O of B, we abbreviate Y(O) = Y(Ô×). The following
proposition describes the connected components of Y(K), the set of which we
denote by π0(Y(K)).

Proposition 3.1.1. Let Y(K) be as in (3.2).

(i) There is a bijection

π0(Y(K)) ∼−→ B×\{±1} × B̂×/K = Pic(K∞). (3.3)

The reduced norm map induces an isomorphism

π0(Y(K)) ∼−→ Cl(nrd(K)∞). (3.4)

(ii) Let {(ai, bi)}, with ai ∈ {±1} and bi ∈ B̂×, be a set of representatives for the
quotient (3.3). Then there is an isomorphism

Y(K) ∼= ä
i

Yai
0 (biKb−1

i ). (3.5)

The quotient Y(K) is compact if and only if B is a division algebra.

(iii) There occur at most |T(K∞)| isomorphism classes of curves on the right hand
side of (3.5).

Proof. (i): The first statement follows by identifying π0(H±) ∼= {±1}. The first
isomorphism in (3.4) is then exactly the one from Proposition 2.6.1.

(ii): This results from of Lemma 5.13 and Theorem 3.3 in [Milb].
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(iii): An element n of N(K) induces an isomorphism

Y(K) −→ Y(K)
[x, b] 7−→ [x, bn].

Under the isomorphism (3.4), the action of n on π0(Y(K)) is given by multipli-
cation by nrd(n). Components that are accordingly permuted are necessarily
isomorphic, which proves (iii).

We call the automorphisms of Y(K) induced by elements of N(K) Atkin-Lehner
automorphisms. Let D = D(B) f . Suppose K = Ô(N)×, where O(N) is a level N
Eichler order of B. Let a be a product of primes dividing DN. Then we denote
by w(a) the Atkin-Lehner automorphism of Y(K) induced by an element na of
N(K) whose components in the quotient N(K)/F̂×K are non-trivial exactly at
the primes dividing a (cf. Proposition 2.6.2).

Proposition 3.1.1 shows that Y(K) is a Riemann surface in a natural way.
Therefore it can be considered as a complex algebraic curve as well. The con-
nected component of Y(K) over [+1, 1] ∈ π0(Y(K)) is given by Y+

0 (K): we shall
call this the neutral component of Y(K). Analogously, the connected component
over [−1, 1] is given by Y−0 (K). This notation is not to be confused with the
usual notation Y0(N) for classical modular curves.

The following fundamental result is due to of Shimura ([Shi70]). Modern
expositions can be found in [Del71], [Car86] and [Milb].

Theorem 3.1.2. Let Y(K) be as in (3.2).

(i) There exists a curve Sh(K) over F that is a canonical model of Y(K) over F. In
particular,

Sh(K)⊗F,ι C ∼= Y(K).

(ii) Let K′ ⊂ K. Then the canonical projection map Y(K′) → Y(K) is induced by
an F-morphism Sh(K′)→ Sh(K).

(iii) Let b ∈ B̂×. Then the canonical isomorphism

Y(K) −→ Y(b−1Kb)

[x, b′] 7−→ [x, b′b]

is induced by an F-morphism Sh(K)→ Sh(b−1Kb).

Proof. Part (i) is (1.1.1) in [Car86], and parts (ii) and (iii) are special cases of
Theorem 13.6 in [Milb].

We will not get into the precise definition of a canonical model, since it is rather
technical and we can get by without it, but see Chapter 12 of [Milb]. Note
that in contrast with the terminology in Chapter 5, ”model” means ”model
over a number field” rather than ”integral model” in this chapter. In particular,
Shimura’s canonical models are not to be confused with the canonical models
in Definition 9.4.21 of [Liu02].
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We call both Y(K) and its canonical model Sh(K) a Shimura curve. It follows
from Proposition 3.1.1(ii) that Sh(K) is of finite type and smooth over F. More-
over, Sh(K) is proper if and only if B is a division algebra. It is not necessarily
geometrically connected by part (i) of Proposition 3.1.1.

When B is a matrix algebra, there exist explicit methods using q-expansions
for computing an equation for Sh(K). Unfortunately, such methods are not
available in the cases that we consider, where B is a division algebra. Our
strategy in this thesis is to determine Sh(K) by using its arithmetic properties.

Let us first consider the scheme of connected components π0(Sh(K)) of
Sh(K). It is a finite étale scheme over Spec(F) whose geometric points are given
by

π0(Sh(K))(F) = π0(Sh(K))(C) = π0(Y(K)).

This set of points inherits an action of GF = Gal(F|F). Conversely, this Galois
action determines π0(Sh(K)) as a scheme. Now the GF-set structure of π0(Y(K))
can be described as follows.

Theorem 3.1.3 ([Car86], Section 1.2). Under the isomorphism (3.4), the absolute
Galois group GF acts on Cl(nrd(K)∞) = F+\F̂×/nrd(K) through

σ([x]) = [s−1x],

where s ∈ F̂× is any idèle whose image under the Artin reciprocity map

F̂× ↪→ A×F → GF

equals σ.

Using the notation of Section 2.1 of the previous Chapter, we abbreviate FK =
Fnrd(K)∞. Proposition 3.1.3 then gives that GF acts transitively on π0(Sh(K)),
which implies

π0(Sh(K)) ∼= Spec(FK).

Therefore there exists a model Sh0(K) = Sh+
0 (K) for the neutral component

Y0(K) = Y+
0 (K) over the Galois extension FK of F such that Sh(K) is isomorphic

to the scheme
Sh0(K) −→ Spec(FK) −→ Spec(F)

over F. Concretely, this means that there is a finite decomposition

(Sh(K))FK
∼= ä

σ∈Gal(FK |F)
Sh0(K)σ (3.6)

over FK. By notional abuse, we call the model Sh0(K) of Y0(K) over FK canonical
as well. Proceeding analogously, we get a model Sh−0 (K) of Y−0 (K) over FK. As
above, we abbreviate Sh(O) = Sh(Ô×) , and for a ∈ {±1}, we let Sha

0(O) =
Sha

0(Ô×).
Let

J(K) = Jac(Sh(K)).
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This is an abelian variety over F. If we let

Ja
0(K) = Jac(Sha

0(K)),

where a ∈ {±1}, then J0(K) is an abelian variety over FK for which

J(K) ∼= ResFK |F(J0(K)). (3.7)

Here Res denotes Weil restriction of scalars, cf. the discussion before Theorem B
in [Zha01]. We once more abbreviate J(O) and Ja

0(O) as above. We can now
formulate a second property of Sh(K).

Proposition 3.1.4. Let n ∈ N(K). Then the Atkin-Lehner automorphism of Y(K)
associated to n descends to an F-automorphism of Sh(K).

In particular, there occur at most |T(K∞)| isomorphism classes of curves over FK
on the right hand side of (3.6), as over C.

Proof. Using the discussion above and part (iii) of Theorem 3.1.2, this is a
consequence of Proposition 3.1.1(iii).

Proposition 3.1.5. Let σ ∈ Gal(F|F). Then the Jacobians of the curves Sh0(K)σ and
Sh0(K) are isogenous over FK.

Proof. We use the decomposition (3.6). By weak approximation for F× and
surjectivity of the map nrd : Kp → Ẑ×F,p at primes p where K is maximal (cf.
Proposition 2.2.4), we see that we can choose the representatives (ai, bi) in
Proposition 3.1.1(ii) to satisfy

ai = 1, and bi,p = 1 at places where K is not maximal or B ramifies.

Fix i. Then K′ = K ∩ biKb−1
i is a compact open subgroup of B̂× and therefore of

finite index in both K and biKb−1
i . This gives rise to a correspondence

Sh(K′)
proj

{{vvvvvvvvv proj

%%LLLLLLLLLL

Sh(K) Sh(biKb−1
i )

(3.8)

We claim that the correspondence (3.8) induces isomorphisms between the
schemes π0(Sh(K′)), π0(Sh(K)) and π0(Sh(biKb−1

i )).
Indeed, by construction, at primes p where bi is non-trivial, K′p is given by

the units of an Eichler order of Bp, hence nrd(K′p) = Ẑ×F,p = nrd(Kp) by Proposi-
tion 2.2.2. At p where bi is trivial, obviously nrd(Kp) = nrd(K′p) since Kp = K′p.
Hence nrd(K′) = nrd(K), which proves the claim in light of Proposition 3.1.1(i).

The correspondence in (3.8), being built out of canonical projection maps,
therefore induces trivial maps on the schemes of connected components by The-
orem 3.1.2(ii). Consequently, it induces a correspondence over FK between the
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neutral components Sh0(K) and Sh0(biKb−1
i ). But giving such a correspondence

is the same as giving an isogeny of the corresponding Jacobians. Since the neu-
tral component of Sh(biKb−1

i ) can be identified with the connected component
of Sh(K) corresponding to (ai, bi), we have proved the proposition.

Fourthly, we describe the reduction properties of Sh(K).

Theorem 3.1.6. Let p be a prime of F, and suppose that K is of the form K = Kp× Kp,
where Kp ⊂ Bp and Kp ⊂ B̂p. Let C be the conductor of J(K) as an abelian variety.
Then vp(C) only depends on Kp. Furthermore,

(i) If p - D(B) and Kp is maximal at p, then vp(C) = 0.

(ii) If p - D(B) and Kp is the unit group of a level N Eichler order of Bp, where
vp(N) = 1, then vp(C) = 1.

(iii) If p | D(B) and Kp is maximal at p, then vp(C) = 1.

Proof. The first two statements follow from [Car86]. The third is a consequence
of the p-adic uniformization of Sh(K) that we will consider in Chapter 5 (cf.
Proposition 5.1.12(ii)).

Fifthly and finally, we describe a relation between canonical models coming
from different quaternion algebras. Let ι be an infinite place of F. Then we
denote

ιc = ∏
ι′ |∞
ι′ 6=ι

ι′. (3.9)

Theorem 3.1.7. Let B be a quaternion algebra over F with D(B)∞ = ιc. Let ι′ be
another infinite place of F, and let B′ be a quaternion algebra for which D(B′) f =
D(B) f and D(B′)∞ = ι′c. In other words, let B′ be ramified at the same finite places
as B and let B′ be split at a unique infinite place, given by ι′. Let

B̂ = ∏
v finite

′Bv
ϕ−→ ∏

v finite

′B′v = B̂′ (3.10)

be an isomorphism of restricted direct products. Let K be a compact open subgroup of
B̂×. Then if we let K′ = ϕ(K), there exists an isomorphism

Sh(K)⊗F,ι′ C ∼= Sh(K′)⊗F,ι′ C (3.11)

of curves over C.

Proof. This is an adèlic translation of the results due to Doi and Naganuma
in [DN67]: although the main theorem there is only formulated for principal
open subgroups K, the proof in [DN67] in fact shows that the generalization
above holds.
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We will use this proposition in conjuction with the following remark. Let σ be
an automorphism of F. Then if the F-algebra structure of B is given by

F i−→ B,

we can consider the F-algebra σB obtained by

F σ−1
−→ F i−→ B.

Note that
σ( a1, a2

F

)
∼=
(

σ(a1), σ(a2)
F

)
.

The identity map on B is an isomorphism of Q-algebras B→ σB. We have

D(σB) = σ(D(B)).

Here, for a place v of F, we denote by σv the place v ◦ σ−1. Upon tensoring, we
obtain an isomorphism of Q-algebras

B̂ = B⊗Q A f
Q −→

σB⊗Q A f
Q =

σ
B̂ (3.12)

Let K be a compact open subgroup of B̂×, and let σK be equal to K, but this time
considered as a subgroup of

σ
B̂× through the isomorphism (3.12). Then clearly

there is an isomorphism

Y(K) = B×\H± × B̂×/K ∼= σB×\H± × σ B̂×/σK = Y(σK),

therefore

Sh(K)⊗F,ι C ∼= Sh(σK)⊗F,σι C. (3.13)

Combining the isomorphisms (3.11) and (3.13), one can show that Y(K) is
defined over a proper subfield of F in a large variety of cases. For example,
suppose that F is Galois over Q, and let B be an algebra over F whose finite
discriminant D(B) f is Gal(F|Q)-invariant. Let K = Ô×, where O is an Eichler
order of Gal(F|Q)-invariant level N. Then Y(K) has field of moduli equal to Q
(cf. Section 7 of [GV] and Proposition 1 of [Hal09]). In Chapter 7, we will see
that this need not imply that the canonical model Sh(K) descends to Q, even
when Sh(K) has genus 1.

To prove the claim, it suffices to show

Sh(K)⊗F,ι C ∼= Sh(K)⊗F,ι′ C

for all pairs of embeddings ι and ι′ of F. Given ι and ι′, there is an automorphism
σ of F such that ι′ = σι. Then by (3.13), we have

Sh(K)⊗F,ι C ∼= Sh(σK)⊗F,σι C = Sh(σK)⊗F,ι′ C. (3.14)
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Note that σK comes from a level σ(N) = N Eichler order of σB. By the Galois
invariance of D(B) f we can take B′ = σB in Theorem 3.1.7. We accordingly let
K′ = σK.

Since both K′ and K come from level N Eichler orders, we can choose the
isomorphism in (3.10) such that K is mapped to K′. Therefore, by (3.11), we
conclude

Sh(σK)⊗F,ι′ C = Sh(K′)⊗F,ι′ C ∼= Sh(K)⊗F,ι′ C. (3.15)

Combining (3.14) and (3.15) proves the claim.

3.2 From K+
B to K1

B

This section considers the subgroup K1
B of K+

B from (2.7). In the previous section,
we obtained the curve Y(K+

B ) as the connected component Y0(K) of the Riemann
surface Y(K), resulting in a canonical model Sh0(K) for this curve over FK.

For reasons that will become clear in the next section, we are also interested
in obtaining a canonical model of the curve Y(K1

B). To obtain this curve as
a Shimura curve, we use compact open groups K′ ⊂ B̂× that are slightly
smaller than K. This section explains what K′ are possible, and how they can be
constructed. We start with some global considerations.

Proposition 3.2.1. The group PK1
B is a normal subgroup of PK+

B of finite index. Let
N = nrd(K). Then we have an isomorphism

PK+
B /PK1

B
∼= (N ∩ Z+

F )/(N ∩ Z×2
F ).

Consequently, the projection Y(K1
B) → Y(K+

B ) is Galois with abelian Galois group
(N ∩ Z+

F )/(N ∩ Z×2
F ) of exponent 2. This Galois group is isomorphic to a subgroup

of Ker(Cl(∞)→ Cl(1)), with equality holding if K = Ô× for an Eichler order O.

Proof. Normality is obvious. Let K(2)
B be the subgroup of K+

B consisting of those
elements whose norm is in Z×2

F . Then we have the following commutative
diagram with exact rows

1 // Z×F //

��

K(2)
B Z×F

//

��

PK1
B

//

��

1

1 // Z×F // K+
B Z×F // PK+

B
// 1

Considering this diagram, we see that the canonical map

K+
B Z×F /K(2)

B Z×F −→ PK+
B /PK1

B

is an isomorphism. On the other hand, by Proposition 2.4.2, the reduced norm
map induces an isomorphism

K+
B Z×F /K(2)

B Z×F −→ (N ∩ Z+
F )Z×2

F /(N ∩ Z×2
F )Z×2

F
∼= (N ∩ Z+

F )/(N ∩ Z×2
F ).
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As for the second part, there is a canonical map

Z×F /Z×2
F −→ A∞×

F /(A∞×
F )2 = ∏

v|∞
U(0)

v /U(1)
v . (3.16)

Here U(0)
v = F×v , and U(1)

v is the connected component of U(0)
v containing 1.

The kernel of the projection Cl(∞) → Cl(1) is isomorphic to the cokernel
of the map (3.16) (cf. the proof of Lemma 3.2.3). The kernel of the map (3.16) is
given by Z+

F /Z×2
F . Now because of Dirichlet’s unit theorem and the fact that

any number field has a root of unity of order 2, both of the groups in (3.16)
have the same cardinality, to wit 2deg(F|Q). Therefore the kernel and cokernel of
the map above have the same cardinality, and both have exponent 2, they are
isomorphic. We can therefore conclude the proof by noting that nrd(Ô×) = Ẑ×F
for all Eichler orders O.

The proposition above indicates that if the narrow class group of F is non-trivial,
then usually Y(K1

B) will be a non-trivial cover of Y(K+
B ). One would like to

solve this by working with the algebraic group ResF|Q(B1) directly, instead of
with the group ResF|Q(B×) that gives the canonical models of Theorem 3.1.2
(as in [Car86]).

Unfortunately, there is no way to obtain a Shimura variety from ResF|Q(B1),
because it has no Shimura datum. We refer to Chapter 5 of [Milb] for the notion
of a Shimura datum and the axioms SV1, SV2 and SV3 that it satisfies.

Proposition 3.2.2. There exists no Shimura datum (G, h) with G = ResF|Q(B1).

Proof. Suppose such a datum did exist. Then upon base extension to R, we
would end up with a morphism of algebraic groups h : S→ GR satisfying SV1
and SV2. Consider the projection h0 : S −→ SL2,R obtained by choosing an
isomorphism

GR ∼= SL2,R ×H1 × . . .×H1.

Let w be the weight homomorphism w : Gm → S. The composite map given by

Gm,R
w−→ S h0

−→ SL2,R
proj−→ PSL2,R = SLad

2,R

is trivial because of SV1 and the triviality of the characters z/z, 1 and z/z on
the image of w.

Therefore the image of Gm,R(C) under the map above is contained in the
center of SL2,R(C), which is isomorphic to µ2,R(C) ⊂ Gm,R(C). But the algebraic
homomorphisms Gm,R → Gm,R are just the characters z 7→ zn for integral n.
The only character having finite image on C-points is the trivial character. That
is to say, the homomorphism h0w : Gm,R → SL2,R is trivial.

Now −1 ∈ S(R) is in the image of w. Therefore h0(−1) is trivial. We
have h0(i)2 = h0(−1), therefore h0(i) has finite order and is diagonalizable,
with eigenvalues in {±1}. Since h0(i) is in SL2(R), its two eigenvalues are
identical, hence it is either given by I or −I ∈ SL2(R). But conjugation with
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these elements induces the trivial involution of SL2(R), which is not Cartan
since SL2(R), containing Gm(R), is not compact. Therefore h cannot induce a
Cartan involution of GR either.

Remark. The terminology used in the literature is somewhat confusing on this
point. According to Corollary 5.8 in [Milb], there does exist a connected Shimura
datum for ResF|Q(B1). Part of the point of Proposition 3.2.2 is that not all these
connected Shimura data (in the sense of Definition 4.4 of loc. cit.) are Shimura
data (in the sense of Definition 5.5 of loc. cit.).

Likewise, the Shimura datum on G = ResF|Q(B×) does not lift to the fiber
product P given by the diagram

P //

��

Gm

x 7→x2

��
G

nrd // Gm

Nevertheless, one can find a way around the problem by considering suitable
compact open subgroups of small index in K. The key point is the following
lemma:

Lemma 3.2.3. Let F be a number field, and let N be a compact open subgroup of F̂×.
Then there exists a compact open subgroup N′ of N such that:

(i) The canonical projection map Cl(N′∞)→ Cl(N∞) is an isomorphism;

(ii) Z+
F ∩ N′ = Z×2

F ∩ N.

Moreover, for any such subgroup N′ we have that the canonical map

(Z+
F ∩ N)/(Z×2

F ∩ N) = (Z+
F ∩ N)/(Z+

F ∩ N′) −→ N/N′ (3.17)

is an isomorphism.

Proof. We use the fact, easily proved using the Čebotarev density theorem
(Theorem VII.13.4 in [Neu99]), that given a nonsquare x in F, the set of places of
F at which x is a square has density 1/2. This allows us to construct N′ through
a repeated shrinking process.

We may suppose that the inclusion Z×2
F ∩ N ⊂ Z+

F ∩ N is strict: otherwise
we can take N′ = N. Let x be a non-square element of Z+

F ∩ N, and let v be a
place such that x is not a square at v and such that Nv does not equal Z×2

F,v. Such
a v always exists: for example, one can take an odd finite place modulo which x
is not a square and where N is maximal.

Let N′v be an index 2 subgroup of Nv such that N′v contains Z×2
F,v and such

that x is not in N′v. Construct N′ = N ∩ N′v. Now x is not in N′; on the other
hand, since N′v contains Z×2

F,v, one still has that Z×2
F ∩ N is contained in Z+

F ∩ N′.
By construction, we also have

[Z+
F ∩ N : Z×2

F ∩ N] = 2[Z+
F ∩ N′ : Z×2

F ∩ N].
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We check that the projection map in (i) is an isomorphism for N and N′. Its
kernel is given by

F+N
F+N′

=
F+N′Nv

F+N′
∼=

Nv

Nv ∩ F+N′
(3.18)

∼=
Nv

(Z+
F ∩ Nv)N′v

. (3.19)

In this string of isomorphisms, we have embedded F× diagonally in the idéles
F̂× in (3.18), while we embedded it in the factor F×v in (3.19).

The group (Z+
F ∩ Nv)N′v contains N′v, hence is at worst of index 2 in Nv.

On the other hand, it also contains x ∈ Z+
F ∩ Nv, which is not in N′v, so in

fact it equals Nv. Hence the projection map Cl(N′∞)→ Cl(N∞) is indeed an
isomorphism. Inductively repeating this procedure above, one obtains a N′ as
in the lemma, since Z+

F /Z×2
F is finitely generated.

Now for the last statement of the lemma. By (ii), the map (3.17) is injective:
it remains to prove that (Z+

F ∩ N)N′ = N. By (i), the quotient

F+N/F+N′ = F+N′N/F+N′ ∼= N/(F+N′ ∩ N)

is trivial, hence we can conclude by noting that

(Z+
F ∩ N)N′ = Z+

F N′ ∩ N = F+N′ ∩ N.

Now let a compact open subgroup K of B̂× be given. Then by applying the
reduced norm map, one obtains a compact open subgroup N = nrd(K) of F̂×.
Choosing an N′ satisfying the properties in the lemma, we then construct the
subgroup

K′ = K ∩ nrd−1(N′) (3.20)

which is again compact open because of the continuity of the reduced norm
map. By construction of K′, we see that we have achieved our objective at the
beginning of this section:

Proposition 3.2.4. Let K, N′ and K′ be as above, and let a ∈ {±1}.
(i) We have

Ya
0 (K′) ∼= Ya(K1

B).

Similarly, the other components of Y(K′) do not depend on the choice of N′.

(ii) The canonical projection Sh(K′)→ Sh(K) induces an F-isomorphism

π0(Sh(K′)) −→ π0(Sh(K)).

between the schemes of connected components of Sh(K′) and Sh(K). In partic-
ular, FK′ = FK, and the canonical projection Ya

0 (K′) → Ya
0 (K) descends to an

FK-morphism Sha
0(K′)→ Sha

0(K).

As we shall see explicitly in Chapter 7, different choices for K′ can give rise to
different canonical models of the same Riemann surface. To avoid confusion,
we shall often call Sh(0)(K′) a K′-model of the Riemann surface Y(0)(K′).
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3.3 Arithmetic (1; e)-curves

Let ι : B× → GL2(R) and PK+
B ⊂ PGL+

2 (R) be as in the discussion before
Proposition 3.1.1. We can now finally give the following Definition.

Definition 3.3.1. An arithmetic subgroup of PGL+
2 (R) is a subgroup that is com-

mensurable with a group PK+
B for some choice of ι in (3.1).

Remarks. (i) An inclusion K′ ⊂ K of compact open subgroups of B̂× is of finite
index, so using Proposition 2.5.3, we see that Γ ⊂ PGL+

2 (R) is commensurable
with PK+

B if and only if it is commensurable with PK′+B . Analogously, we see
that Γ is commensurable with PK+

B if and only if it is commensurable with PK1
B.

(ii) Since all algebra automorphisms of M2(R) over R are inner (cf. the
proof of Lemma 3.3.4 below), changing the isomorphism (3.1) corresponds to
conjugating Γ by elements of PGL+

2 (R).

In [Tak83], Takeuchi determined the 71 conjugacy classes of arithmetic (1; e)-
groups. A key ingredient for his classification is the following

Lemma 3.3.2 ([Tak83], Theorem 3.4). Let Γ ⊂ PGL+
2 (R) be an arithmetic (1; e)-

group. Then
Γ(2) = 〈γ2 | γ ∈ Γ〉

is a normal subgroup of Γ. For a ∈ {±1}, the projection map

Xa(Γ(2)) −→ Xa(Γ)

induces a map on Jacobians that is isomorphic to multiplication by 2.
The algebra B(Γ) = Q[Γ(2)] is a quaternion algebra over its center, which is a

totally real subfield F of C. The module ZF[Γ(2)] is an order of B(Γ), and we have
Γ(2) ⊂ ZF[Γ(2)]1.

Diagrammatically, we get the correspondence

Xa(Γ(2))
”[2]”

zzuuuuuuuuu

&&NNNNNNNNNNN

Xa(Γ) Xa(ZF[Γ(2)]1)

(3.21)

Given Γ, Takeuchi’s methods allow one to construct an explicit basis for the
order O = ZF[Γ(2)] of B = Q[Γ(2)]. In the coming Chapters, we usually work
with the group O1 instead of Γ(2), due to its more arithmetic nature and due to
the fact that testing whether an element of B× is in O1 is considerably easier
than testing whether it is in Γ(2).

Let Γ be a Fuchsian group of the first kind. To avoid the subtleties involved
with proving the presence of a rational point on a model of Xa(Γ) in what
follows, we consider the Jacobian

Ja(Γ) = Jac(Xa(Γ)). (3.22)
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We let Ja(O+) and Ja(O1) be the Jacobians thus obtained by taking Γ equal to
(P)O+, respectively (P)O1.

A model C of Xa(Γ) over a field L will give rise to an elliptic curve Jac(C)
that is a model of Ja(Γ) over L. We now define the notion of a canonical model
of Xa(Γ) and Ja(Γ).

Definition 3.3.3. Let Γ be a (1; e)-group, and let K be a compact open subgroup of B̂.
Suppose

PK+
B ⊂ PΓ ⊂ P(N(K)+

B ). (3.23)

Then we call the Atkin-Lehner quotient of Sha
0(K) corresponding to Y(Γ) (see Proposi-

tion 3.1.4) a canonical model of Xa(Γ) over FK. The corresponding quotient of the
elliptic curve Ja

0(K) is called a canonical model of Ja(Γ).

Our strategy for finding a canonical model for Xa(Γ) is therefore the following.
Given Γ, we consider the order O = ZF[Γ(2)], and let K0 = Ô×. Then Ya

0 (K0) =
Xa(ZF[Γ(2)]+), which is a quotient of Xa(ZF[Γ(2)]1). Motivated by the definition
above, our goal is to find a group K such that the indices [K : K ∩ K0] and
[K0 : K ∩ K0] are both small and such that K satisfies (3.23); as suggested by
Diagram 3.21, K0 itself may not satisfy these demands. The following lemma is
of great use for finding a suitable K.

Lemma 3.3.4. Let B be as in the first section. Let O be an order of B such that

O = ZF[O1]. (3.24)

Let K = Ô×. Then

N(PK1
B) = N(PK+

B ) = P(N(K)+
B ).

The normalizer on the left hand side of this equality is taken in PGL2(R), while that on
the right hand side is taken in B̂×.

Proof. The inclusion P(N(K)+
B ) ⊂ N(PK1

B) is trivial. Conversely, the proof of
Théorème IV.3.5 of [Vig80] shows that any element x of N(PK1

B) also normalizes
B× ⊂ GL2(R). The Skolem-Noether theorem (Théorème I.2.1 in [Vig80]) then
allows us to conclude that up to a scalar, x is equals an element of B×. Since
changing x by a scalar does not affect the resulting automorphism of Y0(K), we
may in fact assume that x is in B× ⊂ B̂×.

The hypothesis (3.24) yields that x normalizes the order O. The local-global
correspondence (Theorem 2.1.4) then gives that x also normalizes Ô, which
certainly implies that x ∈ N(K).

Remark. We will see examples of groups Γ with Γ(2) ( ZF[Γ(2)]1 and orders
O with ZF[O1] ( O in the calculations in Chapter 7. However, we did not
encounter examples where the corresponding normalizers were different.

In Chapter 7, we usually take K to equal Ô× ∩ nrd−1(N′), whereO is a suitable
order containing ZF[Γ(2)] and satisfying (3.24), and where N′ is either equal to
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N = nrd(K) or as in Lemma 3.2.3. This almost always gives rise to a genus 1
curve Y0(K) fitting in a diagram

Xa(Γ(2)) −→ Ya
0 (K) −→ Xa(Γ).

In such a case, Lemma 3.3.2 shows that PΓ ⊂ N(PK+
B ), whence we get PK+

B ⊂
PΓ ⊂ P(N(K)+

B ) by Lemma 3.3.4, giving rise to a canonical model of Ya(Γ) as
in Definition 3.3.3.



Chapter 4

Traces

Let Sh(K) be a Shimura curve, as defined in the previous Chapter. Our present
goal is to compute the traces of Frobenius at the primes of good reduction of
Sh(K). The Shimura congruence relation connects these traces with the action
of a Hecke algebra on the homology group of Sh(K): in the third section of this
Chapter, we discuss this relation in the generality we need.

In the first section, we define the aforementioned Hecke action. The sec-
ond section gives an algorithm for its explicit computation, which makes use
of the fundamental domains constructed in Chapter 1. Combined with the
Shimura congruence relation, this algorithm is one of the main ingredients in
the calculation of the canonical models of Chapter 7.

The recent preprints [GV] and [Voi] give more general algorithms for calculating
Hecke operators on Shimura curves. Our approach, which was developed
independently, has the trifling advantage of being somewhat more elementary
on a conceptual level.

4.1 Quaternionic cusp forms

Throughout this section, and as in the first section of the previous Chapter, let
F be a totally real field, and let B be a quaternion algebra over F that is split at
exactly one infinite place ι of F. Let us furthermore suppose, in order to simplify
the exposition, that B is a division algebra; computations in the case B = M2(Q)
can be performed efficiently using the method of modular symbols (see [Ste08]).
For a broader view of the material in this section, we refer to [Voi] and [Hid81].

As in Chapter 3, we letH± be the Riemann surface

H± = P1(C)− P1(R) = H+ tH−.

Furthermore, given

γ =
(

a b
c d

)
∈ GL2(R)
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and x ∈ H±, we let
j(γ, x) = cx + d.

Note that j(γ, x) is then again an element ofH±, and that one has the relation

j(γ1γ2, x) = j(γ1, γ2x) j(γ2, x) (4.1)

and in particular

j(γ−1, γx) j(γ, x) = 1. (4.2)

The following notion is classical.

Definition 4.1.1. Let Γ ⊂ GL+
2 (R) be a subgroup whose image in PGL+

2 (R) is
discrete and cocompact. A classical cusp form for Γ (of weight 2) is a holomorphic
function

f : H −→ C

satisfying

f (γτ) =
j(γ, τ)2

det(γ)
f (τ)

for all γ ∈ Γ.

Remark.The cocompactness condition on Γ in the definition above implies that
Y(Γ) = X(Γ) does not have any cusps. This allows us to ignore the growth
conditions at the cusps needed for general Γ.

Given a group Γ as in the definition, the set of cusp forms of weight 2 for Γ
is a finite dimensional complex vector space, which we denote by S2(Γ). The
space S2(Γ) can be identified with the space of global sections of the sheaf Ω1

of holomorphic differential forms on the quotient X(Γ):

S2(Γ) ∼−→ H0(X(Γ), Ω1)
f 7−→ (ω f : τ 7−→ f (τ) dτ).

We call a continuous function f : H± × B̂× → C holomorphic if it is holomorphic
in the first variable. Choosing an isomorphism ι as in (3.1), we get a left
action of B on H±, for which we correspondingly define j(b, x) = j(ι(b), x)
and det(b) = det(ι(b)).

Definition 4.1.2. Let K be a compact open subgroup of B̂×. A (quaternionic) cusp
form for B of level K (and parallel weight 2) is a holomorphic function

f : H± × B̂× −→ C

satisfying

f (b(x, b̂)k) =
j(b, x)2

det(b)
f (x, b̂). (4.3)

for all b ∈ B×, x ∈ H±, b̂ ∈ B̂× and k ∈ K.
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Remark. For a definition of quaternionic modular forms of arbitrary weight,
we refer to [Hid81] and [Voi]; in this thesis, we shall only use forms of parallel
weight 2.

We denote the space of modular forms for B of level K by S2(K). In accordance
with [Hid81], there is the following compatibility with the classical notion:

Proposition 4.1.3. Let {ri}h
i=1 be a set of representatives for the quotient

B+\B̂×/K. (4.4)

Then giving a modular form for B of level K is the same as giving a tuple ( fi)h
i=1 of

Γi-modular forms, where Γi is the group

(riKr−1
i )+

B = (riKr−1
i ) ∩ B+ ⊂ B+,

embedded into GL+
2 (R) through (3.1).

Proof. Given a modular form of level K, we define the tuple ( fi)i by

fi(τ) = f (τ, ri).

We have to check that fi is Γi-modular. But for ι(bi) ∈ Γi, one has r−1
i biri ∈ K,

so by right K-invariance of f we have

fi(biτ) = f (biτ, ri)

= f (bi(τ, b−1
i ri))

=
j(bi, τ)2

det(bi)
f (τ, b−1

i ri)

=
j(bi, τ)2

det(bi)
f (τ, b−1

i rir−1
i biri)

=
j(bi, τ)2

det(bi)
f (τ, ri)

=
j(bi, τ)2

det(bi)
fi(τ).

Conversely, suppose that we are given a tuple ( fi)i of Γi-modular forms.
Note that because {ri} is a set of representatives for the quotient (4.4), the set
{+1, ri} is a set of representatives for the quotient

Picr(K∞) = B×\{±1} × B̂×/K

from Section 2.6. Hence every (x, b̂) ∈ H± × B̂× is of the form

(x, b̂) = b(τ, ri)k (4.5)

(b ∈ B×, τ ∈ H, k ∈ K)
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for a uniquely determined i. We let

f (x, b̂) =
j(b, τ)2

det(b)
fi(τ).

As soon as we show that this is well-defined, modularity of f follows easily,
since given b′ ∈ B× and (x, b̂) as in (4.5) one has

b′(x, b̂) = (b′b)(τ, ri)k,

whence, using (4.1), we get

f (b′(x, b̂)) =
j(b′b, τ)2

det(b′b)
fi(τ)

=
j(b′, bτ)2

det(b′)
j(b, τ)2

det(b)
fi(τ)

=
j(b′, bτ)2

det(b′)
f (x, b̂).

So suppose that
b1(τ1, ri)k1 = b2(τ2, ri)k2.

Then since b1τ1 = b2τ2, we have that b−1
1 b2 ∈ B+. Hence

b−1
1 b2 = rik1k−1

2 r−1
i ∈ B+ ∩ riKr−1

i = (riKr−1
i )+

B .

Using (4.1), then (4.2), we therefore get

j(b1, τ1)2

det(b1)
fi(τ1) =

j(b1, τ1)2

det(b1)
fi(b−1

1 b2τ2)

=
j(b1, b−1

1 b2τ2)2

det(b1)
j(b−1

1 b2, τ2)2

det(b−1
1 b2)

fi(τ2)

=
j(b1, b−1

1 b2τ2)2

det(b1)
j(b−1

1 , b2τ2)2

det(b−1
1 )

j(b2, τ2)2

det(b2)
fi(τ2)

=
j(b2, τ2)2

det(b2)
fi(τ2).

hence f (x, b̂) is indeed well-defined.
By construction, the two associations above are mutually inverse.

Remarks. (i) Another way to express the demand on the set {ri} in the propo-
sition, which we used in the proof above, is that the set {(+1, ri)} is a set of
representatives for the quotient Picr(K∞). In fact, we could also have worked
with an arbitrary set of representatives for Picr(K∞). This, though, results in
the use of functions on H−. Since classically, onlyH+ is used, we have decided
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only to use sets of representatives {(+1, ri)} in the proposition. However, we
will use more general representatives in the next section.

(ii) According to Proposition 3.1.1(ii), the choice of a set {ri} gives rise to an
isomorphism

Y(K) ∼=
h

ä
i=1

Y(Γi)

Combining the same proposition with Remark (ii) after Definition 4.1.1, we
obtain the following isomorphism:

S2(K) ∼−→ H0(
h

ä
i=1

Y(Γi), Ω1)

f 7−→ ( fi(τ) dτ)h
i=1

This isomorphism allows the simpler description

S2(K) ∼−→ H0(Y(K), Ω1) (4.6)

f 7−→ (ω f : (x, b̂) 7−→ f (x, b̂) dx).

We will later return to this geometric viewpoint.

The reason for the extension of the classical notion in Proposition 4.1.3 is that
it allows us to define Hecke operators, which would be missing if we were to
concentrate on a single Γi.

Definition 4.1.4. Let f be a modular form for B of level K, and let u ∈ B̂×. Decom-
posing the double coset

KuK =
d

ä
l=1

uK

with ul = klu (kl ∈ K), we define

f |KuK(x, b̂) =
d

∑
l=1

f (x, b̂ul).

This definition is independent of the choice of the set {ul}. Indeed, suppose
{u′l} is another set of representatives. After renumbering, we may assume
that we have ulK = u′lK for all l. By right K-invariance of f , one then has
f (x, b̂u′l) = f (x, b̂ul) for all l, hence both choices give rise to the same f |KuK.
Note that the given decomposition is indeed finite because of the bijection
KuK/K ∼= K/(K ∩ uKu−1) from Lemma 5.1.1 in [DS05], considering that both
K and uKu−1, hence also K ∩ uKu−1, are compact open.

We make Definition 4.1.4 explicit in terms of the tuples of Proposition 4.1.3.
Let ( fi)i have associated tuple ( fi)i. Then the i-th component of the tuple
(( f |KuK)i)i associated with f |KuK satisfies

( f |KuK)i(τ) = f |KuK(τ, ri)

=
d

∑
l=1

f (τ, riul).
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We can write
riul = blrjkl

(bl ∈ B+, kl ∈ K)

for some j that is independent of l because the riul differ by right multipli-
cation with elements of K, hence represent the same element of (4.4). Using
relation (4.2), the expression above takes the form

( f |KuK)i(τ) =
d

∑
l=1

f (bl(b−1
l τ, rjkl))

=
d

∑
l=1

j(bl , b−1
l τ)2

det(bl)
f (b−1

l τ, rjkl)

=
d

∑
l=1

det(b−1
l )

j(b−1
l , τ)2

f j(b−1
l τ).

This is exactly the tuple in (1.8.4) of [Hid81], so the definition above ties in with
the general one coming from the theory of automorphic forms.

A more geometric and conceptual way of viewing this situation, that also shows
that f |KuK is modular (which, though straightforward, we have not proved yet)
is the following. Consider the diagram

Y(K ∩ uKu−1)
ru //

p1

��

Y(K ∩ u−1Ku)

p2

��
Y(K) Y(K)

(4.7)

where the pi are canonical projections and ru is the isomorphism induced by
the map

H± × B̂× ∼−→ H± × B̂×

(x, b̂) 7−→ (x, b̂u).

Given a morphism of Riemann surfaces ϕ : X → Y, we denote by ϕ∗ and ϕ∗ the
induced pushforward and pullback morphisms on the spaces of global holomor-
phic differentials H0(Sh(K), Ω1) (for definitions, see Chapter 5 of [DS05]). We
will later also denote the induced pushforward and pullback maps on integral
homology by these symbols.

Diagram (4.7) then gives rise to a map

p1∗r∗u p∗2 : H0(Sh(K), Ω1) −→ H0(Sh(K), Ω1).

Proposition 4.1.5. Let f ∈ S2(K). Then

p1∗r∗u p∗2ω f = ω f |KuK
.

In other words, f 7→ f |KuK is an endomorphism of S2(K), and corresponds to the
endomorphism p1∗r∗u p∗2 of H0(Sh(K), Ω1) under the isomorphism (4.6).
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Proof. Choose a set of representatives {kl}l for the quotient K/(K ∩ uKu−1).
Then the set {klu}l is a set of representatives for KuK/K (cf. Lemma 5.1.1
in [DS05]). So

f |KuK(x, b̂) =
d

∑
l=1

f (x, b̂klu).

Identifying the cotangent spaces at the points (x, b̂) ∈ H± × B̂× for varying
b̂, we will now calculate the sequence p1∗r∗u p∗2 of pullbacks and pushforwards.
Given a point of Y(K) represented by (x, b̂), the fiber above it in Y(K ∩ uKu−1)
is represented by the set {(x, b̂kl)}l . Therefore, tracing through the definitions,
we obtain

[p1∗r∗u p∗2ω f ](x, b̂) =
d

∑
l=1

[r∗u p∗2ω f ](x, b̂kl)

=
d

∑
l=1

[p∗2ω f ](x, b̂klu)

=
d

∑
l=1

ω f (x, b̂klu)

= ω f |KuK
(x, b̂).

Alternatively, one considers ω f as a B×(F)− K-invariant differential form on
H± × B̂× and uses equivariance of the pi and ru.

For a more complete account of what follows, we refer to [Shi70]. Let p be a
prime of F not dividing the discriminant of B at which K is maximal, that is,
given by the unit group O(1)×p of some maximal order O(1)p of Bp. We can
in fact choose an isomorphism Bp

∼= M2(Fp) such that O(1)×p corresponds to
M2(ZF,p). Let up ∈ O(1)p be such that nrd(up) is a uniformizer of ZF,p.

Let up be the element of B̂× having trivial components 1 outside p and
component up at p. Then the coset KupK is independent of the choice of up.
Indeed, this is clear outside of p, and at p we have

KpupKp = {x ∈ O(1)p : nrd(x)ZF,p = pZF,p}.

Outside of p, the groups K and K ∩ upK(up)−1 are identical. At p, the group
Kp equals the unit group of O(1)p, while (K ∩ upK(up)−1)p is the unit group
of the local Eichler order O(1)p ∩ upO(1)p(up)−1. By Proposition 2.4.2(ii), we
therefore have

nrd(K) = nrd(K ∩ upK(up)−1). (4.8)

Theorem 3.1.2 gives that for any choice of u, Diagram (4.7) descends to the
canonical models over F of the corresponding Shimura curves. Hence the mor-
phism p1∗r∗u p∗2 is an element of End(J(K)). By Proposition 4.1.5, this element
only depends on the double coset KuK.
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Definition 4.1.6. Let p be a prime of F not dividing the discriminant of B at which K
is maximal. The Hecke operator T(p) is the endomorphism p1∗r∗up p∗2 of J(K). The
(restricted) Hecke algebra TK of K is the subalgebra of End(J(K)) generated by the
Hecke operators T(p). A Hecke module is an abelian group equipped with an action
of TK.

Remark. We use the term ”restricted” in the definition of the Hecke alge-
bra above because elsewhere (e.g. in [Voi]), the Atkin-Lehner and complex
conjugation endomorphisms of J(K) are also added. For our purposes, the
simplification above will do.

In the next section, we will use the following dualization. Let

H1(Y(K)) = H1(Y(K), C) = H1(Y(K), Z)⊗C.

We equip H1(Y(K)) with the following structure of TK ⊗C-module:

TK ⊗C −→ End(H1(Y(K)))
T(p)⊗ 1 7−→ p2∗rup∗p∗1

The pairing

H1(Y(K))× H0(Y(K), Ω1) −→ C (4.9)

is then equivariant for the action of the Hecke algebra TK ⊗C.

4.2 Computing Hecke operators

We will use the Hecke module H1(Y(K)) to calculate the eigenvalues of the
endomorphisms T(p) of J(K). Before we proceed to do this, we add a few
hypotheses to those in the first section. Recall the definitions of Picr(K) and
Picr(K∞) from Section 2.6. We first demand that

|Picr(K)| = 1. (4.10)

Using the techniques of Proposition 2.6.1(i), we see that this is equivalent to
demanding

|F×B \F̂
×/nrd(K)| = 1. (4.11)

The paper [GV] describes how to compute the Hecke operators if Picr(K∞) is
trivial. Let us therefore additionally suppose that this is not the case: consider-
ing that the fibers of the projection {±1} × B̂× → B̂× have cardinality 2, this is
equivalent to demanding that

|Picr(K∞)| = 2. (4.12)

or equivalently, by Proposition 2.6.1(i), that

|Cl(K∞)| = 2. (4.13)
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Considering the hypotheses in (4.10) and (4.12), Proposition 3.1.1 shows that
we have

Y(K) ∼= K+
B \H

± = Y+
0 (K) tY−0 (K).

Identifying Y(K) ∼= K+
B \H±, we correspondingly get a decomposition

H1(Y(K)) = H1(Y+
0 (K))⊕ H1(Y−0 (K)). (4.14)

For a ∈ {±1}, we can consider the projection pa : Ha −→ Ya
0 (K). If additionally

k ∈ K+
B is given, then we denote by [a, k] the homology class

[paγ] ∈ H1(Ya
0 (K)) ⊂ H1(Y(K)),

where for some choice of a non-elliptic point x ∈ Ha, we let γ : [0, 1]→ Ha be a
path with γ(0) = x and γ(1) = kx. The homology class [paγ] is independent
of the choice of x. It is also independent of the choice of γ because H is simply
connected.

Let g be the genus of Y+
0 (K), and choose elements k1 . . . k2g of K+

B that give
a basis for H1(Y+

0 (K)) (cf. Theorem 6.1.5). The same elements will then give a
basis for H1(Y−0 (K)). We correspondingly rewrite (4.14) as

H1(Y(K)) =
2g⊕

i=1

C[1, ki]⊕
2g⊕

i=1

C[−1, ki], (4.15)

We also let

H =
2g⊕

i=1

C([1, ki] + [−1, ki]) ⊂ H1(Y(K)). (4.16)

Then the pairing (4.9) restricts to a pairing

H × H0(Y(K), Ω1) −→ C. (4.17)

This pairing is perfect. Indeed, choose a basis for H0(Y+
0 (K), Ω1) such that

the period matrix of Y+
0 (K) with respect to the basis {[1, k1], . . . , [1, k2g]} of

H1(Y+
0 (K)) is given by (I Ω), where I equals the g× g identity matrix. Then

there is a corresponding basis for H0(Y−0 (K), Ω1) such that the period matrix
of Y−0 (K) with respect to {[−1, k1], . . . , [−1, k2g]} is given by (I Ω). But it is
well-known that the matrix (

I Ω
I Ω

)
is non-singular.

We will now make the action of TK on the classes [a, k] more explicit: since these
classes generate H1(Y(K)), this will allow us to determine the TK ⊗C-module
structure of H1(Y(K)).
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Given a prime ideal p at which K is maximal, let up as in the previous section.
By (4.10), there exists a π ∈ B× and a k ∈ K such that up = πk. We therefore
have

KπK = KupK

for the global element π. We work our way through the composition

H1(Y(K))
p∗1−→ H1(Y(K ∩ πKπ−1))

rπ∗−→ H1(Y(K ∩ π−1Kπ))
p2∗−→ H1(Y(K))

in terms of elements [a, k].
p∗1 : We have

(K ∩ πKπ−1)+
B
∼= K+

B ∩ π−1K+
B π.

Considering the equality (4.8), by Proposition 3.1.1, we can therefore identify

Y(K ∩ πKπ−1) ∼= (K+
B ∩ π−1K+

B π)\H±.

Correspondingly, we identify p1 with the projection

(K+
B ∩ π−1K+

B π)\H± −→ K+
B \H

±.

The map p∗1 can be described as follows (cf. Chapter 5 of [DS05]). Let γ be a
loop in Y(K) with base point P say. Then γ lifts to deg(p1) different paths in
Y(K ∩ πKπ−1). Each of these lifted paths starts at a different point of the fiber
of Y(K ∩ πKπ−1) over P. These lifts are not necessarily loops again. However,
they do concatenate to give a set of loops in Y(K ∩πKπ−1). By definition, p∗1 [γ]
is the class of the sum of these loops in H1(Y(K ∩ πKπ−1)).

Using this description, starting with (a, k) ∈ {±1} × K+
B , we shall now

calculate an element of {±1} × (K+
B ∩ π−1K+

B π) representing p∗1 [a, k]. Choose
an x and a γ projecting to [a, k] as above. The fiber of p1 over a point K+

B x of
Y(K) is then given by

p−1(x) = (K+
B ∩ π−1K+

B π)\K+
B x.

Moreover, the canonical map

(K+
B ∩ π−1K+

B π)\K+
B −→ (K+

B ∩ π−1K+
B π)\K+

B x

is an isomorphism since F ∩ K+
B = F ∩ (K+

B ∩ π−1K+
B π).

Choose a coset c1 in (K+
B ∩ π−1K+

B π)\K+
B , that is, a point of the fiber p−1

1 (x).
Since c1 is in K+

B , the path c1γ : t 7→ c1(γ(t)) obtained by by applying c1 to γ

projects to the path [a, k] in Y(K). Denote the projection of c1γ to Ya
0 (K∩π−1Kπ)

by [c1γ]. The path [c1γ] connects the elements of the fiber p−1
1 (x) represented

by c1x and c1kx, and need not be a loop.
However, one then constructs the path [c1kγ]. This is a lift of [a, k] connect-

ing the elements of p−1
1 (x) represented by c1kx and c1k2x. We can continue this

process and construct the paths [c1kiγ]. We eventually end up with a minimal
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n1 for which c1kn1 x represents the same element of the fiber as c1x. The paths
[c1γ], . . . , [c1kn1 γ] then concatenate to give a loop in Ya

0 (K ∩ π−1Kπ). The inte-
ger n1 is the cardinality of the right 〈k〉-orbit of the coset represented by c1 in
(K+

B ∩ π−1K+
B π)\K+

B . Since (c1kn1 c−1
1 )c1x = c1kn1 x, the concatenated loop we

finally end up with is given by

[a, c1kn1 c−1
1 ] ∈ H1(Ya

0 (K)) ⊂ H1(Y(K)).

Subsequently, one chooses a new c2 and inductively repeats the process until
the space of cosets (K+

B ∩ π−1K+
B π)\K+

B is exhausted. In the end, we get an
equality

p∗1 [a, k] = [a, ∏
j

cjk
nj c−1

j ],

where the set {cj} is a set of representatives for the quotient

(K+
B ∩ π−1K+

B π)\K+
B /〈k〉

and nj is the cardinality of the right 〈k〉-orbit of the coset represented by cj in
(K+

B ∩ π−1K+
B π)\K+

B , which is simply the cardinality of the fiber of the map

(K+
B ∩ π−1K+

B π)\K+
B −→ (K+

B ∩ π−1K+
B π)\K+

B /〈k〉

over the coset on the right hand side represented by cj.

rπ∗: Let (a, k) ∈ {±1} × (K+
B ∩ π−1K+

B π). Choose x and γ corresponding to
[a, k] as before.

The class rπ∗[a, k] is by definition equal to the homology class of the projec-
tion of the path rπγ to Y(K ∩ πKπ−1). The path rπγ connects the points (x, π)
and (kx, π) ofH± × B̂×. It is therefore left B×-equivalent to a path between the
points (π−1x, 1) and (π−1kx, 1) ofH±× B̂× whose projection to Y(K∩πKπ−1)
is equal to that of rπγ.

Since x ∈ Ha, we have that π−1x is inHa′ , where

a′ = sgn(ι(nrd(π)))a.

The sign sgn(ι(nrd(π))) is independent of the choice of π because of (4.13). We
also have that

π−1kx = (π−1kπ)π−1x.

Therefore
rπ∗[a, k] = [sgn(ι(nrd(π)))a, π−1kπ].

p2∗: Using the same arguments as for the case rπ∗, one sees that this operation
corresponds to the inclusion map

{±1} × (K+
B ∩ πK+

B π−1) ↪→ {±1} × K+
B .

The description above shows that H ⊂ H1(Y(K)) is a Hecke submodule. Indeed,
we have

T(p)[a1, k1] = [a2, k2]⇔ T(p)[−a1, k1] = [−a2, k2].
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In light of (4.17), we can therefore read off the eigenvalues of the operators T(p)
on J(K) from the Hecke module H. Indeed, the discussion above motivates the
following algorithm:

Algorithm 4.2.1. Let F, B and K satisfy the hypotheses at the beginning of this section.
Choose elements k1, . . . , k2g of K+

B generating a homology basis for Y+
0 (K). Let H be

the TK ⊗C-module from (4.16), and consider the ordered basis

S = {k1 + k1, . . . , k2g + k2g}

of H.
Let p be a prime of F, and let up be as in the discussion before Definition 4.1.6. This

algorithm returns the matrix M(p) of the Hecke operator T(p) on H with respect to
the ordered basis S.

1. Find a π ∈ B̂× such that KupK = KπK.

2. Initialize i = 1.

3. Initialize c = k = 1 ∈ K+
F , C = ∅.

4. Determine the smallest integer n ≤ 1 such that ckn
i c−1 ∈ K+

B ∩ π−1K+
B π. Add

the elements c, cki, . . . ckn−1
i to C. Set k := kckn

i c−1.

5. Determine a set T of generators of K+
B . Check for each element of the set CT =

{ct : c ∈ C, t ∈ T} if it is left K+
B ∩ π−1K+

B π-equivalent to an element of C. If so,
proceed to step 6. If not, set c equal to an element of ST that is not equivalent to any
element of C and go to step 4.

6. Calculate k′ = π−1kπ. Decompose

[1, k′] =
2g

∑
i=1

mij[1, ki]

in H1(Y+
0 (K)). If i = 2g, then go to step 7: otherwise increase i by 1 and go to

step 2.

7. Return the matrix M = (mij)
2g
i,j=1.

Proof of correctness. This follows from the preceding discussion, except perhaps
for step 5. But the correctness of this step follows from the proof of correctness
of algorithm 6.1.7 in Chapter 6: one checks that C is a set of representatives for
the quotient (K+

B ∩ π−1K+
B π)\K+

B .

It remains to describe how to implement this pseudo-code using the existing
functionality for quaternion algebras in Magma, as at [Sij10]. We restricted our
considerations to the Shimura curves arising from arithmetic (1; e)-curves in
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Chapter 7. As mentioned at the end of Section 3.3 for these cases, one can
usually find an order O containing ZF[Γ(2)] such that the group

K = Ô× ∩ nrd−1N′

has the property

PΓ(2) ⊆ P(K+
B ) ⊆ PΓ. (4.18)

Here N′ is either equal to N = nrd(K) or as in Lemma 3.2.3. Such a choice of K
greatly simplifies the implementation of the steps above:

Preliminaries: First we have to give elements of K+
B that form a basis for the

homology group H1(Y+
0 (K)). In the final section of Chapter 1, we saw that

{A, B} is a homology basis for H1(X(Γ)). For K+
B as in (4.18), one deduces the

following table:

K+
B Signature Generators Basis of H1

Γ(2) (1; e, e, e, e) A2, B2, G, AGA−1, {A2, B2}
BGB−1, BAGA−1B−1

〈Γ(2), A〉 (1; e, e) A, B2, G {A, B2}
〈Γ(2), B〉 (1; e, e) A2, B, G {A2, B}
〈Γ(2), AB〉 (1; e, e) AB, A−1B, AB−1 {A2, AB}
Γ (1; e) A, B {A, B}

We have also given generators for K+
B for use in step 5: these were determined

in [Tak83]. In the corresponding column, G denotes the commutator [A−1, B−1].
Step 1: Suppose π ∈ O has the property that nrd(π) is in N′p = N′ ∩ Bp and
generates the prime ideal p ⊂ ZF. Then we have KπK = KupK. Conversely,
by (4.11), there exists an element π ∈ O such that for some k in K we have
π = upk. This π will satisfy the conditions on nrd(π) described above.

We have searched for such elements π by naively enumerating the elements
of O. Whether the nrd(π) generates p is easily verified. As for testing whether
or not nrd(π) ∈ N′p, the group N = nrd(K) can be calculated explicitly using
Algorithm 2.4.3, and in Lemma 3.2.3, we have obtained N′ from N by a construc-
tive process. Hence this test reduces to a finite amount of explicit congruence
conditions on nrd(π).
Step 4: This reduces to testing whether the element ckn

i c−1 of K+
B ⊂ O is in

O ∩ πOπ−1. Indeed, the norm condition is automatically satisfied by ckn
i c−1

because it is satisfied by ki. Now testing whether ckn
i c−1 is in O ∩ πOπ−1 is

straightforward once a Z-basis ofO is available (either from [Tak83] or by using
the Magma function ZBasis).
Step 5: This step requires no more functionality than step 4.
Step 6: This is a straightforward application of Algorithm 1.4.2.

Remarks. (i) Condition (4.11) is satisfied in all but one case (e3d21D3) in
Takeuchi’s list. Algorithm 4.2.1 then still allows us to determine T(p) at prime
ideals p that are trivial in the class group F×B \B̂×/nrd(K).
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(ii) Let us remark that it is sometimes possible to eschew passage to the
homology group and calculate with (Hecke) correspondences directly: this is the
approach taken in Section 5.4 of [Elk98], which can also be used to determine the
accessory parameter A in (0.1). However, such an inroad only seems amenable
to explicit computation if the correspondences involved have small degree. If
no small primes outside D(B) f split, then the resulting Hecke correspondences
will in general be of too large degree to calculate effectively.

4.3 Shimura congruence

Let F, B and K be as at the beginning of this Chapter, and let p be a prime of F
at which K is maximal. Consider the Hecke operator T(p) from Definition 4.1.4.
By Theorem 3.1.6, the curve Sh(K), and hence its Jacobian J(K), has good
reduction at p. As such, we can reduce the operator T(p) modulo p to get an
endomorphism

T̃(p) ∈ End( J̃(K)).

of the reduction J̃(K) of J(K) modulo p. A fundamental result, indeed our
reason for considering Hecke operators at all, is the following congruence
relation.

Theorem 4.3.1 (Shimura congruence relation). Suppose that K contains Ẑ×F and is
maximal at the prime p. Additionally, suppose that p is trivial in the class group Cl(1).

Let σ(p) be the relative Frobenius morphism of J̃(K), and let σ(p)∗ (respectively
σ(p)∗) be the associated pushforward (respectively pullback) endomorphism of J̃(K).
Then we have

T̃(p) = σ(p)∗ + σ(p)∗. (4.19)

Proof. We use the formulation of the general Shimura reciprocity law from
Section 3 of [Hid81]. Let u ∈ B̂×. Then we denote the correspondence (4.7) on
Sh(K) induced by the double coset KuK by C(u).

We claim that there is an equality

C((up)−1) = C(up). (4.20)

Take a generator π of p. We have

K(up)−1K = Kπ−1upK. (4.21)

Indeed, since K contains Ẑ×F , this is true outside p. At p, there exists an Fp-
isomorphism ϕ : Bp → M2(Fp) for which ϕ(Kp) = GL2(ZF,p) and

ϕ(up) =
(

π 0
0 1

)
.

Then one clearly has

GL2(ZF,p)ϕ(up)−1GL2(ZF,p) = GL2(ZF,p)π−1 ϕ(up)GL2(ZF,p),
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proving (4.21).
Since π is in the center of B×, the correspondences C(π−1up) and C(up)

are identical. This proves (4.20). Combining this equality with relation (3.4.13)
in [Hid81], we get

tC(p) = C(p),

where t denotes transposition. Here we remark that C(p)σ = C(p) in relation
(3.4.13) of loc. cit. since both Sh(K) and C(p) are defined over F.

Let Φ(p) be the Frobenius correspondence on J̃(K). Then Theorem 3.7
in [Hid81] yields

C̃(p) = Φ(p) + tΦ(p) ◦ α

for some morphism α : S̃h(K) → S̃h(K). This can only be invariant under
transposition if α is the identity morphism. Considering the endomorphisms of
J̃(K) induced by both sides, one obtains the theorem.

Now let us suppose that the hypotheses of Section 4.1.6 hold, and that K contains
Ẑ×F . Then by (4.11), we see that the relation (4.19) holds for all primes p ⊂ ZF.
We explore the consequences of this equality for the component J0(K) of J(K)
under the additional hypothesis that J0(K) has genus 1.

First suppose that p is trivial in the class group Cl(K∞), that is, suppose that
p splits in the degree 2 extension FK of F. Then σ(p) fixes the neutral component
Sh0(K) of Sh(K) by Proposition 3.1.3. On Sh0(K), σ(p) induces the relative
Frobenius morphism at the primes P over p in the extension FK|F.

By Proposition 3.1.5, the traces of Frobenius a(P) of J0(K) at the aforemen-
tioned primes P are identical. Therefore, Theorem 4.3.1 implies that the matrix
M(p) from Algorithm 4.2.1 is scalar and that we have

M(p) = a(P).

Now suppose that p is inert in the extension FK|F. Let P be the prime of FK
above p. This time, the morphism σ(p) exchanges the components of Sh(K).
However, the morphism σ(p)2 fixes both and coincides with the relative Frobe-
nius morphism σ(P) on these components. We have the usual recurrence
relation

T̃(p)2 = (σ(p)∗ + σ(p)∗)2 = σ(p)2
∗ + σ(p)∗2 + 2q,

where q = Nm(p). Hence if we denote the trace of Frobenius σ(P)∗ + σ(P)∗
of J0(K) at P by a(P), then once more Proposition 3.1.5 and Theorem 4.3.1
combine to give that M(p)2 is a scalar matrix, and that we have an equality

M(p)2 = a(P) + 2q.

Summarizing, we obtain the following Proposition.

Proposition 4.3.2. Suppose that F, B and K satisfy the hypotheses at the beginning of
Section 4.2, as well as the condition Ẑ×F ⊂ K, and suppose that J0(K) has genus 1.
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Let P be a prime of FK over a prime p of F at which K is maximal, and let the inertia
degree of P over p be equal to f . Let a(P) be the trace of Frobenius J0(K) at P. Let
q = Nm(p) and let M(p) f be given by the scalar m. Then we have

a(P) =
{

m if f = 1
m− 2q if f = 2.

In Chapter 7, we will use the equalities from Proposition 4.3.2 to determine the
isogeny classes of canonical models of the curves J(Γ): the subgroups K used in
this Chapter will all satisfy the extra condition Ẑ×F ⊂ K.



Chapter 5

Uniformizations

Let B and K be as in Chapter 3. Suppose that K is maximal at a prime p of
F dividing the discriminant D(B) of B. In [Čer76], Čerednik constructed a
quotient Sh(K, p) of the p-adic upper half-plane that gives a model of Sh(K)
over ZF,p. This quotient was studied in more detail by Boutot and Zink in [BZ]
(but also see [Var98]), generalizing methods developed by Drinfel’d in [Dri76].

In the first section, we describe the geometric special fiber of the model
Sh(K, p) in terms of the arithmetic of the ”switched” quaternion algebra of
discriminant D(B) f ∞/p over F. Moreover, we explain how to recover the
geometric special fiber of the minimal model of Sh(K) at p.

The second section explores the consequences of our description for the
purpose of determining the Jacobian J0(K) explicitly when it has genus 1. It
turns out that knowing the special fiber of the minimal model of Sh(K) at the
primes p dividing the discriminant of B allows us to find candidate equations
for J0(K) by browsing through a certain thin subset of the FK-points of a classical
modular curve Y0(p).

5.1 Dual graphs

Throughout this section, the notion of a graph is as in Definition 3-1 of [Kur79].
In particular, we allow graphs to have oriented edges equal to their own inverse.
Also, by the term ”model” we will mean ”integral model” rather than ”model
over a number field” (cf. the discussion after Definition 3.1.2).

Let p be a fixed prime of F dividing the discriminant D(B) of B. Throughout
this chapter, we suppose that the group K ⊆ B̂× is of the form K = Kp × Kp,
where Kp is the maximal compact subgroup of B×p and Kp ⊂ B̂p×.

Let Funr
p be the maximal unramified extension of Fp with ring of integers by

Zunr
F,p . Let π be a uniformizer of Zunr

F,p . Given a scheme X over ZF,p, we define
X̂unr to be the base extension of formal schemes

X̂unr = X̂×Spf(ZF,p) Spf(Zunr
F,p ),
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where X̂ is the completion of X along its special fiber, and where for a ZF,p-
algebra R, the formal spectrum of R is denoted by Spf(R).

Let Ω̂p be the upper half-plane over ZF,p. It is a formal scheme over ZF,p
representing the functor defined in Section 1.5 of [BC91]. The group GL2(Fp)
acts on the scheme Ω̂p in a natural way, see Section 1.6 of [BC91]. This action
factorizes through the adjoint group PGL2(Fp). Let

Ω̂unr
p = Ω̂p ×Spf(ZF,p) Spf(Zunr

F,p ).

The special fiber of Ω̂p consists of a tree of rational curves. As a graph with an
action of GL2(Fp), the dual graph of this special fiber is isomorphic to the p-adic
Bruhat-Tits tree, which we denote by Tp.

Let H be a quaternion algebra over F of discriminant D(B) f ∞/p. That is
to say, H is ramified everywhere at infinity, and its ramification behavior at
the non-archimedean places is exactly the same as that of B, except at p, where
B is ramified and H splits. Such an H exists by Theorem 2.1.2. Choosing an
isomorphism of restricted direct products

Ĥp = ∏
v finite

v 6=p

′Hv ∼= ∏
v finite

v 6=p

′Bv = B̂p, (5.1)

we obtain a left action of Ĥp× on B̂p×.
Since Kp is the maximal compact open subgroup of B×p , the norm map

induces an isomorphism

B×p /Kp
∼−→ F×p /Z×F,p (5.2)

by Theorem 2.4.1(i) and Lemme II.1.5 in [Vig80]. The group H×p acts on the right
side of (5.2) through its own norm map H×p → F×p . We get a corresponding
action of H×p on B×p /Kp.

Combining the two actions above, we obtain an action of Ĥ× = H×p ×
Ĥp× on the quotient B̂×/K, whence an induced action of H× ⊂ Ĥ×. We can
also make the group H× act on Ω̂p, and hence on Ω̂unr

p , after choosing an
isomorphism of groups H×p ∼= GL2(Fp). The fundamental result on the p-adic
uniformization of Shimura curves can now be stated as follows.

Theorem 5.1.1 ([BZ], Theorem 0.1). There exists a model Sh(K, p) of Sh(K) over
ZF,p for which there is an isomorphism of formal schemes

Ŝh(K, p)unr ∼= H×\Ω̂unr
p × B̂×/K. (5.3)

We now consider the special fibers at both sides of the isomorphism (5.3).
Motivated by the fact that the dual graph of the special fiber of Ω̂unr

p is the
Bruhat-Tits tree Tp, we make the following
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Definition 5.1.2. The dual graph with weights associated to the double quotient

H×\Ω̂unr
p × B̂×/K

is the graph
G(K, p) = H×\Tp × B̂×/K.

In other words, the vertex set V(G(K, p)) of G(K, p) is given by

V(G(K, p)) = H×\V(Tp)× B̂×/K

and its oriented edge set OE(G(K, p)) by

OE(G(K, p)) = H×\OE(Tp)× B̂×/K.

The vertices and edges of this graph are weighted as follows:

(i) Given a vertex v ∈ V(G(K, p)), let ṽ be a representative of v in V(Tp)× B̂×/K.
Consider the subgroup

PStab(ṽ) = Im(StabH×(ṽ)→ H×ad)

of PH× = H×ad. Then the weight of v is defined to be w(v) = |PStab(ṽ)|.

(ii) Given an edge e ∈ E(G(K, p)), let ẽ be an oriented edge ẽ in OE(Tp)× B̂×/K
representing e. The weight of e is analogously defined as w(e) = |PStab(ẽ)|.

The weights in the definition above are duly independent of the choice of x̃ and
ẽ.

Starting with a semi-stable curve over Zunr
F,p , one can also construct a dual graph

with weights. For this, we need the following notion (cf. Corollary 10.3.22
of [Liu02]).

Definition 5.1.3. Let C be a semi-stable curve over Zunr
F,p , and let P be a singular point

of the special fiber of C. Then the completion of the local ring OC,P is isomorphic to

Zunr
F,p [[x, y]]/(xy− πw).

for some uniquely determined integer w. The weight of P is then defined to be w.

This motivates

Definition 5.1.4. Let C be a semi-stable curve over Zunr
F,p . The dual graph with

weights associated to C is the dual graph of the special fiber of C. An edge e of this
graph is weighted by the weight of the ordinary double point of C corresponding to e.

Note that in this definition, the vertices of the dual graph have not been given
weights. Nevertheless, we can define a notion of isomorphism:

Definition 5.1.5. Let G and G′ be graphs with weighted edges. An isomorphism
from G to G′ is an isomorphism of graphs G → G′ preserving the weights of the edges.
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After these definitions, we return to the model Ŝh(K, p)unr. Although its special
fiber is singular in general, it is still semi-stable. More precisely:

Theorem 5.1.6. Consider the scheme Ŝh(K, p)unr from Theorem 5.1.1.

(i) Ŝh(K, p)unr is a normal scheme that is flat, proper and semistable over Zunr
F,p .

(ii) The special fiber of Ŝh(K, p)unr is reduced. Its components are rational curves,
and all its singularities are ordinary double points.
In particular, let H be a connected component of the dual graph associated to
Ŝh(K, p)unr. Then the (arithmetic) genus of the corresponding component of
Ŝh(K, p)unr equals the Betti number 1 + |E(H)| − |V(H)|.

(iii) The isomorphism in Theorem 5.1.1 induces an isomorphism of the dual graph
with weights associated to Ŝh(K, p)unr and G(K, p).

Proof. This follows directly from Proposition 3-2 in [Kur79] by decomposing

H×\Ω̂unr
p × B̂×/K =

h

ä
i=1

Γi\Ω̂unr
p (5.4)

as in Proposition 3.1.1(ii). This decomposition is finite by Proposition 5.1.8(i)
below.

Remark. To simplify the statement of the theorem, we have used that the dual
graph of H×\Ω̂unr

p × B̂×/K has no oriented edges equal to their own inverse:
this fact will be proved in Proposition 5.1.8(v) below.

The model Ŝh(K, p)unr need not be minimal. The dual graph of a minimal
regular model can be constructed as follows:

Proposition 5.1.7 ( [Kur79]). Let C be a curve over Zunr
F,p , and let C̃ be its minimal

desingularization. Suppose that the dual graph with weights of the special fiber of C
contains no oriented edges equal to their own inverse.

Then the dual graph of C̃ can be constructed by replacing an edge of weight w by a
concatenation of w edges of weight 1. In a picture: a weighted edge

...

...

...

...

...

...

w
OOOOOO

oooooo

oooooo

OOOOOO

is replaced by

w−2 edges
of weight 1 ......

...

...

...

...

...

...

1 1

oooooo

OOOOOO

OOOOOO

oooooo

From the dual graph of C̃, the dual graph of the minimal model Cmin of C can be
constructed by removing vertices that belong to a unique edge, along with the edge to
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which they belong, until no such vertices are left. Pictorially, one inductively repeats
the process

...

...

...

oooooo

OOOOOO −→
...

...

...

oooooo

OOOOOO

Proof. For the first part, one uses the explicit description of the desingularization
of the scheme Spec(ZF,p[x, y]/(xy−πm)) as found in Example 8.3.53 of [Liu02]:
also see page 288 of [Kur79]. The second part follows from Castelnuovo’s
criterion: see page 289 of [Kur79].

By the theorems and propositions above, we can reconstruct the dual graph of
the minimal model of Sh(K) over Zunr

F,p as soon as we can describe the graph with
weights G(K, p). The following proposition relates the weighted dual graph
G(K, p) to arithmetic data of the quaternion algebra H. It is a generalization of
Section 4 of [Rib90].

Proposition 5.1.8. Consider the dual graph with weights G(K, p) constructed in
Definition 5.1.2. This graph has the following properties:

(i) There is a bijection between π0(G(K, p)) and the narrow class group Cl(K∞).
The set π0(G(K, p)) contains at most T(K∞) isomorphism classes of graphs.

(ii) Let KH be a compact open subgroup of Ĥ× given by KH = KHp × Kp
H , where

KHp ⊂ H×p is maximal and Kp
H ⊂ Ĥp× corresponds to Kp under the isomor-

phism (5.1).
Then V(G(K, p)) is in bijection with the disjoint union of two copies of the set
Picr(KH). An element [ĥ] of one of these two copies is weighted by w([ĥ]) =
|P(ĥKH ĥ−1)+

H |.

(iii) Let KH(p) = KH(p)p × KH(p)p be a compact open subgroup of Ĥ× with
KH(p)p = Kp

H and KH(p)p = O(p)×p , where O(p)p is an arbitrary level p

suborder of the matrix order O(1)p for which KHp = O(1)×p .
Then E(G(K, p)) is in bijection with the set Picr(KH(p)). An element [ĥ] of this
set is weighted by w([ĥ]) = |P(ĥKH(p)ĥ−1)+

H |.

(iv) Let wp be an element of O(1)(p) such that

O(p)p = O(1)p ∩ wpO(1)pw−1
p ,

and let wp be an element of Ĥ× whose component at p is given by wp and
whose components outside p are trivial. Under the bijections in (ii) and (iii), the
incidence relation on G(K, p) has the following description:
Let e ∈ E(G(K, p)) be given by the class [ĥ] ∈ Picr(KH(p)). Then the vertices
of G(K, p) connected by e are given by the class [ĥ] in the first copy of Picr(KH)
and the class [ĥwp] in the second copy.

(v) G(K, p) does not have edges whose endpoints coincide.
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(vi) Let v be a vertex of G(K, p), and let Ev be the set of edges containing v. Then one
has the equality

∑
e∈Ev

w(v)
w(e)

= Nm(p) + 1.

Proof. (i): This has to hold by Proposition 3.1.1(i), but we give a separate proof
as a sanity check, which also gives a direct description of the set of connected
components of G(K, p).

Since Tp is connected and B̂×/K is totally disconnected, the set of connected
components of G(K, p) can also be described as the double quotient H×\B̂×/K.
Recall that by definition, we have the following isomorphism of groups with a
left H×-action:

B̂×/K ∼= F×p /Z×F,p × Ĥp×/Kp
H .

The map

F×p × Ĥp× id×nrd−→ F×p × F̂p×

factorizes to give a map

H×\(F×p /Z×F,p × Ĥp×/Kp
H) −→ F+\(F×p /Z×F,p × F̂p×/nrd(KH)p) = Cl(K∞).

Since nrd(H×) = F+ by Theorem 2.4.1(ii), we can apply strong approximation
(Theorem 2.5.1) to conclude that this map is a bijection.

Indeed, let (xp, x̂p) represent a class in F+\(F×p /Z×F,p × F̂p×/nrd(K)p). Be-
cause of Theorem 2.4.1(i), the fiber above [(xp, x̂p)] is non-empty. Let (hp, h̃p)
be a representative of an element of this fiber. Then the equality nrd(H×) = F+

from Theorem 2.4.1(ii) implies that the complete fiber above [(hp, hp)] is given by
the image of {hp} × Ĥ1pxp in the double quotient H×\(F×p /Z×F,p × Ĥp×/Kp

H).
Since the algebra H splits at the finite place p, Corollary 2.5.2(ii) implies that

H1Ĥ1
p is dense in Ĥ1. This is the same as saying that H1 is dense in Ĥp1. Since

Kp
H is open in Ĥp, so is Kp1

H in Ĥp1. Therefore the quotient H1\Ĥp1hp/Kp1
H , and

hence the image of {hp} × Ĥp1hp in H×\(F×p /Z×F,p × Ĥp×/Kp
H), is reduced to

one element. This completes the proof of the first part of (i); the second part is
analogous to Proposition 3.1.1(iii).

(ii): As a set with a left H×p -action, we have an isomorphism

V(Tp) ∼= H×p /F×p KHp. (5.5)

Therefore

V(G(K, p)) ∼= H×\(H×p /F×p KHp × F×p /Z×F,p × Ĥp×/KHp). (5.6)

The map

Ĥ×/KH = H×p /KHp × Ĥp×/Kp
H −→ H×p /F×p KHp × F×p /Z×F,p × Ĥp×/Kp

H

[hp, hp] 7−→ [hp, nrd(hp), hp]
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is H×-equivariant and injective. Its image is given by the classes [hp, xp, hp] for
which v(nrd(hp)) ≡ v(xp) (mod 2).

Let wp be as in part (iv) of the proposition. Then combining the map above
with the similar map

Ĥ×/KH = H×p /KHp × Ĥp×/Kp
H −→ H×p /F×p KHp × F×p /Z×F,p × Ĥp×/Kp

H

[hp, hp] 7−→ [hp, nrd(wp)−1nrd(hp), hp]

whose image is given by the classes [hp, xp, hp] for which v(nrd(hp)) ≡ v(xp) +
1 (mod 2), one obtains, upon modding out H×, an isomorphism

2

ä
i=1

(H×\Ĥ×/KH) ∼−→ H×\(H×p /F×p KHp × F×p /Z×F,p × Ĥp×/Kp
H). (5.7)

Under this string of isomorphisms, the weight of a vertex in V(G(K, p)) corre-
sponding to an element [ĥ] of a copy of H×\Ĥ×/KH = Picr(KH(p)) is exactly
the cardinality of the adjoint group of the left stabilizer of ĥKH ∈ Ĥ×/KH .
Rewriting this, one ends up with (ii). The choice of maximal compact subgroup
KHp is irrelevant, as it corresponds to a change of base point on Tp.

(iii): There is an isomorphism of sets with a left H×p -action

E(Tp) ∼= H×p /NB×p
(KH(p)p). (5.8)

One now essentially repeats the argument in (ii). We end up with a single copy
of H×\Ĥ×/KH(p)p = Picr(KH) because the reduced norm map

nrd : NB×p
(KH(p)p) −→ Z×F,p

surjects (cf. Proposition 2.6.2(i)). That the resulting weighted edge set does not
depend on the choice of KH(p)p is also proved as in (ii).

(iv) Under the isomorphisms (5.5) and (5.8) in (ii) and (iii), an edge of Tp

represented by an element [hp] of H×p /F×p NB×p
(KH(p)p) connects the pair of

vertices of Tp represented by the classes [hp] and [hpwp] in H×p /F×p KHp.
So let [ĥ] = [hp, hp] be an element of H×\Ĥ×/KH(p). This gives rise to

the edge [hp, nrd(hp), hp] ∈ E(G(K, p)). If we choose our isomorphisms as
above, this edge connects the vertices [hp, nrd(hp), hp] and [hpwp, nrd(hp), hp]
in V(G(K, p)). Under the bijection in (ii), the former vertex is represented by
the class [ĥ] in the first copy of H×\Ĥ×/KH , while the latter corresponds to the
class [ĥwp] in the second.

(v): Given a vertex of G(K, p), let [hp, xp, hp] be the element corresponding to
it under the isomorphism (5.6). Any neighboring vertex is then represented by
an element [h′p, xp, hp] for which v(nrd(h′p)) 6= v(nrd(hp)) (mod 2). Therefore
the two vertices are on different sides in the decomposition on the left hand
side of (5.7). This proves (v).

(vi): Once more, we decompose

G(K, p) =
h

ä
i=1

Γi\Tp
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as in (5.4). This part of the proposition then follows from generalities on group
actions on Tp. We give a proof for completeness’ sake.

Let Γ be a group acting on Tp. Let v be a vertex of Γ\Tp lifting to a vertex
ṽ of Tp. There are Nm(p) + 1 oriented edges of Tp starting at ṽ: call the set
of these oriented edges S. The stabilizer StabΓ(ṽ) acts on S, and the oriented
edges of Γ\Tp starting at v correspond to the StabΓ(ṽ)-orbits of S. Choosing
representatives ẽ for these orbits, one therefore has

S = ä
[ẽ]∈Ev

StabΓ(ṽ)/StabΓ(ẽ)

hence
Nm(p) + 1 = |S| = ∑

[ẽ]∈Ev

|StabΓ(ṽ)/StabΓ(ẽ)|.

But one obviously has

|StabΓ(ṽ)/StabΓ(ẽ)| = w(v)/w(e).

We now make this description even more explicit for the particularly simple
compact open subgroups that we shall be using in Chapter 7. First we consider
the case where K comes from an order of B:

Proposition 5.1.9. Let O be an order of B, and let K = Ô×. Suppose that Ô =
Op × Ôp, where Ôp ⊂ B̂p and where Op ⊂ Bp is maximal at p. Let OH be an order
of H for which ÔH = OHp × Ôp

H , where OHp is a maximal order of Hp and where
Ôp

H corresponds to Ôp under the isomorphism chosen in (5.1).

(i) The vertex set V(G(K, p)) is in bijection with two copies of Picr(OH). An
element [I] of one of these copies is weighted by w([I]) = |Ol(I)×/Z×F |.

(ii) Let OH(p) be a level p suborder of OH . The edge set E(G(K, p)) is in bijection
with Picr(OH(p)). An element [I(p)] of this set is weighted by w([I(p)]) =
|Ol(I(p))×/Z×F |.

(iii) There exists a unique orderO′H of H such thatOH(p) = OH ∩O′H . There exists
a (unique) ideal I0 ⊂ OH of level p2 such thatOl(I0) = O′H andOr(I0) = OH .
Under the bijections in (i) and (ii), the incidence relation on G(K, p) has the
following description:
Let e ∈ E(G(K, p)) be represented by the ideal class [I(p)] ∈ Picr(OH(p)).
Then the edge e connects the vertex of G(K, p) given by the ideal class [I(p)OH ]
in the first copy of Picr(OH) with the ideal class [I(p)I0] in the second.

Proof. Using the notation of Proposition 5.1.9, we have KH = Ô×H and KH(p) =
ÔH(p)×. The description of the vertex and edge sets in (i) and (ii) is therefore a
consequence of this proposition and Corollary 2.1.5(ii). As for the weights, this
is a consequence of Corollary 2.1.5(iii).

It remains to prove (iii). The existence and uniqueness of O′H follow from
Proposition 2.2.2(iii). Adèlically, we have Ô′H = wpÔH(wp)−1, where wp is as
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in part (iv) of Proposition 5.1.9. The ideal I0 equals H ∩ wpÔH by the local-
global correspondence (Theorem 2.1.4). Proposition 5.1.8(iv) then allows us to
conclude.

Indeed, suppose that the right OH-ideal class [I(p)] correspond to the class
[ĥ] ∈ H×\Ĥ×/KH(p) under the association in Corollary 2.1.5. Then the class
[ĥ] ∈ H×\Ĥ×/KH represents the right OH-ideal class [H ∩ ĥÔH ] = [I(p)OH ].
Also, we have

[ĥwpKH ] = [ĥwpKH(wp)−1wpKH ].

Hence the class [ĥwp] ∈ H×\Ĥ×/KH corresponds to the the right OH-ideal
class

[(H ∩ ĥwpÔH(wp)−1)(H ∩ wpÔ×H)] = [I(p)O′H I0] = [I(p)I0].

This finishes the proof.

Remark. Without going into detail, let us mention that in light of the proposition
above, the dual graph G(K, p) can be explicitly constructed if K = O(N) is an
Eichler order, due to the considerable functionality in Magma for ideal class
groups of Eichler orders developed by Kirschmer and Voight in [KV10].

Before starting on the second case, we consider the groups K coming from
Eichler orders a bit more thoroughly. Recall the definition of the Atkin-Lehner
automorphisms w(a) in the discussion following Proposition 3.1.1. Though we
shall never have need of this in Chapter 7, we now give a description of the
action of these automorphisms on G(K, p), which generalizes the more ad hoc
description in [Kur79] for the case F = Q.

Let W be a subgroup of the group of Atkin-Lehner automorphisms. The
resulting weighted quotient graph G(K, p)/W may have edges whose endpoints
coincide. Therefore we should give a description of the oriented edge set
OE(G(K, p)) as well, so as to be able to detect oriented edges of G(K, p)/W that
equal their own inverse, which is essential for the application of Proposition 3-2
of [Kur79] to the graph G(K, p)/W. Note that this issue did not arise for the
graphs G(K, p) because of Proposition 5.1.8(v).

So let K = Ô× be given by the adèlic units of an Eichler orderO, and letOH ,
OH(p) and I0 be as in Proposition 5.1.9. As in the proof of Proposition 5.1.8(ii),
one shows that combining the factorizations of the maps

Ĥ×/KH(p) −→ H×p /F×p KH(p)p × F×p /Z×F,p × Ĥp×/KH(p)p

[hp, hp] 7−→ [hp, nrd(hp), hp]

and

Ĥ×/KH(p) −→ H×p /F×p KH(p)p × F×p /Z×F,p × Ĥp×/KH(p)p

[hp, hp] 7−→ [hpwp, nrd(hp), hp]

yields a bijection between OE(G(K, p)) and the disjoint union of two copies of
Picr(OH(p)). An element [I(p)] of the first copy of Picr(OH(p)) corresponds
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to the oriented edge starting at the class [I(p)OH ] in the first copy of Picr(OH)
and terminating at the class [I(p)I0] in the second, while the class [I(p)] in the
second copy of Picr(OH(p)) corresponds to the inverse of this oriented edge.

Having made this incidence relation explicit, it suffices to describe the action
of the Atkin-Lehner automorphisms on OE(G(K, p)), which in turn reduces to
describing the action of the automorphisms w(q) for prime ideals q. We have
the following

Proposition 5.1.10. Let K = Ô×, where O is a level N Eichler order of B, and let the
corresponding Eichler orders OH and OH(p) of H be as in Proposition 5.1.9.

Let q be a prime dividing pN. Then the action of the Atkin-Lehner automorphism
w(q) on the oriented edge set OE(G(K, p)) of G(K, p) is as follows.

(i) Let q|N. Then there exists a (unique) two-sided OH(p)-ideal I0(q) ⊂ OH(p)
of level q2. The automorphism w(q) sends an oriented edge [I(p)] in a copy of
Picr(OH(p)) to the oriented edge [I(p)I0(q)] in the same copy.

(ii) Let q = p. Then there exists a (unique) two-sided OH(p)-ideal I0(p) ⊂ OH(p)
of level p2. The automorphism w(p) sends an oriented edge [I(p)] in a copy of
Picr(OH(p)) to the oriented edge [I(p)I0(p)] in the other copy.

Finally, let W be a subgroup of the group of Atkin-Lehner automorphisms, and let
G(K, p) = G(K, p)/W be the corresponding weighted quotient graph of G(K, p).
Given a vertex or oriented edge x of G(K, p) represented by a vertex or oriented edge x
of G(K, p), we have w(x) = |StabW(x)|w(x).

Proof. (i): The automorphism w(q) of G(K, p) is the factorization of the bijection

Tp × B̂×/K −→ Tp × B̂×/K

(t, b̂) 7−→ (t, b̂nq
B),

where nq
B is as in the discussion after Proposition 3.1.1. Let nq be an element

of ÔH whose component at p is trivial and whose components outside p corre-
spond to the components of nq

B under (5.1). Then under the isomorphism of
H×-sets

B̂×/K ∼= F×p /Z×F,p × Ĥp×/Kp
H ,

right multiplication by nq
B on the left hand side corresponds to right multipli-

cation by nq on the right hand side. We let I0(q) be the two-sided ÔH(p)-ideal
H ∩ nqÔH(p).

Right multiplication by nq does not interchange the copies of Picr(OH)
constituting OE(G(K, p)) since the norm of nq is trivial at p. Let [I(p)] be an
element of a copy of Picr(OH(p)) that is represented by ĥ ∈ Ĥ×. Tracing
through our bijections, we see that n(q) sends [I(p)] to the ideal class in the
same copy corresponding to the adèlic element ĥnq. But since nq normalizes
ÔH(p)×, Proposition 2.1.4 gives

H ∩ ĥnqÔH(p) = (H ∩ ĥÔH(p))(H ∩ nqÔH(p)) = I(p)I0(q).
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(ii): This time we can take np to be as in Proposition 5.1.8(iv). The corresponding
two-sided ideal I0(p) is given by H ∩ npÔH(p).

Let ĥ be an element of H giving rise to an ideal class [I(p)] in the first
copy of Picr(OH(p)). Under the chosen bijections, it corresponds with the
element [hp, nrd(hp), hp] of H×p /F×p KH(p)p × F×p /Z×F,p × Ĥp×/KH(p)p. The
automorphism w(p) sends this element to

[hp, nrd(hp)nrd(np), hp] = [(hpnp)np, nrd(hpnp), hp].

This is the image of the element ĥnp in the second copy of Picr(OH(p)). Ar-
guing as in (i), one shows that it corresponds to the ideal class [I(p)I0(p)] in
Picr(OH(p)). The proof for the second copy of Picr(OH(p)) is analogous.
The final statement of the proposition is a straightforward consequence of the
definitions: cf. the proof of Proposition 5.1.8(vi).

Returning to our main line of argument, we now give some properties of the
graph G(K′, p), where K′ is as in (3.20):

Proposition 5.1.11. Let O be an order of B, and let K = Ô×. Let N = nrd(Ô),
choose N′ as in Lemma 3.2.3, and consider K′ = Ô× ∩ nrd−1(N′).

Suppose that K′ is maximal at p, that is, suppose that O and N′ are maximal at p.
Then we have:

(i) The fiber of the canonical projection map V(G(K′, p)) → V(G(K, p)) above a
vertex v of G(K, p) corresponding to a right OH-ideal I consists of n/m vertices
of weight w(v)/m, where

n = |N/N′| = |(Z+
F ∩ N)/Z×2

F |

and
m = |nrd(Ol(I)×)/Z×2

F |.

(ii) A similar statement holds for the edge set.

The dual graph with weights associated to Sh(K′, p) is independent of the choice of N′.

Proof. We prove (i): naturally, the proof of (ii) is similar. Let ĥK be a right coset
representing the ideal I. The fiber in question is given by the image of ĥK in the
double quotient Picr(K′) = H×\Ĥ×/K′.

The left stabilizer of the subset hK of Ĥ×/K′ is still given by Ol(I)×. We
have to determine the action of this stabilizer on the individual elements of the
decomposition

ĥK = ä
[k]∈K/K′

ĥK′k.

By Lemma 3.2.3, there are canonical isomorphisms

(Z+
F ∩ N)/Z×2

F = (Z+
F ∩ N)/(Z+

F ∩ N′) ∼−→ N/N′ ∼←− K/K′. (5.9)
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which respect the natural left actions of the elements of Ol(I)×. Now N/N′

is abelian group, and in fact an Ol(I)×-module. Considering (5.9), we can
therefore conclude the argument by remarking that an element [h] of Ol(I)×

fixes the coset nrd(ĥ)N′ if and only if nrd(h) ∈ Z×2
F .

The final statement of the proposition follows from the fact that as in Propo-
sition 3.2.4, the conjugacy classes of the groups Γi in the decomposition (5.4) are
independent of the choice of N′.

The incidence relation on the dual graph G(K′, p) seems to be harder to describe
globally. Fortunately, in all the cases that we considered in Chapter 7, the graph
G(K′, p) could be reconstructed from G(K, p) using Proposition 5.1.11 and the
demands furnished by parts (i), (iv) and (v) of Proposition 5.1.8.

Returning to general compact open subgroups K, let G(K, p) be the dual graph
with weights obtained from G(K, p) by inductively removing the vertices that
belong to a unique edge, along with the edge to which they belong, as in
Proposition 5.1.7. In the case that Sh0(K) has genus 1, the results above take the
following explicit form:

Proposition 5.1.12. Let H0 be a connected component of G(K, p). Suppose that H0
has genus 1. Then

(i) All components of Sh(K) over FK have genus 1;

(ii) The Jacobian J0(K) has multiplicative reduction at the primes of FK above p;

(iii) Denoting by the primes of FK over p by P, we have an equality of sets

{vP(j(J0(K))) : P|p} =

− ∑
e∈E(H)

w(e) : H ∈ π0(G(K, p))

 .

Proof. (i) This follows from Theorem 5.1.6(ii) and the transitivity of the Galois
action in Proposition 3.1.3.

(ii): By Theorem 5.1.6(ii), the geometric special fiber of J0(K) consists of
rational curves intersecting in ordinary double points: this implies (ii) by the
Néron-Kodaira classification (see Section 10.2 of [Liu02]).

(iii): By maximality of K at p, the extension FK|F is unramified at p. Using the
transitivity of the Galois action, we can therefore obtain (iii) from (ii) by applying
Tate’s algorithm to the Jacobians of the curves in the decomposition (3.6).

5.2 Searching Y0(p)

In this section, we indicate how one can combine the results above with Al-
gorithm 4.2.1 to find a conjectural equation for J0(K) by using the classical
modular curves Y0(N). Our approach is much indebted to the method used
by Dembélé and Donnelly in [DD08], with the important difference that we
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use the extra information on the valuations of j(J0(K)) coming from the p-adic
uniformization to narrow down the range of our search considerably.

Suppose that we have at our disposal the following explicit data regarding an
elliptic curve E over a number field F:

Data:

(i) The primes M of bad reduction of E;

(ii) A subset S of the primes of multiplicative reduction of E, along with a list
W of valuations of j(E) at these primes;

(iii) The traces of Frobenius of E at a finite set P of primes of F.

For E = J0(K), M can be determined using Theorem 3.1.6, S and W by using the
results from the previous section, and the traces at (iii) by Algorithm 4.2.1. Our
goal is to find an explicit equation agreeing with the Data above, giving rise to
a candidate equation for E (which may or may not be uniquely determined by
the Data). For this, we formulate the following

Algorithm 5.2.1. Let E be an elliptic curve over a number field F for which the Data
above are available. The following pseudo-code describes how to obtain a list L of
candidate equations for E.

1. Find a (large) integer N dividing the point counts Nm(p) + 1− ap for all p in P.

2. Construct a large subset R of F-points on a model of the classical modular curve
Y0(N).

3. Set L = ∅. Choose a point x ∈ R.

4. Determine an elliptic curve Ex over F corresponding to x.

5. Determine the finite list T of F-twists of Ex whose reduction is good outside M.

6. Add to L the equations of those elements of T that are not yet in L and agree with
the rest of the Data above.

7. Choose a new point x ∈ R and return to step 4. Repeat until all points in R have
been treated.

8. If L is non-empty, return it; otherwise, enlarge R and/or decrease N and return to
step 3.

As in [DD08], the rationale for this pseudo-code is the following. Since N
divides all the point counts in (i), it is reasonable to suspect that E has an
N-isogeny. Hence E should give rise to an F-point x of Y0(N). Conversely,
E can be recovered from x by taking an appropriate F-twist in the geometric
isomorphism class corresponding to x. Parts (i) and (ii) of the Data impose
restrictions on the point x, while part (iii) thins out the list of F-twists.
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We now discuss the implementation of the algorithm above. In the cases
in Chapter 7, we restricted to using prime values p for N. We could often
take p = 2 due to the presence of Atkin-Lehner involutions on E = J0(K) (cf.
Proposition 3.3.4). In the cases where these isogenies were not available, we
nevertheless always managed to find a prime p ≤ 17 such that the point counts
Nm(p) + 1− ap of J0(K) were all divisible by p.

The cases p ∈ {11, 17} were quickly dealt with by browsing through the
finitely generated group of F-points of the genus 1 curve Y0(p). Note in passing
that for p > 17, the set Y0(p) can either be given the structure of a finitely
generated group (as when p ∈ {11, 17}) or is a finite set, by Faltings’ theorem.

In the remainder of this section, therefore, we describe how to deal effectively
with the cases where N = p is prime and Y0(p) has genus 0.

So let p be a prime, and suppose that Y0(p) has genus 0, that is, suppose that
p ∈ {2, 3, 5, 7, 13}. Because the canonical compactification X0(p) has a rational
cusp, the set Y0(p)(F) is nonempty and therefore infinite. It now turns out that
we can use part (i) and (ii) of the Data to tremendously cut down the subset R
in step 2 of Algorithm 5.2.1.

Indeed, there exists a model C ⊂ A2 of Y0(p) of the form

uj = f (u), (5.10)

where f is a monic integral polynomial of degree p + 1 whose constant term c0
is a strictly positive power pv0 of p. For a fixed pair (u, j) ∈ C(F), the value of
j equals the j-invariant of the corresponding geometric isomorphism class of
elliptic curves over F. This gives an easy way to recover a curve E(u, j) over F
corresponding to (u, j) in step 4 by using the ”universal” elliptic curve

y2 + xy = x3 − 36
j− 1728

x− 1
j− 1728

. (5.11)

over Y0(1) ∼= Spec(Q[j]). Regarding implementation, in Magma, a model as
in (5.10) can be obtained by using the Canonical model of Y0(p).

We may parametrize

Gm −→ Y0(p) (5.12)

by

u 7−→ (u, j) = (u,
f (u)

u
). (5.13)

Now Gm(F) = F× is not a finitely generated group. But using part (i) of the
Data, we can reduce to searching through a finitely generated subgroup due
to two restrictions that we shall describe presently. For the remainder of this
discussion, let (u, j) be the element of Y0(p)(F) corresponding to E.
First restriction (at p /∈ M). Let Pp be the set of primes of F above p. First
consider a p that is not in M ∪ Pp, and let v = vp(u) be the valuation of u at p.
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Suppose that v > 0. Then the terms with a factor u in the numerator of (5.13)
all have strictly positive valuation, whereas vp(c0) = 0. Hence vp(j) = −v < 0.
We get a contradiction with the hypothesis p /∈ M.

Suppose that v < 0. Then the leading term up+1 has strictly smaller val-
uation than all the other terms in the numerator of (5.13). Hence vp(j) =
vp(up+1) − vp(u) = pv < 0. Again we get a contradiction with the good
reduction of E at p.

Hence v = 0. Since p /∈ M ∪ Pp was arbitrary, we conclude that in the search
for (u, j), we can restrict to browsing through the image under (5.12) of the
finitely generated group ZF(M ∪ Pp)× ⊂ F×, where ZF(M ∪ Pp) denotes the
ring of M ∪ Pp ∪∞-integers of F.

We can slightly extend these considerations. Take a prime p in Pp not in
M. Then we cannot quite restrict to u with v = vp(u) = 0. However, we
can certainly rule out v < 0 as above. On the other hand, suppose v > v0ep,
where ep equals the ramification index e(p|p). Then the non-constant terms in
the numerator of (5.13) all have valuation strictly larger than vp(c0) = v0ep.
Therefore vp(j) = vp(c0) − vp(u) = v0ep − v < 0, resulting once more in a
contradiction. We conclude that 0 ≤ v ≤ v0ep.
Second restriction (at p ∈ S). We can further restrict the search using part (ii)
of the Data. Let p ∈ S be given, and denote the given valuation at that prime by
W(p). Again let v = vp(u).

First suppose that p /∈ Pp. Then we cannot have v = 0, since then by (5.13)
we would have v(j) ≥ 0, which contradicts E having multiplicative reduction.
Now if v > 0, then all non-constant terms of f (u) have positive valuation, while
vp(c0) = 0. This results in the equality W(p) = vp(j) = 0− v = −v. On the
other hand, if v < 0, then the valuation of the leading term up+1 of f (u) is
strictly smaller than that of the other terms. Hence we have W(p) = vp(j) =
(p + 1)v− v = pv if v < 0 holds.

Now suppose that p ∈ Pp. Then we cannot have 0 ≤ v ≤ v0ep. Indeed, if this
were to hold, then the constant term c0 of f (u) would have valuation vp(c0) =
v0ep ≥ v. Since the non-constant terms clearly also have valuation at least v,
we would get vp(j) = vp( f (u))− vp(u) ≥ v− v = 0, again contradicting the
multiplicative reduction of E. If v > v0ep, then we conclude that W(p) = v(j) =
v0ep− v as in the proof of the first restriction, and if v < 0, then we can conclude
W(p) = pv as in the case p /∈ Pp.

We conclude that at the primes p ∈ S, we have

v = vp(u) ∈ {v0ep −W(p), W(p)/p} ∩ Z

if p is over p, and

v = vp(u) ∈ {−W(p), W(p)/p} ∩ Z

otherwise.

The discussion above proves the correctness and termination of the following
more easily implementable version of Algorithm 5.2.1 for the modular curves
Y0(p) of genus 0. We additionally assume that the class number of F equals 1.
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Removing this hypothesis is a technicality which merely complicates the state-
ment of the algorithm, and in Chapter 7 we only consider fields with trivial
class group anyhow.

Algorithm 5.2.2. Let E be an elliptic curve over a number field F with class number 1
for which the Data at the beginning of the section are available. Let p ∈ {2, 3, 5, 7, 13}.
Choose a parametrization of Y0(p) as in (5.13), and let v0, ep and W(p) be as in the
discussion above.

If E has a p-isogeny, then the following algorithm determines a non-empty list L of
candidate equations for E.

1. Set

V = ∏
p∈S∩Pp

{v0ep −W(p), W(p)/p} ∩ Z× ∏
p∈S\Pp

{−W(p), W(p)/p} ∩ Z.

For v ∈ V, compute an av ∈ F that is integral outside S and has valuations agreeing
with v at the places in S. Construct the set A = {av : v ∈ V}.

2. Compute a set of generators {bp1 , . . . , bpm} for the primes pi in Pp\M.

3. Compute a set of generators {c1, . . . , cn} for the abelian group Z×F,M\S.

4. Choose a large integer N. Initialize L = ∅ and set

R = {avbk1
p1
· · · bkm

pm cl1
1 · · · c

ln
n | av ∈ A, 0 ≤ ki ≤ v0epi , −N ≤ lj ≤ N} ⊂ F×.

5. Choose a point u ∈ R. Calculate j = f (u)/u and determine an elliptic curve
E(u, j) over F with j(E(u, j)) = j using (5.11).

6. Let M(u, j) be the set of primes of bad reduction of E(u, j). Determine a set of
representatives for the finite quotient Z×F,M∪M(u,j)/Z×e

F,M∪M(u,j). Here

e =

 6 if j = 0
4 if j = 1728
2 otherwise.

Construct the set of twists T of E by these representatives.

7. Add to L the equations of those elements of T not yet in L that agree with the rest
of the Data. Choose a new point u ∈ R and return to step 6. Repeat until all points
in R have been used.

8. If no candidate equations were found, enlarge N and return to step 4. Otherwise,
return L.

We do not go into further detail regarding the implementation of this algorithm:
as usual, it can be found at [Sij10].



Chapter 6

Covers

In this Chapter, or more properly in its second section, we use the theory of
Belyı̆ maps to calculate models over C of some arithmetic (1; e)-curves whose
corresponding groups are commensurable with triangle groups. The resulting
complex models will be used in the next Chapter to calculate canonical models
of these arithmetic pointed tori. The first section gives a short summary of the
theory on ramified covers needed to perform these calculations.

6.1 Belyı̆ maps

Definition 6.1.1. Let X be a connected curve over C. A (branched) cover of X is
a pair (Y, f ) consisting of a curve Y and a finite surjective morphism f : Y → X.
A morphism of covers (Y1, f1) → (Y2, f2) is a morphism of curves g : Y1 → Y2
satisfying f1 = f2g.

A cover (Y, f ) is called connected if Y is connected, and étale if f is étale. A
connected cover is called Galois if the cardinality of its automorphism group equals its
degree.

A Belyı̆ map is an étale cover of the curve P1
∗ = P1

C − {0, 1, ∞}.

We denote the category of étale covers of a curve X by EtCovX , and the category
of Belyı̆ maps by Belyi.

Let f : Y → X be an étale cover with X nonsingular. Then Y is also
nonsingular. As in Section I.6 of [Har77], let Y (respectively X) be the unique
complete non-singular curve containing containing Y (respectively X) as a dense
open subset. Then f extends to a (possibly branched) cover f : Y → X ([Har77],
Proposition I.6.8). In what follows, f and f will occasionally be identified.

Let X be connected. Then as a Riemann surface, X has a universal étale
cover X̃, on which the topological fundamental group π1(X) of X acts by path
lifting. The following theorem is standard:

Theorem 6.1.2 ([Len], Theorem 1.14). Let π1(X) be the topological fundamental
group of X(C)an. Let π1(X)-Sets be the category of finite sets equipped with a left
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action of π1(X). Then there exists a natural equivalence of categories

EtCovX −→ π1(X)-Sets.

Connected étale covers of X correspond to transitive π1(X)-sets, i.e. to conjugacy
classes of subgroups of finite index of π1(X). With such a subgroup H of π1(X) is
associated the algebraization of the cover of Riemann surfaces X̃/H → X.

In particular, there is an equivalence

Belyi −→ π1(P1
∗)-Sets,

under which connected Belyı̆ maps correspond to conjugacy classes of subgroups of
π1(P1

∗) of finite index.

We need to define two more notions. To begin with, let f : X → P1
∗ be a Belyı̆

map, and let f : X → P1
C be its extension to a branched cover of P1

C as defined
above. We call the ordered triple of tuples giving the ramification indices of f
above 0, 1 and ∞ the ramification type of the Belyı̆ map.

For instance, the Belyı̆ map P1
∗ → P1

∗ given by z 7→ z2 has ramification type
((2), (1, 1), (2)), or, using more compact notation, ((2), (12), (2)). Note that to
a ramification type of a degree n cover one can associate an ordered triple of
conjugacy classes of the symmetric group Sn, seeing as how a ramification type
is an ordered triple of partitions of n.

Secondly, let f : Y → X be an étale cover. Then there exists a Galois étale
cover g : Z → X such that g factors through f and such that every other
Galois étale cover g′ : Z′ → X factors through g. In terms of Theorem 6.1.2,
for a connected π1(X)-set corresponding to a subgroup H, the cover (Z, g)
corresponds to the core C(H) of H in π1(X). The monodromy group Mon(Y, f )
of (Y, f ) is the automorphism group of the cover (Z, g).

For P ∈ {0, 1, ∞}, consider the element γP of the fundamental group π1(P1
∗)

given by a counterclockwise loop of winding number 1 around P whose com-
plement in P1(C) consists of two connected components, one of which con-
tains P and the other of which contains {0, 1, ∞} − P. These elements satisfy
γ0γ1γ∞ = 1, and in fact

π1(P1
∗) = 〈γ0, γ1, γ∞ | γ0γ1γ∞ = 1〉.

By Theorem 6.1.2, given a Belyı̆ map, the γP furnish us with three permu-
tations σ0, σ1, σ∞ of the corresponding π1(P1

∗)-set. Conversely, given three
permutations σ0, σ1, σ∞ of {1, . . . , n} satisfying σ0σ1σ∞ = 1, we can define an ac-
tion of π1(P1

∗) on {1, . . . , n} by sending γP to σP. This gives rise to the following
well-known construction.

Proposition 6.1.3. There is a bijection between the set of isomorphism classes of Belyı̆
maps of degree n and the set of simultaneous Sn-conjugacy class of triples (σ0, σ1, σ∞)
satisfying σ0σ1σ∞ = 1.

Morphisms from the Belyı̆ map associated with (σ0, σ1, σ∞) ∈ S3
n and that associ-

ated with (σ′0, σ′1, σ′∞) ∈ S3
m correspond to maps of sets h : {1, . . . , n} → {1, . . . , m}

satisfying σ′Ph = hσP for all P ∈ {0, 1, ∞}.
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Given a triple (σ0, σ1, σ∞) ∈ S3
n, let M be the subgroup of Sn generated by σ0, σ1

and σ∞. The invariants of the Belyı̆ map (X, f ) associated with (σ0, σ1, σ∞) can then
be read off as follows:

(i) The degree of f equals n.

(ii) The set of connected components of X is in bijection with the set of orbits of
{1, . . . , n} under the action of M.

(iii) The ramification type of (X, f ) is the ordered triple of cycle types of σ0, σ1 and
σ∞.

(iv) The monodromy group of (X, f ) is isomorphic to M.

(v) There is an isomorphism

Aut(X, f ) ∼=
⋂

P∈{0,1,∞}
CentSn(σP).

Proof. This proposition follows from the fact that the equivalence in Theo-
rem 6.1.2 is in fact an equivalence of Galois categories. See [Len] for more de-
tails.

Proposition 6.1.3 suggests the following naive algorithm to determine the Belyı̆
maps of fixed ramification type.

Algorithm 6.1.4. Let R be a ramification type, and let (C0, C1, C∞) be the ordered
triple of conjugacy classes of Sn corresponding to R.

This algorithm determines a set S of representatives for the simultaneous Sn-conju-
gacy classes of triples (σ0, σ1, σ∞) which satisfy σ0σ1σ∞ = 1 and whose ramification
type equals R.

1. Set S = ∅ and T = ∅. Choose a σ0 ∈ C0.

2. Run through the pairs (σ1, σ∞) ∈ C1 × C∞. If σ0σ1σ∞ = 1, then add (σ0, σ1, σ∞)
to T.

3. Run through the elements t of T. Set C = CentSn(σ0). If {ctc−1 : c ∈ C} has
empty intersection with S, then add t to S.

Proof of correctness. We have to justify step 1 and step 3. As for step 1, we fix
σ0 ∈ C0 to cut down the running time: since we are only interested in the triples
(σ0, σ1, σ∞) up to simultaneous Sn-conjugation, this is unproblematic.

Step 3 sifts out solutions in S that are simultaneously conjugate. Now note
that if such a simultaneous conjugation occurs at all, then it is induced by an
element of CentSn(σ0). Indeed, by step 1, all elements of S have first component
equal to σ0.
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Remarks. (i) Given a triple (σ0, σ1, σ∞) of elements of Sn, the invariants in Propo-
sition 6.1.3 can be calculated rapidly. Accordingly, our explicit implementation
at [Sij10] returns these invariants as well.

(ii) We typically use Algorithm 6.1.4 to prove non-existence or uniqueness
of a Belyı̆ map with given ramification type. Additionally, it can be used to
distinguish between Belyı̆ maps with identical ramification type by calculating
their invariants as in the previous remark.

We now give two somewhat less standard results that we shall need in
the next section. First recall that a subgroup G of PGL+

2 (R) with signature
(g; e1, . . . , en) has (arithmetic) covolume Covol(G) equal to

Covol(G) = 2g− 2 +
n

∑
i=1

(
1− 1

ei

)
.

Given G, we can consider the covers subordinate to G. These are the covers
of Y(G) whose restriction to the complements of the elliptic points of Y(G) is
étale and with the additional property that for any elliptic point p of Y(G), the
ramification indices at the points above p all divide the index of p. The covers
subordinate to G again form a category, which we denote by SCovY(G).

Let S be the set of elliptic points of Y(G). For p ∈ S, let ep be the index of
p and let γp be a sufficiently small counterclockwise loop around p (as in the
discussion before Proposition 6.1.3). Then as abstract groups we have

G = π1(Y(G)− S)/N, (6.1)

where N is the normal subgroup generated by the elements γ
ep
p , p ∈ S. Given

Theorem 6.1.2, the following theorem therefore suggests itself.

Theorem 6.1.5. Let G be a subgroup of PGL+
2 (R) of finite covolume. Through the

isomorphism (6.1), the equivalence from Theorem 6.1.2 induces an equivalence

SCovY(G) −→ G-Sets.

In particular, when G is a triangle group of signature (0; p, q, r), we obtain equivalences
between the categories of

(i) Connected subordinate covers of Y(G);

(ii) Conjugacy classes of subgroups of G of finite index; and

(iii) Simultaneous Sn-conjugacy classes of transitive triples (σ0, σ1, σ∞) satisfying

σ0σ1σ∞ = 1, σ
p
0 = σ

q
1 = σr

∞ = 1.

Given a subgroup H ⊂ G as above, the corresponding cover is given by the canonical
map Y(H)→ Y(G). Its degree equals

[G : H] = Covol(H)/Covol(G).
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Proof. The equivalence of categories follows from Section 6.4 in [Ser92]. The
statement relating degrees to covolumes is Lemme IV.1.3 in [Vig80]. It also
follows from the Riemann-Hurwitz formula.

Proposition 6.1.6. Consider a cartesian diagram of covers

Y1 //

��

Y0

��
X1 // X0

(6.2)

Suppose deg(X1|X0) and deg(Y1|Y0) are both equal to m. Then for some divisor d of
m we have

|Mon(Y0|X0)| = d|Mon(Y1|X1)|.

Proof. To prove the proposition, we use the correspondence between complex
curves X and their function fields C(X) in Section I.6 of [Har77]. The condition
that (6.2) be cartesian translates into C(Y1) = C(X1)C(Y0). Furthermore, the
condition on the equality of degrees gives that the extensions C(Y0)|C(X0) and
C(X1)|C(X0) are linearly disjoint.

The Galois closure Li of the extension C(Yi)|C(Xi) has Galois group equal to
the monodromy group of the cover Yi → Xi. Because of the linear disjointness,
we have L1 = L0C(X1). The degree d of the extension L0C(X1)|L0 divides the
degree m of the extension C(X1)|C(X0), and we have

d|Mon(Y0|X0)| = [L0C(X1) : L0][L0 : C(X0)] = [L0C(X1) : C(X0)]

= [L1 : C(X0)] = [L1 : C(X1)][C(X1) : C(X0)] = |Mon(Y1|X1)|m.

Since m/d is also a divisor of m, the proposition is proved. An alternative proof
uses the fact that d equals the index [S0 : S1], where the Si are the images of the
fundamental groups π1(Xi, xi) in the symmetric groups on the fiber of Y1 over
x0. Here x0 is a point of X0 that is not in the branch locus of the cover Y1 → X0,
and x1 ∈ X1 is a point above X0.

The following algorithm determines the G-set G/H corresponding to an inclu-
sion H ⊂ G of groups.

Algorithm 6.1.7. Let H ⊂ G be an inclusion of groups of finite index, and let S be a
set of generators for the group G.

Given a procedure to test whether an element g ∈ G is in H, this algorithm
determines a set C of right coset representatives of G/H and calculates the induced
G-set structure of C.

1. Initialize: set T = {1}, C = ∅.

2. Choose a t ∈ T and remove it from T. If there exists no c ∈ C such that c−1t ∈ H,
then add t to C, and adjoin the set St = {st : s ∈ S} to T.

3. If T is empty, go to step 4. Otherwise, go to step 2.
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4. For every s in S, construct the following permutation σs of C. Given c ∈ C, find a
c′ ∈ C such that c′−1sc ∈ H. Then set

σs(c) = c′.

5. Return the G-set structure on C given by s 7→ σs.

Proof of correctness. Let us first prove that C is indeed a set of representatives
for G/H. On the one hand, we cannot have cH = c′H for two distinct elements
c, c′ ∈ C. For suppose that of these two elements, c was the first to be appended
to C. Then we would have had c−1c′ ∈ H when we appended c′ to C, which
does not square with step 2.

On the other hand, because we kept adjoining the sets St in step 2, we know
that the elements SC = {sc : s ∈ S, c ∈ C} are all right H-equivalent to elements
of C. Since S is a set of generators of G, in fact all elements of GC = G are right
H-equivalent to some element of C.

Likewise, the fact that the algorithm terminates follows from the fact that
the index is finite and S is a set of generators of G: a given right coset in G/H is
represented by a finite word in S, hence after some finite time, the algorithm
will find a representative of it.

The correctness of step 4 and step 5 is also clear: indeed, asking that c′−1sc
be an element of H is equivalent to demanding scH = c′H. Note that by
construction of C, the element c′ is unique.

We implemented this algorithm at [Sij10] in the following case:

• G ⊂ PGL+
2 (R) is a subgroup of PGL+

2 (R) of the form PO(1)1 coming
from a maximal quaternion order O(1) in an algebra B; and

• H ⊂ G is of the form PO1 for some quaternion orderO contained inO(1).

Representatives in O(1)1 for generators of G can then be found using the Magma
function Group. It is relatively simple to see if a given element of PO(1)1

represented by an element b of O(1)1 is in fact in PO1, since this boils down
to testing whether b is in O, which is easily checked. A substantial advantage
of this approach is that it is exact, since all operations can be performed in the
Q-vector space B.

Using Algorithm 6.1.7, we calculated Table A.2 in the appendix, which will
feature extensively in the calculations below and in Chapter 7: it studies the
orders ZF[G] generated by the groups G inbetween Γ(2) and Γ, along with their
norm 1 groups ZF[G]1.

Note that it is very well possible for ZF[G]1 to be larger than G: in fact, one
of our reasons for implementing Algorithm 6.1.7 was to study the inclusion
G ⊆ ZF[G]1. As remarked after Lemma 3.3.2, we prefer to work with the groups
ZF[G]1 whenever possible.

Remark. For covers Y0(O′) → Y0(O) corresponding to inclusions of orders
O′ ⊂ O, the monodromy group can also be calculated by reasoning locally as
in Corollary 2.5.3. For example,
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• An inclusion O(N) ⊂ O(1) of a level N Eichler order into a maximal
order gives rise to a monodromy group isomorphic to PSL(ZF/N). The
corresponding minimal Galois cover is Y0(C)→ Y0(O(1)), where

C = (ẐF + NÔ(1))×

is the core of Ô(N)×.

• Let p be prime dividing the discriminant of B, and let O(p) be the unique
level p suborder of a maximal order O(1) (cf. Proposition 2.3.2). Then the
projection

Y0(O(p)) −→ Y0(O(1))

is a cyclic Galois cover.

However, since a lot of the orders that we will encounter are non-Eichler, which
complicates this approach, we have chosen to perform the calculations below
globally, as in Algorithm 6.1.7.

6.2 (1; e)-covers

Throughout this section, let Γ be an arithmetic (1; e)-group, and let a ∈ {±1}.
Below, we consider the Γ that are commensurable with triangle groups. These
groups can be determined by using the list in [Tak77] of commensurability
classes of arithmetic triangle groups. By Proposition 1 of [Tak77], whether or
not Γ is commensurable with a triangle group only depends on the associated
quaternion algebra Q(Γ(2)) from Lemma 3.3.2.

By virtue of Lemma 3.3.2, there exists a cover

Xa(Γ(2)) −→ Xa(O1)

for some maximal quaternion order O. Let us throughout this section denote

N(O) = NGL+
2 (R)(O) =

{
γ ∈ GL+

2 (R) : γO = Oγ
}

= R×ι(NB̂×(Ô×) ∩ B+).

Then [Tak77] also shows that if Γ is commensurable with a triangle group, the
Atkin-Lehner quotient Xa(N(O)) is a genus 0 curve with three elliptic points.
In other words, PN(O) ⊂ PGL+

2 (R) is a triangle group.
We have a composite map

Xa(Γ(2)) −→ Xa(O1) −→ Xa(N(O)). (6.3)

Considering on the other hand the composition

H −→ Xa(Γ(2)) −→ Xa(N(O)),
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one sees that the cover (6.3) can only ramify above the three elliptic points of the
genus 0 curve X(N(O)). Hence by transitivity of Aut(P1

C) on triples of points
in P1(C), we can consider (6.3) as a Belyı̆ map. Note that for any triangle group
∆ there exists an isomorphism

X+(∆) ∼= X−(∆). (6.4)

Therefore, we are justified in only using the curves X(N(O)) = X+(N(O)) in
what follows. Occasionally, O1 is a triangle group as well, in which case we can
try and calculate the Belyı̆ map Xa(Γ(2))→ X(O1), which is of smaller degree.

The cover (6.3) need not factor through Γ. However, whenever possible,
we have found a triangle group ∆ containing Γ, realizing not merely Xa(Γ(2))
but also Xa(Γ) as a Belyı̆ cover Xa(Γ)→ X(∆). In the cases where we did not
manage to find such an inclusion Γ ⊂ ∆, we have proved that it cannot exist.

Using the data from Table A.2, we now proceed to calculate some of these Belyı̆
maps and the resulting geometric models of Xa(Γ). We have not included the
details of all calculations, since these were performed in a rather ad hoc manner.
However, we will always indicate how to simplify the covers involved as much
as possible. Our most frequently applied techniques are the following.

• We will often descend a genus 1 Belyı̆ map Y1 → X1 = P1
∗ to a genus 0

Belyı̆ map Y0 → X0 by constructing a diagram as in Proposition 6.1.6. The
cover Y0 → X0 is often easier to calculate, and it will always be possible
to determine Y1 given Y0.

• Arguing in the opposite direction, we can construct (1; e)-groups Γ from
triangle groups ∆ by using Proposition 6.1.5. This is especially useful if
there is a unique (1; e)-group in the commensurability class of ∆. Know-
ing e and the signature of ∆, the degree of the corresponding cover can
be determined using Proposition 6.1.5, which also puts a restriction on
the possible ramification types. The corresponding covers can then be
described using Algorithm 6.1.4.

• Finally, the Atkin/Swinnerton-Dyer differentiation trick (which is described
in [Bir94]) is of great use in computing genus 0 Belyi maps.

Although calculating Belyı̆ maps can be rather involved, it is conversely easy
enough to check that the Belyı̆ maps given below indeed have the properties
that we claim them to have.

Throughout the calculations, given an integer d, we denote

wd =

{
1+
√

d
2 if d ≡ 1 (mod 4);√
d otherwise.

as in [Tak83]. Moreover, we use the labels ene dnd DnD r explained in the ap-
pendix.

Remark. In what follows, we often need to determine the signature of some
Atkin-Lehner quotient of a Shimura curve. One can derive general formulas
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for these using the methods of [Voi09b] and Section III.5.C of [Vig80]. However,
we have not included the details of these formulas here because it was possible
in all cases to circumvent these calculations using geometric arguments (which
could in principle be applied to a broader class of covers).

The calculations

e2d5D4: The first three cases are complicated and varied enough to deserve a
rather detailed look, so as to illustrate the techniques involved in the calcula-
tions. The considerations for the other curves below will for reasons of space be
somewhat more terse.

Let B be a quaternion algebra over F = Q(w5) for which D(B) f = p2 = (2).
Table A.1 shows that there are three (1; 2)-curves for this algebra B. Before
going into detail for the individual cases, let us note the following.

Preamble. Since the narrow class group of F is trivial, by Proposition 3.2.1,
we have PO1 = PO+ for all orders O, and all groups O(1)1 coming from
maximal orders O(1) are GL+

2 (R)-conjugate by Proposition 2.6.2(ii). As was
shown in [Tak77], for a maximal order O(1), the signature of X(N(O(1))) is
equal to (0; 2, 4, 5), and N(O(1)) is a maximal arithmetic triangle group ∆. Up
to conjugacy, there is only one other maximal arithmetic triangle group ∆′ in its
commensurability class, which has signature (0; 2, 4, 10).

Theorem 6.1.5 shows that one way to obtain arithmetic (1; 2)-curves is to
construct subordinate covers

X(Γ) −→ X(∆) = X(N(O(1))) (6.5)

Calculating covolumes as in Theorem 6.1.5, one sees such a subordinate cover
has degree equal to 10. Also, the ramification type is forced: it has to equal
((25), (42, 2), (10)).

Algorithm 6.1.4 now gives that there are two subordinate covers as in (6.5),
with monodromy groups of cardinality 120 and 160, respectively. Both have
automorphism group Z/2Z, and they factor through the unique cover of ram-
ification type ((22, 1), (22, 1), (5)) and ((2, 13), (4, 1), (5)), respectively. Since
X+(∆) is isomorphic to X−(∆) by (6.4), we have X+(Γ) ∼= X−(Γ) for the re-
sulting (1; e)-groups Γ, considering the fact that the corresponding covers are
uniquely determined by their ramification indices and monodromy group,

Calculating covolumes, one shows that there are no subordinate covers of
X(∆′) by curves of signature (1; 2).

For reasons that will become clear, we now tackle the subcases in reverse order.

e2d5D4iii: As can be seen in Table A.2,

P〈Γ(2), A〉 = PO(p3)1 = PO(p3)+

is a group coming from a level p3 = (3) order O(p3) = ZF[Γ(2)]. Let O(1) be a
maximal order containing O(p3). We obtain an inclusion O(p3)1 ⊂ O(1)1. The
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order O(p3) is Eichler by Proposition 2.2.3, whence Corollary 2.5.4 allows us to
conclude that

[O(1)1 : O(p3)1] = Nm(p3) + 1 = 10.

Furthermore, by Proposition 2.6.2(i), we have

X+(O(p3)1) = Y+
0 (O(p3)) ∼= Y(O(p3)) ∼= Y−0 (O(p3)) = X−(O(p3)1)

and

X+(O(1)1) = Y+
0 (O(1)) ∼= Y(O(1)) ∼= Y−0 (O(1)) = X−(O(1)1).

Algorithm 6.1.4 yields that the cover

X(O(p3)1) −→ X(O(1)1)

has no non-trivial automorphisms. The cardinality of its monodromy group
equals 360 = |PSL2(ZF/p3)| (cf. the remark after Algorithm 6.1.7). Since the
cover

X(O(p3)1) = X(〈Γ(2), A〉) −→ X(Γ)

is a 2-isogeny by Lemma 3.3.2, hence Galois, Lemma 3.3.4 and the equality
O(p3) = ZF[Γ(2)] imply that X(Γ) is an Atkin-Lehner quotient of X(O(p3)1) ∼=
Y(O(p3)).

Suppose that PΓ were contained in the maximal triangle group PN(O(1)).
Then we would get a descent

X(O(p3)1) 2 //

10
��

X(Γ)

10
��

X(O(1)1) 2 // X(N(O(1)))

(6.6)

Diagram (6.6) would then be cartesian because the group PΓ cannot be contained
in PO(1)1. Indeed, Lemma 3.3.4 shows that there are nontrivial inclusions

PO(p3)1 ( PΓ ( PNB+(O(p3)).

But all subgroups of NB+(O(p3)) ⊂ B+ properly containing O(p3)1 contain
elements whose norm is not a square in F. Hence we can not have PΓ ⊂ PO(1)1.

Therefore Diagram (6.6) would indeed be cartesian. Consequently, Proposi-
tion 6.1.6 would imply that the degree 10 cover

X(Γ) −→ X(N(O(1)))

has monodromy group would have cardinality 360 or 720 by Proposition 6.1.6.
But we have seen in the preamble above that only cardinalities 120 and 160
were possible. Therefore Γ is not contained in a triangle group.
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Of course, one can still divide out the Atkin-Lehner involution w(p2) and
descend the cover for a diagram

X(O(p3)1) 2 //

10
��

X(O(p3)1)/w(p2)

10
��

X(O(1)1) 2 // X(N(O(1)))

(6.7)

It is possible to calculate the signature of X(O(p3)1)/w(p2) directly by using
the methods of [Voi09b] and Section III.5.C of [Vig80]. Alternatively, one can
exclude that X(O(p3)1)/w(p2) has signature (1; 2) or (0; 2, 2, 2, 2, 2) by using
Algorithm 6.1.4 and Proposition 6.1.6 in the same way as before, and then the
only remaining possibility is (0; 2, 2, 4, 4).

Both methods give that the signatures in diagram (6.7) are as follows:

(1; 2, 2) 2 //

10
��

(0; 2, 2, 4, 4)

10
��

(0; 2, 5, 5) 2 // (0; 2, 4, 5)

(6.8)

The Belyı̆ map on the right is of genus 0, hence simpler than the one on the
right. A priori, there are two possible ramification types for this map, namely
((23, 12), (42, 12), (52)) and ((25), (4, 22, 12), (52)), but Algorithm 6.1.4 shows
that the latter gives rise to covers whose monodromy groups have cardinality
equal to 160, so we can exclude this ramification type using Proposition 6.1.6.

The former ramification type has 5 Belyı̆ maps associated to it, but only one
of these has a monodromy group of the correct cardinality. Algorithm 6.1.4
also gives another more tangible feature distinguishing this Belyı̆ map from
its 4 compeers: it is the only one among these 5 whose automorphism group is
trivial.

We place the elliptic points of X(N(O(1))) of order 2, 4, 5 at 1, ∞, 0, respec-
tively. By solving the resulting equations numerically and recognizing the
solutions as algebraic numbers, we found the following solution:

z 7−→ 4(w− 8)(z2 − 45)5

3555(z− 5)4(z2 + (6− 2w)z + (15w− 75))
. (6.9)

where w = w−15. This Belyı̆ map indeed has trivial automorphism group,
which can be checked by verifying that no automorphism of P1

C exchanging
the zeroes of z2 + (6− 2w)z + (15w− 75) has the additional property that it
fixes the set of zeroes of z2 − 45 and the set {5, ∞} as well. Note that every
automorphism should fix these points by Proposition 6.1.3, since these pairs of
points are the only simple points in their respective fibers.

Let us remark that this Belyı̆ map is isomorphic to its complex conjugate:
one can use the automorphism of P1

C induced by the matrix(
5 −45
1 −5

)
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As in [Cou94], one then shows that although this cover is defined over Q, there
is no totally real field K such that there exists a rational function P1

K → P1
K

realizing this cover.
In terms of equation (6.9), the elliptic points of X(O(p3)1)/w(p2) are given

by the simple points above ∞ and 1. The former are given by the zeroes of
z2 + (6− 2w)z + (15w− 75): these have index 4. The latter, which have index 2,
are the simple zeroes of the numerator minus the denominator, and are given
by the zeroes of z2 + (5w + 5)z + (−135w− 225)/4.

As can be seen from diagram (6.8), X(Γ) can be recovered by taking the
degree 2 elliptic cover of X(O(p3)1)/w(p2) branched in these 4 elliptic points
to recover X(O(p3)1) and then identifying the elliptic points of order 2 on this
elliptic curve, which are just the preimages of the zeroes of z2 + (6− 2w)z +
(15w− 75). This gives that

j(J+(O(p3)1)) =
79493

25310 = j(J−(O(p3)1))

and

j(J+(Γ)) =
−2693

21035 = j(J−(Γ)).

The preamble shows that in the remaining two cases, the group Γ is triangular
and X+(Γ) ∼= X−(Γ). Hence we only consider the curves X(Γ).

e2d5D4ii: We have Γ ( PZ[Γ]1. The order O(1) = Z[Γ] is maximal, and a
consideration of covolumes as in Theorem 6.1.5 shows that PΓ is an index 5
subgroup of PO(1)1. The ramification type of the corresponding cover

X(Γ) −→ X(O1)

has to equal ((22, 1), (5), (5)). Algorithm 6.1.4 shows that there exists a unique
Belyı̆ map with this ramification type, whose monodromy group has cardinal-
ity 60.

Since PΓ does not equal PO1, we cannot a priori be certain that the Atkin-
Lehner involution of X(O) lifts to X(Γ). However, one can write down an
explicit normalizing element that shows that it does lift.

Let (A, B) be a standard pair (as in (1.3)). Consider the matrix S ∈ GL+
2 (R)

given by (
0 1
−1 0

)
.

This matrix is not in Γ = 〈A, B〉 since it fixes 0 ∈ D, which is in the interior of
the fundamental domain for Γ constructed in Chapter 1 and hence cannot be
fixed by an element of Γ. One can also check that no element of O(1) = ZF[Γ]
is a multiple of S, hence S is not in O(1)1 either.

The matrix S also normalizes Γ. Indeed, one calculates that AS = SA−1 and
BS = SB−1 for any standard pair (A, B). Also note that S is in the normalizer
of all intermediate groups Γ(2) ⊂ G ⊂ Γ.
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Clearly S normalizes O(1) = ZF[Γ] as well. Hence by Lemma 3.3.4 it in fact
corresponds to the unique Atkin-Lehner involution of O(1). Clearly, S has to
fix the elliptic point of X(Γ). We can therefore descend for a diagram

X(Γ) 2 //

5
��

X(〈Γ, S〉)

5
��

X(O(1)1) 2 // X(N(O(1)))

with signatures

(1; 2) 2 //

5
��

(0; 2, 2, 2, 4)

5
��

(0; 2, 5, 5) 2 // (0; 2, 4, 5)

(6.10)

A priori, the map on the right can have ramification type ((22, 1), (22, 1), (5)) or
((2, 13), (4, 1), (5)). Algorithm 6.1.4 shows that there are unique Belyı̆ maps with
these ramification types, having monodromy group of cardinality 10 and 120
respectively. Hence by Proposition 6.1.6, the correct ramification type is in fact
the latter.

Placing the elliptic points of order 2, 4, 5 at 1, ∞, 0 respectively, the cover is
given by

z 7−→ z5

5z− 4

Diagram (6.10) then shows that we can recover a geometric model of X(Γ) by
taking the degree 2 elliptic cover of P1

C branched in the simple preimages of 1
and ∞ under this map. We obtain

j(J+(Γ)) =
512113

215 = j(J−(Γ)).

We now give an alternative way to derive this result, which does not make use
of the explicit matrix S. The group Γ is contained in the maximal triangle group
N(O(1)) of signature (0; 2, 4, 5). Let

K = C(X(N(O(1)))), L = C(X(O(1)1)), M = C(X(Γ)).

Let NK be the normal closure of the extension M|K, and let NL be the normal
closure of the extension M|L. Since NK, being normal over K, is also normal
over L, we have a chain of inclusions

K ⊂ L ⊂ M ⊂ NL ⊂ NK

Hence
|Mon(X(Γ) −→ X(N(O(1))))| = [NK : K]
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is a multiple of
|Mon(X(Γ) −→ X(O(1)1))| = [NL : L]

We saw at the beginning of this case that the latter cardinality equals 60.
We conclude that of the two Belyı̆ maps X(Γ)→ X(N(O(1))) constructed

in the preamble, we are in fact considering the former, of which the cardinality
of the monodromy group equals 120. We saw that this Belyı̆ map factorizes
through an automorphism (induced by S). It can be calculated via the exact
same two-step process as above.

e2d5D4i: We have Γ(2) = ZF[Γ(2)]1. Let O = ZF[Γ(2)]. Then there exists a
unique maximal order O(1) containing O. Algorithm 6.1.7 shows that the map
X(O1)→ X(O(1)1) has degree 20 and 4 automorphisms. Using the correspond-
ing factorization, one can calculate the cover, and with it, j(J(Γ(2))) = j(J(Γ)).

Using the preceding results, however, there is a more direct way to calculate
j(J(Γ)). Note that the cover

X(Γ) −→ X(N(O(1)))

has to be the cover in the preamble whose monodromy group has cardinality 160.
Indeed, by the previous results, no other entry in Takeuchi’s list qualifies. As
shown in the preamble, then, X(Γ) can be recovered by the following two-step
process:

• First take the cover of X(O1) with ramification type ((22, 1), (22, 1), (5))
above the elliptic points of order 2, 4, 5 respectively;

• Then take the degree 2 cover ramifying above the 4 elliptic points of the
resulting curve.

Keeping track of the ramification indices, we see that these elliptic points are
given by

• The elements in the fiber above the elliptic point of index 4, along with

• The unique non-ramifying point in the fiber above the elliptic point of
index 2.

The first degree 5 cover was calculated in [Bir94]: placing the elliptic points of
index 2, 4, 5 at 4, 0, ∞, respectively, it is given by

z 7−→ (z− 2)(z2 + z− 1)2.

One calculates that the unique non-ramifying point above 4 has z-coordinate
equal to −2. The second degree 2 cover therefore has to ramify above the zeroes
of (z + 2)(z− 2)(z2 + z− 1). We end up with a genus 1 curve whose Jacobian
has j-invariant

j(J+(Γ)) = 24173 = j(J−(Γ)).
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e2d8D2: This time F = Q(w2) and D(B) f = p2. The narrow class group of F
is again trivial, so as in the previous case all groups PO(1)1 = PO(1)1 arising
from maximal orders O(1) are conjugate.

There is no maximal order O(1) such that the group PΓ is contained in
PO(1)1. Indeed, a calculation of covolumes gives that the degree of the map

X(Γ) −→ X(O(1)1)

would then have to equal 6. Since X(O(1)1) has signature (0; 3, 3, 4) by [Tak77],
the ramification type of the cover above is given by ((32), (32), (4, 2)). Algo-
rithm 6.1.4 shows that there does not exist a Belyı̆ map with this ramification
type.

However, [Tak77] also shows that N(O(1)) has signature (0; 2, 3, 8). By
Algorithm 6.1.4, this group allows a unique degree 12 subordinate cover with
ramification type ((26), (34), (8, 4)). This cover

X(Γ) −→ X(N(O(1))) (6.11)

gives rise to a (1; 2)-group Γ, which has to be the unique (1; 2)-group associated
to this quaternion algebra.

The cover (6.11) has automorphism group Z/4Z. It therefore factorizes as a
degree 4 Galois cover followed by a degree 3 cover. Now using Proposition 6.1.3,
one shows:

• The latter degree 3 cover has ramification type ((2, 1), (3), (2, 1)). Its
domain is therefore a triangle curve of signature (0; 2, 4, 8).

• The Z/4Z Galois cover of this triangle curve has ramification type equal
to ((22), (4), (4)).

The latter cover in turn decomposes as

• A cover of degree 2 and genus 0 ramified above the elliptic points of
index 4 and 8, preceded by

• A cover of degree 2 and genus 1 ramified above the four elliptic points of
the resulting curve of signature (0; 23, 4).

Explicitly, therefore, the map from X(Γ) to the curve of signature (0; 2, 4, 8) is
given by

(x, y) 7−→ x2

from the curve
y2 = x3 − x

if we set the x-coordinates of the elliptic points of order 2, 4, 8 equal to 1, 0, ∞,
respectively. Clearly

j(J+(Γ)) = 1728 = j(J−(Γ)).
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e2d12D2: Let O(p2) = ZF[Γ] .Then Γ = O(p2)1. Furthermore, O(p2) is the
unique level p2 suborder of the unique maximal order O(1) containing O(p2)
by Proposition 2.3.2. We get a degree 3 Galois cover

X(O(p2)1) −→ X(O(1)1).

As is shown in [Tak77] or [Voi09b], the curve X(O(1)1) has signature (0; 3, 3, 6).
Hence the cover above is explicitly given by

(x, y) 7−→ (1 + y)/2

from the curve
y2 = x3 + 1

if we set the coordinates of the elliptic points of order 3, 3, 6 equal to 0, 1, ∞,
respectively. Obviously, then,

j(J+(Γ)) = 0 = j(J−(Γ)).

e2d12D3: Although the narrow class group of F is of cardinality 2, Propo-
sition 2.6.2(ii) still shows that the groups PO(1)1 and PO(1)+ arising from
maximal orders O(1) are all conjugate.

The group Γ is not contained in a triangle group. Indeed, if it were, it would
be contained in a triangle group with signature (0; 2, 4, 12), because [Tak77]
shows that this is the unique maximal arithmetic triangle group in this com-
mensurability class up to conjugacy. Calculating covolumes gives that the
corresponding cover would have degree 3, which manifestly cannot give rise to
a group of signature (1; 2).

We settle for calculating the curve associated to Γ(2) = O1, where O equals
the order ZF[Γ(2)]. Let O(1) be a maximal order containing O. Then the cover

X(O1) −→ X(O(1)1)

has degree 6. [Tak77] shows that the signature of X(O(1)1) equals (0; 23, 6), and
that the signature of X(N(O(1))) equals (0; 2, 4, 12).

In fact we have
PN(O(1)) = PO(1)+

because both groups contain PO(1)1 as a subgroup of index 2. Note that the
Atkin-Lehner involution w(p3) is not in N(O(1)), since p3 is non-trivial in the
narrow class group Cl(∞).

Calculating the orders inbetween O and O(1), one shows that the level
p4

2 order O, though non-Eichler itself, is contained in a level p2 Eichler order
O(p2). [Voi09b] shows that X(O(p2)1) has signature (0; 26), and X(O1) is a
degree 2 genus 1 cover of this curve.

We now determine the two covers in the composition

X(O1) −→ X(O(p2)1) −→ X(N(O(1))).
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As for the cover

X(O(p2)1) −→ X(N(O(1))), (6.12)

its possible ramification types are ((2, 14), (4, 2), (6)) and ((22, 12), (23), (6)).
Algorithm 6.1.4 shows that latter of these types gives rise to a unique cover with
trivial automorphism group. This cannot be the cover (6.12) because this factors
through the quotient

X(O(p2)1) −→ X(O(p2)+)

which has degree 2, and hence is Galois, by Proposition 3.2.1. Therefore the
ramification type of (6.12) equals ((2, 14), (4, 2), (6)), to which there also corre-
sponds a unique Belyı̆ map. Putting the elliptic points of index 2, 4, 12 at 1, 0, ∞,
respectively, it is given by

z 7−→ 27
4z(z− 1)2 .

As we have seen, the second cover

X(O1) −→ X(O(p2)1)

is of degree 2. It has to ramify above 4 of the 6 elliptic points of X(O(p2)1). A
priori, there are many possibilities for such a cover. However, by Lemma 3.3.2,
the resulting curve of signature (1; 24) should have the property that all elliptic
points differ by a 2-torsion point. It then turns out that up to automorphisms of
P1

C, there is only one quadruple of elliptic points that does the trick, given by
the set of zeroes of (z2 − 1)(9z2 − 4).

We obtain the degree 12 cover X(O1) → X(N(O(1))) by composing the
two covers above. It turns out that

j(J+(Γ)) = j(J+(O1)) =
221933

3
= j(J−(O1)) = j(J−(Γ)).

e2d81D1: We have Γ = O(p2)1, where O(p2) = ZF[Γ] is a level p2 = (2)
Eichler order. LetO(1) be a maximal order containingO(p2). We obtain a curve
X(O(1)1) of signature (0; 2, 3, 9). Perforce the cover

X(O(p2)1) −→ X(O(1)1)

has ramification type ((24, 1), (33), (9). Algorithm 6.1.4 shows that there is a
unique cover with this ramification type. An explicit rational map was calcu-
lated by Sander Dahmen and is given by

(x, y) 7−→ (Ay + B)/223

from the elliptic curve

y2 = x3 − 1515x− 46106.
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Here

A = x3 − 9x2 − 597x− 3851 and

B = −9x4 + 132x3 + 11250x2 + 117108x + 218895.

Another equation was determined in [Elk06]. Regardless, we get

j(J+(Γ)) =
−32531013

221 = j(J−(Γ)).

e3d5D5: Because this Γ is the unique (1; 3)-group for the quaternion algebra
associated to it, X+(Γ) = X−(Γ) has to be unique subordinate (1; 3)-cover

X(Γ) −→ X(N(O(1))).

of the signature (0; 2, 3, 10) curve X(N(O(1))). This cover has ramification type
((25), (33, 1), (10)). There is a unique Belyı̆ map with this ramification type. As
in the previous case, this cover was calculated by Sander Dahmen. It is given by

(x, y) 7−→ (Ay + B)/2832255

from the elliptic curve

y2 = x3 − 3564675x− 4863773250.

Here

A = 213152(−x3 + 405x2 + 1414125x + 405300375) and

B = − x5 − 5475x4 + 7206750x3 + 19533521250x2

+ 5715377971875x− 1221071756709375.

We get

j(J+(Γ)) = −52813

3165
= j(J−(Γ)).

e3d5D9: Let O(p2) = ZF[Γ(2)]. Then O(p2)1 = 〈Γ(2), AB〉. As suggested by
the notation, O(p2) is a level p2 = (2) Eichler order. Also, X(Γ) = X−(Γ) is
once more an Atkin-Lehner quotient of X(O(p2)1).

The group Γ is not contained in a triangle group. Indeed, if it were, it would
be contained in a triangle group with signature (0; 2, 5, 6), because [Tak77]
shows that this is the unique maximal triangle group in this commensurability
class up to conjugacy. Calculating covolumes gives that the corresponding
cover would have degree 5, which cannot give rise to a group of signature (1; 3).

We therefore consider the cover

X(O(p2)1) −→ X(O(1)1)
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for a maximal order O(1) containing O(p2). There is an Atkin-Lehner involu-
tion w(p3) acting on both X(O(p2)1) and X(O(1)1), yielding a diagram

X(O(p2)1) 2 //

5
��

X(O(p2)1)/w(p3)

5
��

X(O(1)1) 2 // X(O(1)1)/w(p3)

Calculating signatures (we will discuss how to circumvent this step later), we
get the diagram

(1; 3, 3) 2 //

5
��

(0; 2, 2, 6, 6)

5
��

(0; 3, 5, 5) 2 // (0; 2, 5, 6)

The map on the right of the diagram above is a Belyı̆ map whose ramification
type necessarily equals ((22, 1), (5), (3, 12)). Algorithm 6.1.4 gives that there is
a unique Belyı̆ map with these indices: putting the elliptic points of index 2, 5, 6
at 1, ∞, 0, respectively, it is given by

z 7−→ 4z3(36z2 + 15z + 10).

The elliptic points of the resulting cover are at

• The zeroes of 36z2 + 15z + 10, giving the two elliptic points of index 6,

• The point 0, an elliptic point of index 2, and

• The simple zero 1/4 of 4z3(36z2 + 15z + 10)− 1, also of index 2.

One now recovers X(Γ) as follows:

• Take the degree 2 cover ramifying above the four elliptic points given
above to obtain X(O(p2)1):

• Then identify the two resulting elliptic points of index 3 by a 2-isogeny.
Note that these elliptic points are simply the preimages of the zeroes of
36z2 + 15z + 10.

We get

j(J+(O(p2)1)) =
−2693

21035 = j(J−(O(p2)1))

and

j(J+(Γ)) =
79493

25310 = j(J−(Γ)).

Note that we have seen these j-invariants before (at e2d5D4iii).
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The signature calculation above is not essential for the argument. In fact, we
have already excluded that X(O(p2)1)/w(p3) has signature (1; 3). Apart from
the signature (0; 2, 2, 6, 6) above, then, only (0; 24, 3) remains as a possibility.

Now although Proposition 6.1.6 cannot be used to exclude this possibility,
a calculation of this cover yields that the two elliptic points on the resulting
(1; 3, 3)-curve do not differ by a 2-torsion point. Hence this signature cannot be
correct, and we can proceed as above.

e3d12D3: Let O(p3) = ZF[Γ]1. Then Γ = O(p3)1. Furthermore, O(p3) is the
unique level p3 non-Eichler suborder of the maximal order O(1) containing O.
We get a degree 4 Galois cover

X(O(p3)1) −→ X(O(1)1) −→ X(N(O)) = X(O(1)+).

The curve X(N(O)) has signature (0; 2, 4, 12) by [Tak77]. Hence, as in the case
e2d8D2, this cover is explicitly realized by

(x, y) 7−→ x2

from the curve
y2 = x3 − x

if we set the x-coordinates of the elliptic points of order 2, 4, 12 equal to 1, 0, ∞,
respectively. Clearly

j(J+(Γ)) = j(J+(O(p3)1) = 1728 = j(J−(O(p3)1) = j(J−(Γ)).

e3d49D1: This case is analogous to the case e2d81D1. This time the cover

X(Γ) −→ X(O(1)1) = X(N(O(1)))

has ramification type ((214), (39, 1), (74)). We postpone the determination of the
curve X+(Γ) = X−(Γ) to the next Chapter, due to the difficulty of the dessin
involved.

e3d81D1: The (1; e)-group Γ can be described as Γ = O1, where O = ZF[Γ] is
a level p3

3 non-Eichler order. After choosing a maximal order O(1) containing
O, one calculates the orders inbetween O and O(1). This shows that in fact O
is contained in a level p3 Eichler order O(p3). The tables in [Voi09b] show that
X(O(p3)1) has signature (0; 3, 3, 9).

The map X(O1) −→ X(O(p3)1) is a Galois Z/3Z-cover, and can be calcu-
lated as in the case e2d12D2. We obtain

j(J+(Γ)) = j(J+(O)1) = 0 = j(J−(O)1) = j(J−(Γ)).

e4d8D2: The narrow class group of F = Q(w2) is trivial for these three cases.
The quaternion algebra B has D(B) f = p2 = (w2). As for e2d5D4, we start with
some general considerations.
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Preamble. The groups PO(1)1 = PO(1)+ coming from maximal orders O(1)
of B are all conjugate by Proposition 2.6.2(ii). The signature of ∆ = PO(1)1

equals (0; 3, 3, 4), and that of ∆′ = N(O(1)) equals (0; 2, 3, 8) by [Tak77], which
also shows that the latter group is a maximal triangle group.

There is one more conjugacy class of maximal triangle groups ∆′′ in the
commensurability class of ∆′, which has signature (0; 2, 6, 8). As in the case
e2d5D4, using Theorem 6.1.7, we will try to construct (1; 4)-curves in this
commensurability class by taking subordinate covers of these triangle curves.

First consider the triangle group ∆ of signature (0; 3, 3, 4). Calculating covol-
umes and using Theorem 6.1.7, one sees that a cover

X(Γ) −→ X(∆)

of this curve by a (1; 4)-curve necessarily has degree equal to 9. Also, the
ramification type is forced: it has to equal ((33), (33), (42, 1)). Algorithm 6.1.4
shows that there are two Belyı̆ maps with this ramification type, and their
automorphism groups have cardinality 2.

Now consider the triangle group ∆′ ⊃ ∆ of signature (0; 2, 3, 8). A covolume
calculation shows that subordinate covers

X(Γ) −→ X(∆′)

of the corresponding curve by (1; 4)-curves will have to be of degree 18. The
ramification type of these covers is uniquely determined: explicitly, it is given
by ((29), (36), (82, 2)).

The two covers of X(∆) constructed above will give rise to covers of X(∆′)
by composing with the degree 2 map X(∆)→ X(∆′). A formula in Section 7.2
of [Ser92] now shows that these are the only two possible covers. Indeed, let S
be the set of covers whose ramification type equals ((29), (36), (82, 2)). Then

∑
(X, f )∈S

1
Aut(X, f )

=
|C2||C3||C8|
|S18|2 ∑

χ

χ(C2)χ(C3)χ(C8)
χ(1)

= 1,

Here C2, C3, C8 are the conjugacy classes in S18 corresponding to the tuples
(29), (36), (82, 2) in the ramification type above, and χ runs over the characters
of the irreducible representations of S18.

The two covers constructed using ∆ do not become isomorphic after com-
posing with the map X(∆)→ X(∆′), as will follow from the explicit calculation
in the case e4d8D2ii. This can also be shown by drawing the associated dessins
d’enfants (see [Cou94]).

As no Belyı̆ map of ramification type ((29), (36), (82, 2)) can have more than
two automorphisms by Proposition 6.1.3(v) (also see the reasoning in the case
e2d5D4iii), we see that no other covers of this type can arise other than the two
already found.

Finally, by considering covolumes, one shows that there are no subordinate
covers of the curve X(∆′′) by (1; 4)-curves.

Again, for reasons that will become clear, we will now treat these three cases in
a different order than that of Table A.2.
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e4d8D2i/iii: These two cases give rise to Galois conjugate curves by Theo-
rem 3.1.7. So let us consider the first one. We then have 〈Γ(2), A〉 = O(p17)1,
where O(p17) = ZF[Γ(2)] is a level p17 Eichler order for one of the two primes
p17 of F above 17. Let O(1) be a maximal order containing O(p17). We get a
cover

X(O(p17)1) −→ X(O(1)1)

of degree 18. As usual, X(Γ) is an Atkin-Lehner quotient of X(O(p17)1). In
particular, as in the case e2d5D4iii, we see that PΓ is not contained in PO(1)1.
Hence by the preamble, there is no inclusion of Γ in a triangle group.

The cover obtained above has trivial automorphism group, which makes it
rather hard to calculate. In the next Chapter, we will find an equation for the
curve X+(O(p17)1) ∼= X−(O(p17)1) using modular methods.

e4d8D2ii: We have Γ ( O(1)1, where O(1) is the maximal order O(1) =
ZF[Γ(2)]. By elimination, this case has to correspond to the two covers of
X(O(1)1) with ramification type ((33), (33), (42, 1)).

Let a ∈ {±1}. As for the case e2d5D4ii, taking Γ to be generated by a
standard pair (A, B) and letting

S =
(

0 1
−1 0

)
,

there is a descent

Xa(Γ) 2 //

9
��

Xa(〈Γ, S〉)

9
��

X(O(1)1) 2 // X(N(O(1))))

(6.13)

whose diagram of signatures has to equal

(1; 4) 2 //

9
��

(0; 2, 2, 2, 8)

9
��

(0; 3, 3, 4) 2 // (0; 2, 3, 8)

A way to derive the descent (6.13) without using the explicit matrix S is as fol-
lows. Using Algorithm 6.1.4, one checks that there are exactly two subordinate
covers

X1, X2 −→ X(N(O(1))) = X(∆′)

by curves Xi of signature (0; 2, 2, 2, 8): both of these covers have ramification
type ((23, 13), (33), (8, 1)). (Note that a priori, ((24, 1), (33), (42, 1)) is also pos-
sible, but Algorithm 6.1.4 also shows that there is no Belyı̆ map with this
ramification type.) Consequently, we know that the curves Xa(〈Γ, S〉) are given
by X1 and X2.



6.2. (1; e)-covers 107

We saw in the preamble that there were also two subordinate (1; 4)-covers
of X(∆), which have to be given by

Xa(Γ) −→ X(∆′). (6.14)

There is no other possibility than that these are the two covers obtained by com-
posing the covers Xi → X(∆′) with the degree 2 Galois covers ramifying above
the 4 elliptic points of the Xi. Now the preamble shows that the two covers
in (6.14) factor through the cover X(∆′)→ X(∆), whence the descent (6.13).

Explicitly, placing the elliptic points of order 2, 3, 8 at 1, 0, ∞, the Belyı̆ maps with
ramification type ((23, 13), (33), (8, 1)) are given by the two conjugate covers

z 7−→ (z3 + 24z2 + 12(11± w)z + 8(5± w))3

177147(7± 4w)z
.

where w = w−2. One checks that these covers are not isomorphic because Propo-
sition 6.1.3 shows that such an isomorphism would have to fix the branch points
0 and ∞ in the fiber over ∞, hence would be given by scalar multiplication,
which is easily ruled out.

We can now recover the curves Xa(Γ) by taking the degree 2 elliptic cover
ramified above

• The unique elliptic point of order 8 given by 0, and

• The 3 elliptic points of order 2 given by the simple preimages of 1, or more
explicitly by the zeroes of z3 + 42z2 + 3(191± 10w)z + 512(5± w).

We get the two conjugate j-invariants

j(J±(Γ)) =
119421866± 241123607w

214

of norm 311134136913/227. Note that these j-invariants also show that the two
covers above can not be isomorphic.

e4d2304D2: We have an equality Γ = O(p2)1, where O(p2) = ZF[Γ] is a level
p2 non-Eichler order. As in the case e2d12D2, we get

j(J+(Γ)) = 0 = j(J−(Γ)).

e5d5D5: The narrow class group of F = Q(w5) is trivial, and B has D(B) f =
p5 = (w5). There are three (1; 5)-groups in the corresponding commensurability
class.

Preamble. The groups PO(1)1 = PO(1)+ coming from maximal orders O in B
are all conjugate by Proposition 2.6.2(ii). By [Tak77], the signature of the groups
O(1)1 equals (0; 3, 3, 5), and that of the N(O) equals (0; 2, 3, 10). [Tak77] also
shows that the latter groups are maximal triangle groups, and in fact the only
maximal triangle groups in this commensurability class up to conjugacy.
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As before, we can construct (1; 5)-curves by taking subordinate covers

X(Γ) −→ X(N(O)). (6.15)

Calculating covolumes gives that these covers have degree equal to 12. The
ramification type is also forced: it has to equal ((26), (34), (10, 2)). There exists
a unique Belyı̆ map with this ramification type by Algorithm 6.1.4.

Analogously, one shows that the subordinate covers

X(Γ) −→ X(O1) (6.16)

have ramification type given by ((32), (32), (5, 1)). Again there exists unique
Belyı̆ map with this ramification type. Therefore, the cover (6.15) will factor
through (6.16).

As usual, we calculate the cases in an order differing from that of Table A.2.

e5d5D5iii: We have Γ ( O(1)1, where O(1) = ZF[Γ] is a maximal order. In
particular, we obtain a cover

X(Γ) −→ X(O(1)1).

This cover has to correspond to the cover with ramification ((32), (32), (5, 1))
described in the preamble. We have the usual diagram as in the case e2d5D4ii:

X(Γ) 2 //

6
��

X(〈Γ, S〉)

6
��

X(O1) 2 // X(N(O)))

whose diagram of signatures equals

(1; 5) 2 //

6
��

(0; 2, 2, 2, 10)

6
��

(0; 3, 3, 5) 2 // (0; 2, 3, 10)

This also follows from the uniqueness in the preamble along with the existence
of a degree 6 cover of X(N(O)) of signature (0; 2, 2, 2, 10), which follows from
Algorithm 6.1.4.

The ramification type of the cover

X(〈Γ, S〉) −→ X(N(O))

equals ((22, 12), (32), (5, 1)). The unique corresponding Belyı̆ map is given by

z 7−→ − (z2 − 10z + 5)3

1728z

if we place the elliptic points of index 2, 3, 10 at 1, 0, ∞.
To recover X(Γ), one takes a degree 2 cover ramified above
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• The simple point z = 0 above ∞, which is elliptic of order 10;

• The simple point z = ∞ above ∞, which is elliptic of order 2; and

• The simple preimages of 1, which are elliptic of order 2 and given by the
simple roots of (z2 − 10z + 5)3 = −1728z, that is, the zeroes of z2 − 22z +
125.

One ends up with

j(J+(Γ)) =
−241093

56 = j(J−(Γ)).

e5d5D5i/ii: These two cases are Galois conjugate (cf. Theorem 3.1.7). One has
〈Γ(2), B〉 = O(p11)1, where O(p11) = ZF[Γ] is a level p11 Eichler order. Let O(1)
be a maximal order containing O(p11). We obtain a degree 12 cover

X(O(p11)1) −→ X(O(1)1)

whose monodromy group is of order 660 according to Algorithm 6.1.7. As usual,
X(Γ) is an Atkin-Lehner quotient of X(O(p11)).

Descending by the Atkin-Lehner involution ι(p5), we get a diagram

X(O(p11)1) 2 //

12
��

X(O(p11)1)/w(p5)

12
��

X(O(1)1) 2 // X(O(1)1)/w(p5)

whose diagram of signatures can be calculated to equal

(1; 5, 5) 2 //

12
��

(0; 2, 2, 10, 10)

12
��

(0; 3, 3, 5) 2 // (0; 2, 3, 10)

(6.17)

Alternatively, [Tak77] shows that

X(O(1)1)/w(p5) = X(N(O(1)))

has signature (0; 2, 3, 10). This enables us to exclude the other two a priori
possible signatures (1; 5) and (0; 2, 2, 2, 2, 5) of X(O(p11)1)/w(p5). Indeed, Al-
gorithm 6.1.4 shows that there exist Belyı̆ maps for both of these ramification
types, but none of them has monodromy group of order 660 or 1320, as de-
manded by Proposition 6.1.6.

The ramification type of the cover on the right of diagram (6.17) is necessarily
given by ((25, 12), (34), (10, 12)). Algorithm 6.1.4 gives that there are 4 Belyı̆
maps with this ramification type. Two of these have monodromy group of
order 1320; for the other two, this order is 3840. Therefore we are interested in
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the former pair. These two pairs of Belyı̆ maps are also distinguished by the fact
that the Belyı̆ maps (X, f ) in the former pair have |Aut(X, f )| = 1 while those
in the latter have |Aut(X, f )| = 2. As we shall see presently, the former pair
consists of two conjugate Belyı̆ maps realizing the cases e5d5D5i and e5d5D5ii.

Placing the elliptic points of order 2, 3, 10 at 1, 0, ∞, respectively, we claim
that the former pair of Belyı̆ maps is given by

z 7−→
442815 f 3

4
6912(164w5 − 587)5C(z2 − 500w5 + 875)

and its conjugate. Here

f4 = z4 + 10z3 + 1160z2 + 17550z + 326175− 20w5(z3 + 31z2 + 585z + 9915),
C = 2232924308430846135w5 − 3603199856376900322.

One checks that this Belyı̆ map indeed has trivial automorphism group. Indeed,
Proposition 6.1.3(v) gives that an automorphism would have to fix ∞ since it is
the only point ramifying of order 10, and it would have to exchange the other
two points in the fiber above ∞, given by the zeroes of z2 − 500w5 + 875. This
determines a unique automorphism of P1

C. One verifies that it does not yield an
automorphism of the Belyı̆ map above. A similar calculation shows that this
cover is not isomorphic to its Galois conjugate.

X(O(p11)1) can be recovered from this by taking the degree 2 cover ramify-
ing above

• The elliptic points of order 10, given by the zeroes of z2 − 500w5 + 875;

• And the simple preimages of 1, given by the zeroes of z2 + (16− 32w5)z +
(587− 164w5).

We obtain

j(J+(O(p11)1)) =
1485675267531w5 + 2666389392178

53116 = j(J−(O(p11)1))

and, identifying the elliptic points of order 5 on this curve,

j(J+(Γ)) =
4560282420936767w5 + 2818578140804845

56113 = j(J−(Γ)),

whose respective norms equal 193900193/56116 and 5931678093/512.

e5d5D9: For this case, 〈Γ(2), AB〉 = O(p5)1 where O(p5) = ZF[Γ(2)] is a level
p5 Eichler order. Let O(1) be a maximal order containing O(p5). This order
gives rise to a cover

X(O(p5)1) −→ X(O(1)1)

having degree equal to 6 and monodromy group of order 60. Once again X(Γ)
is an Atkin-Lehner quotient of X(O(p5)1).
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Descending by the Atkin-Lehner involution w(p3), we get a diagram

X(O(p5)1) 2 //

6
��

X(O(p5)1)/w(p3)

6
��

X(O1) 2 // X(N(O(1)))

whose diagram of signatures can be calculated to equal

(1; 5, 5) 2 //

6
��

(1; 5)

6
��

(0; 3, 5, 5) 2 // (0; 2, 5, 6)

One can dispense with this signature calculation by using a uniqueness argu-
ment: indeed, X(Γ) is the only (1; 5)-curve in its commensurability class.

The cover on the right has ramification type ((23), (5, 1), (6)), and is deter-
mined by these indices by Algorithm 6.1.4. It is given by

(x, y) 7−→ 22

55 (9xy− x3 − 15x2 − 36x + 32)

from the curve
y2 + xy + y = x3 + x2 + 35x− 28.

One deduces that

j(J+(Γ)) =
233733

3258 = j(J−(Γ)).

e5d1125D5: We have Γ = O(p5)1, where O(p5) = ZF[Γ] is a level p5 non-
Eichler order. As in the case e2d12D2, we obtain

j(J+(Γ)) = 0 = j(J−(Γ)).

e7d49D1: We have 〈Γ(2), AB〉 = O(p2p7)1, where O(p2p7) = ZF[Γ(2)] is a level
p2p7 Eichler order. Let O(1) be a maximal order containing O(p2p7). We obtain
a cover

X(O(p2p7)1) −→ X(O(1)1)

for which the codomain X(O(1)1) has signature (0; 2, 3, 7). Though a Belyı̆ map,
this cover has degree 72 and a small automorphism group, making it quite
intractable.

However, [Tak77] shows that the commensurability class of Γ also contains
a triangle group ∆ of signature (0; 2, 4, 7). This group allows a degree 8 cover

X(Γ) −→ X(∆)
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which is uniquely determined by its ramification type ((24), (42), (7, 1)). As the
notation suggests, this cover has to equal the requested arithmetic (1; 7)-curve
by uniqueness.

This Belyı̆ map was computed by Frits Beukers. It is given by

(x, y) 7−→ C0 + C1y
D

from the curve
y2 = (x + 78)(x2 − 78x− 39951)

if we place the elliptic points of order 2, 4, 7 at 1, 0, ∞, respectively. Here

C0 = x3 − 405x2 + 6291x + 3297321,

C1 = −3(7x4 − 3108x3 + 9450x2 + 62545500x + 3089292615),

D = 21537(x− 363).

We get

j(J+(Γ)) =
53113313

2376 = j(J−(Γ)).

e11d14641D1: One has the equality Γ = O(p11)1, where O(p11) = ZF[Γ] is a
level p11 Eichler order. The inclusion ofO(p11) into a maximal orderO(1) gives
rise to a degree 12 cover

X(O(p11)1) −→ X(O1).

Since the latter curve has signature (0; 2, 3, 11), the ramification type of this
subordinate cover is forced and equals ((26), (34), (11, 1)). Algorithm 6.1.4
shows that there is a unique cover with this ramification, and it is isomorphic
over F to the classical modular cover X0(11)→ X0(1). We forgo the calculation
of this cover, since this can be done using classical modular methods (for
example, by using q-expansions). For use in the next Chapter, it suffices to
remark that since X(O(p11)1) is geometrically isomorphic to the strong Weil
curve of conductor 11, one has

j(J+(Γ)) = j(J+(O(p11)1)) =
−212313

115 = j(J−(O(p11)1)) = j(J−(Γ)).

The rational cases. There are 4 cases where B has center Q. We refer to [Elk98]
and [GR06] for the cases e2d1D6i and e3d1D6i. Using [GR06], we determine
the two remaining cases e2d1D6ii and e3d1D6ii:

e2d1D6ii: The order O = Z[Γ(2)] is of level 23 and non-Eichler, with Γ(2) = O1.
The group Γ is not a subgroup of the group O(1)1 associated to the unique
maximal order O(1) containing O. However, the group ∆ = N(O(1)) has
signature (0; 2, 4, 6). There is a unique subordinate cover

X(Γ′) −→ X(∆) (6.18)
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for which X(Γ′) has signature (1; 2). Its ramification type is ((23), (4, 2), (6)).
We claim that Γ′ equals Γ. Indeed, if it did not, then it would have to

come from the case e2d1D6i, and hence would correspond to a subgroup of
the normalizer N(O(5)) of the level 5 Eichler order O(5) obtained in that case.
However, [GR06] shows that the unique subgroup of N(O(5)) having signature
(1; 2) is not a subgroup of ∆. Alternatively, one can of course compare the j-
invariant obtained in the next paragraph with the one obtained in [GR06] for
the case e2d1D6i.

The subordinate cover (6.18) is in [Bir94]: putting the elliptic points of index
2, 4, 6 at 4, 0, ∞, it is given by

(x, y) 7−→ (x− 1)2(x + 2)

from the elliptic curve

y2 = (x− 1)(x− 2)(x + 2).

We get

j(J+(Γ)) =
24133

32 = j(J−(Γ)).

e3d1D6ii: This case is completely analogous to the previous. In this case, Γ
gives rise to a subordinate cover

X(Γ) −→ X(∆) (6.19)

with ramification type ((24), (42), (6, 2)). By Algorithm 6.1.4, there is a unique
cover with this ramification type. It has automorphism group Z/2Z, and
decomposes as a degree 2 genus 1 cover of the (see [Bir94]) unique genus 0
cover whose ramification type equals ((2, 1, 1), (4), (3, 1)).

We omit the details, familiar by now: putting the elliptic points of index 2, 4, 6
at −27, ∞, 0, respectively, we end up with the cover

(x, y) 7−→ x

from the genus 1 curve
y2 = (x + 3)3(x− 1),

and

j(J+(Γ)) =
21473

38 = j(J−(Γ)).



114



Chapter 7

Equations

In the first section of this Chapter, we use the machinery we have developed in
the previous Chapters to find explicit equations defining canonical models of
the elliptic curves J(Γ). Some of these equations are obtained heuristically: the
second section discusses results from the theory of Hilbert modular forms that
can be used to prove the correctness of the corresponding models.

7.1 The models

Let Γ be an arithmetic (1; e)-group, let J(Γ) be as in (3.22), and let E(Γ) be a
canonical model of J(Γ) (as in Definition 3.3.3). This section is dedicated to
determining equations for E(Γ) by combining the information obtained in the
previous Chapters, namely

• The canonical field of definition of E(Γ) (using Algorithm 2.4.3);

• The field generated by j(E(Γ)) (using Theorem 3.1.7);

• The reduction properties of E(Γ) (Theorem 3.1.6);

• The traces of Frobenius of E(Γ) (Algorithm 4.2.1);

• The valuations of j(E(Γ)) at the ramifying primes of the quaternion alge-
bra associated to Γ (using Proposition 5.1.12); and, if applicable,

• The value of j(E(Γ)) obtained in Chapter 6.

When the canonical field of definition is small, we will often give the candidates
in explicit minimal Weierstrass form; over larger fields, we either specify them
by giving their j-invariant and conductor or as twists of suitable curves over
smaller fields. We use the algebraic integers α from Table A.1 and retain the
notation wd from the beginning of Section 6.2 and ene dnd DnD r from the ap-
pendix. Moreover, whenever we say that two curves over a common ground
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field are isomorphic or isogenous, the corresponding map is defined over this
same ground field.

For the sake of completeness, we have, without proofs, included the cases
with ground field Q that can be found in [Elk98] and [GR06]. The remaining
rational cases e2d1D6ii and e3d1D6ii over Q give rise to canonical models
of (1; e)-curves that seem to be new.

e2d1D6i: If we letO(5) be the order Z[Γ(2)], then Γ(2) = O(5)1. The orderO(5)
is of index 5 in a maximal order containing it. Therefore it is a level 5 Eichler
order by Proposition 2.2.3. As such, the (1; 2)-curve

X(Γ(2)) = X(O(5)1)

has a canonical model given by the Shimura curve Sh0(O(5)), which is canoni-
cally defined over Q∞ = Q by Proposition 2.4.2.

Since all Atkin-Lehner involutions of Sh0(O(5)) are also defined over Q
by Theorem 3.1.2(iii), the Jacobian J0(O(5)) is a canonical model of J(Γ) by
Lemma 3.3.2 and Lemma 3.3.4.

The elliptic curve J0(O(5)) was determined in [Elk98] and [GR06] and is the
unique elliptic curve over Q with j-invariant 7322873/263256 and conductor 30.
An explicit equation is given by

y2 + xy + y = x3 − 334x− 2368.

In fact, we can say a bit more about this case. We can equally well construct a
canonical model of X(Γ) instead of just J(Γ) by taking a suitable Atkin-Lehner
quotient of the canonical model Sh(O(5)) of X(Γ(2)) determined in [GR06].

Since the set of elliptic points of Sh(O(5)) is invariant under the action of
Gal(Q|Q), the unique elliptic point on the resulting model of X(Γ) is rational.
Therefore the elliptic curve given above is actually a canonical model of X(Γ)
as well.

We will not consider whether or not the canonical model of X(Γ) has a
rational point in the subsequent considerations. It is certainly likely that its
elliptic point is rational. See [GR06] for a discussion of these matters when K is
of the form Ô× and F has trivial narrow class group.

e2d1D6ii: We know the value of j(J(Γ)) from Chapter 6, where it was also
mentioned that Γ(2) generates a level 23 non-Eichler order O = Z[Γ(2)] with
Γ(2) = O1.

There is a unique maximal order O(1) containing O since the prime 2
divides the discriminant of the quaternion algebra B associated to Γ. (Explicitly,
such an order can be determined using the Magma function MaximalOrder.) As
Z-modules, we have

O(1)/O ∼= Z/2Z× Z/4Z.

Algorithm 2.4.3 gives

nrd(Ô×) = U(2)
2 ×∏

p 6=2
U(0)

p ,
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which means that the canonical field of definition of the canonical model J0(O)
of J(Γ) equals the non-trivial ray class extension Q4∞ = Q(i) of Q. However, if
we let

O′ = O + 2O(1),

thenO′ is an order with the property p2O(1) ⊂ O. We have studied such orders
locally in Proposition 2.3.2. In this case

O(1)/O′ ∼= Z/2Z× Z/2Z.

Moreover, Algorithm 6.1.7 shows that

[O(1)1 : O′1] = [O(1)1 : O1],

so in fact O′1 = O1. By Corollary 2.5.5, the fact (see Table A.2) that the common
index above equals 6 shows that we are in case (iv) of Proposition 2.3.2. The
unique order O′′ inbetween O′ and O(1) gives rise to a genus 0 Galois cover.

The elements of Γ normalize the order O = Z[Γ(2)], hence as we saw in
Lemma 3.3.4, the corresponding involutions of J0(O) can also be obtained by
conjugation with elements of B×. These global elements will normalize the
two-sided ideal 2O(1)2 of the unique local maximal order O(1)2 at 2, hence O′
as well by the local-global correspondence (Theorem 2.1.4). In other words, the
elements of Γ also normalize the order O′.

Therefore, by Lemma 3.3.4, a canonical model of J(Γ) can also be obtained
by taking a Z/2Z× Z/2Z Atkin-Lehner quotient of J0(O′), which will actually
be isomorphic to J0(O′) by Lemma 3.3.2. Since U(1)

2 U2
2 = Z×2 , Proposition 2.3.2

gives that nrd(Ô′×) = Ẑ×. As a result, the canonical model J0(O′) = J(O′) is
defined over Q∞ = Q.

By Theorem 3.1.6, we can narrow down the possibilities for J0(O′) to the 8
elliptic curves over Q with j-invariant 24133/32 having good reduction outside
the primes 2 and 3. The traces obtained from Algorithm 4.2.1 then give that the
canonical model J0(O′) is isomorphic to the elliptic curve

y2 = x3 − x2 − 4x + 4,

the strong Weil curve of conductor 24.

e2d1D14: One has 〈Γ(2), AB〉 = Z[Γ(2)]1, and the order Z[Γ(2)] is maximal.
By [GR06], the resulting canonical model of the Atkin-Lehner quotient X(Γ) is
given by the unique elliptic curve over Q with j-invariant 53113313/2376 and
conductor 14. An explicit equation is given by

y2 + xy + y = x3 − 36x− 70.

e2d5D4i: We know the value of j(J(Γ)) from Chapter 6. We will now realize
J(Γ) as an Atkin-Lehner quotient of a Jacobian of a Shimura curve.

Recall that Γ(2) generates a level p2
2 non-Eichler order O = Z[Γ(2)] with

norm 1 group Γ(2). The maximal order O(1) containing O has the property that
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pO(1) ⊂ O and O(1)/O ∼= (ZF/p2)2. Using Table A.2 and Corollary 2.5.5, we
see that we are in case (iv) of Proposition 2.3.2. Again, there is a unique level
p2 order O′ inbetween O and O(1), which gives rise to a degree 5 and genus 0
Galois cover of X(O(1)1).

Since p2 is even, we have U(1)
p2 U2

p2
= Z×F,p2

, hence nrd(Ô×) = Ẑ×F by Propo-
sition 2.4.2. Therefore Sh(O) is defined over F∞ = F. By Lemma 3.3.2 and
Lemma 3.3.4, a canonical model of J(Γ) can be constructed as a Z/2Z× Z/2Z
Atkin-Lehner quotient of J0(O) = J(O). As in the case e2d1D6ii, we see that
this implies that J0(O) is a canonical model of J(Γ).

The curve J0(O) has good reduction away from p2 by Theorem 3.1.6. There
are 8 twists over F with the j-invariant from Chapter 6 that have this property.
The traces from Algorithm 4.2.1 determine the correct twist: using the algebraic
integers α from Table A.1, it is given by

y2 = x3 + (α− 1)x2 + (−6α− 5)x + (−11α− 7),

which is isomorphic to its Gal(F|Q)-conjugate over F. However, this model
does not descend to Q. This is most easily seen by considering its trace of
Frobenius at the inert prime p3: this trace equals 2, which is not of the form
n2 − 2 · 3 with n an integer. The conductor of this curve equals p3

2.

e2d5D4ii: This case is rather special in that Γ(2) generates an order whose
norm 1 group contains the (1; 2)-group Γ but has signature (0; 2, 52) itself. It is
therefore more involved to obtain a canonical model of X(Γ) in this case, since
no order O suggests itself for which J(Γ) can be realized as an Atkin-Lehner
quotient of J0(O).

We know j(J(Γ)) from Chapter 6. It turns out that there are two twists over
F having conductor p2p

2
5 with this j-invariant. One of these two twists can be

obtained as the base extension of either of the elliptic curves

y2 + xy + y = x3 + 549x− 2202,

y2 + xy + y = x3 + x2 + 22x− 9

of conductor 50 over Q; the other is a p5-twist of this curve.
Considering Theorem 3.1.6, the preceding paragraph suggests that we can

obtain X(Γ) using a compact open group K ⊂ B̂× that is non-maximal at p5
only. Let O(1) be the maximal order generated by Γ(2), and consider the group

C = (ẐF + p5Ô(1))×.

It equals the core C(Ô(p5)×) for any level p5 Eichler order O(p5) contained in
O(1). We clearly have

nrd(C) = U2
p5
×∏

p-5
U(0)

p . (7.1)

The monodromy group M of the cover

Y0(O(p5)) −→ Y0(O(1))
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is isomorphic to PSL(2, F5) (cf. Remark (i) at the end of Section 6.1). It is isomor-
phic to the Galois group of the cover

Y0(C) −→ Y0(O(1)). (7.2)

Up to conjugation, the group M has a unique subgroup H of index 5. Calculat-
ing the action of the elliptic generators of G on G/H by using Algorithm 6.1.7,
we see that the cover of X(O(1)1) ∼= Y0(O(1)) corresponding to H by Theo-
rem 6.1.2 has ramification type ((2, 2, 1), (5), (5)).

But by Algorithm 6.1.4, there is a unique Belyı̆ map with this ramification
type. Consequently H corresponds to the cover X(Γ)→ X(O(1)1) that we cal-
culated in Chapter 6. In other words, the cover X(Γ)→ X(O(1)1) is the unique
degree 5 cover of X(O(1)1) that is a factorization of the Galois cover (7.2).

A calculation in the group

O(1)×p5
/Cp5

∼= PGL(2, F5)

shows that there is a unique index 5 subgroup K of Ô(1)× containing C. Corol-
lary 2.5.3 gives that the degree of the resulting cover

Y0(K) −→ Y0(O(1))

also equals 5. Hence X(Γ) ∼= Y0(K), realizing this arithmetic (1; e)-curve as a
Shimura curve. One verifies that this K contains an element whose norm in
ZF/p5 is not a square: considering (7.1), we therefore have nrd(K) = Ẑ×F .

We conclude that J(Γ) has a canonical model J0(K) = J(K) over FK =
F∞ = F. As in the previous case e2d5D4i, this model can be determined
up to isomorphism using Theorem 3.1.6 and Algorithm 4.2.1. However, our
implementation of Algorithm 4.2.1 in Section 4.2 is not immediately of use for
this case since K does not come from an order O. To remedy this, we wrote an
ad hoc program (to be found at [Sij10], as usual) that allows us to compute the
traces of Frobenius for this curve as well.

In the end, J0(K) is given by the p5-twist of the base extensions considered
above: in a Weierstrass equation, this is the curve

y2 + αxy + (α + 1)y = x3 + (α− 1)x2 + (−111α + 220)x + (−287α + 528).

e2d5D4iii: We have seen in Chapter 6 thatO(p3) = ZF[Γ(2)] is a level p3 Eichler
order with norm 1 group 〈Γ(2), A〉.

The curve J0(O(p3)) is canonically defined over F∞ = F. Using Theo-
rem 3.1.6, one finds that it has conductor p2p3. Along with the j-invariant from
Chapter 6, this determines J0(O(p3)) up to isomorphism. The corresponding
canonical model of J(Γ) is a Z/2Z Atkin-Lehner quotient of this curve. It is
explicitly given by

y2 + xy + y = x3 + (α− 1)x2 + (−45α− 28)x + (−847α− 524).
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The same argument as in the case e2d5D4i shows that this model is does not
descend to Q.

e2d8D2: We know j(J(Γ)) = 1728 from Chapter 6. If we let O be the or-
der ZF[〈Γ(2), AB〉], then we have O1 = 〈Γ(2), AB〉. Let O(1) be the maximal
order containing O. Then as a ZF-module, O(1)/O ∼= (ZF/p2

2)
2. Using Algo-

rithm 6.1.7, one can check that there are no orders O′ inbetween O and O(1)
with O′1 = O1. Nor can there be such orders with O1 = Γ, since the matrix A
does not correspond to an element of the quaternion algebra associated to Γ.
We therefore work with J0(O).

Algorithm 2.4.3 shows that

nrd(Ô×) = U(2)
p2 ×∏

p-p2

U(0)
p

We see that Fp2
2∞ = F(i) is the canonical field of definition of the elliptic curve

J0(O). By Lemma 3.3.4, there exists an Atkin-Lehner quotient of J0(O) that is a
model of J(Γ).

Using Theorem 3.1.6 along with the traces from Algorithm 4.2.1 as usual,
one shows that the canonical model of J(Γ) is the base extension of either of the
elliptic curves

y2 = x3 + x

y2 = x3 − x

over Q. Note that over F, these curves are isogenous, but not isomorphic. With-
out going into details, we mention that these two curves (and their analogues on
future occasions) correspond to the F-factors of the Jacobian J(O) constructed
in Theorem 4.4 of [Hid81], which result from a decomposition of the Hecke
module H in Algorithm 4.2.1 into 2 sub-Hecke modules of dimension 1.

e2d8D7i/ii: These two cases are conjugate (cf. Theorem 3.1.7): we treat the
first. If we let O = ZF[Γ(2)], then we have O1 = 〈Γ(2), B〉. There is a maximal
order O(1) containing O such that as ZF-modules O(1)/O ∼= (ZF/p2)2. Since
Algorithm 6.1.7 shows that [O(1)1 : O1] = 2, we see that we are in case (iii) of
Proposition 2.3.1. In particular, O is not Eichler, and there is no level p2 order
inbetween O(1) and O.

Proposition 2.3.1 shows that nrd(Ô×) = Ẑ×F . Therefore the canonical field of
definition of J0(O) = J(O) is given by F∞ = F. The curve J0(O) has a 2-isogeny

J0(O1) −→ J(Γ)

(cf. Lemma 3.3.2). This isogeny descends to F by Lemma 3.3.4. A search of X0(2)
using Algorithm 5.2.2 yields the candidate

y2 = x3 + αx2 + (−2α− 2)x + (−2α− 3)

for the isogeny class of the canonical model J0(O). It has conductor p2
2p7. If this

candidate curve is correct, then the canonical model J(Γ) is in the same isogeny
class.
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With the methods at our disposal, we cannot hope to calculate more than
an isogeny class in this case. Indeed, we cannot reconstruct the dual graph of
Sh(K) at p7 using Proposition 5.1.9 since we only implemented this for Eichler
orders as yet. The correctness of the candidate isogeny class given above is
discussed in the next section.

e2d12D2: This case and the next have a base field F with non-trivial narrow
class group.

We know that j(J(Γ)) = 0 from Chapter 6. Let O(p2) be as in that Chapter.
Then as in the case e2d5D4i, because p2 is even, we get that nrd(Ô(p2)×) = Ẑ×F
from Proposition 2.3.2. Since F∞ = F(i) 6= F, we have nrd(O(p2)×) = Z+

F 6=
Z×2

F by Proposition 2.4.2. Using Proposition 3.2.1, we see that

[PO(p2)+ : PO(p2)1] = 2.

As a result, the group O(p2)+ has signature (0; 23, 4). We therefore have to
choose groups N′ and K′ for K = Ô(p2)× as in (3.20) in order to obtain a
canonical (K′-)model J0(K′) of J(Γ) over F∞.

We first choose
N′ = U(2)

p2 ×∏
p-2

U(0)
p ,

which works because the representative α + 2 of the unique non-trivial coset
in Z+

F /Z×2
F is not congruent to 1 modulo p2

2 and Cl(p2
2∞) ∼= Cl(∞). The equali-

ties (4.11) and (4.13) are satisfied for the resulting group K′. Hence Sh(K′) has
two components over

FK′ = FÔ(p2)×
= F∞,

given by Sh+
0 (K′) and Sh−0 (K′), both of them defined over F∞ = F(i). By

construction, the Jacobian J0(K′) of the neutral component is a canonical model
of J(Γ). Now the narrow type number of K′ is equal to 1 by Proposition 2.6.1
and Proposition 3.1.4: indeed, since O(p2) is the unique level p2 suborder of
O(1), we have

N(K′) ⊃ N(Ô(p2)×) = N(Ô(p2)) = N(Ô(1)),

so we can use Proposition 2.6.2 to conclude. The canonical models J±0 (K′) of
J(Γ) are therefore isomorphic over FK, and the proof above shows that these
components will in fact be isomorphic for any choice of K′.

From Theorem 3.1.6, we see that J(K′) has good reduction away from p2.
Hence J0(K′) has good reduction outside p2ZF∞ . Using this information in
conjuction with the fact that j(J(Γ)) = 0 and the traces obtained from Algo-
rithm 4.2.1, we can determine the canonical model J0(K′). It is given by the base
extension to F∞ of the curve

y2 = x3 + αx2 + x + (3α− 5).
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This curve has conductor p4
2ZF∞ . It is F-isogenous and F∞-isomorphic, but not F-

isomorphic, to its Galois conjugate. As in the case e2d8D2, these two conjugate
curves correspond to factors of the Hecke module H in Algorithm 4.2.1.

Next we take N′ to equal the index 2 subgroup

N′ = U2
p3
×∏

p-3
U(0)

p

of ZF for the odd place p3. This time, we get that the corresponding canonical
model J0(K′) is the base extension to F∞ of either of the curves

y2 = x3 + 1

y2 = x3 − 1

over Q. These curves have conductor p2
2p

2
3ZF∞ . As above, these curves are

isogenous but not isomorphic over F, though they do become isomorphic over
F∞.

In particular, the results above show that the K′-model J0(K′) of J(Γ) may
indeed depend on the choice of K′. In some sense, though, one can get around
this non-uniqueness. The orders O = ZF[G] in Table A.2 other than ZF[Γ] all
satisfy

nrd(O×) = U2
p2
×∏

p-2
U(0)

p

by Algorithm 2.4.3. Therefore PO1 = PO+ for these orders, and we get J0(O)
as a canonical model of J(Γ). These choices all result in the same model as the
first choice of K′ above. Since this K′-model also has good reduction outside of
p2, which is as optimal as can be reasonably wished considering that we started
with a quaternion algebra B ramified at p2 (cf. Theorem 3.1.6), it is this canonical
model that we have used in the final Table A.3.

e2d12D3: The latter part of this case resembles the previous, except that the
dependency on K′ that we encountered there does not seem to occur.

We know j(J(Γ)) = 221933/3 from Chapter 6. We saw there that the group
Γ(2) generates a level p4

2 non-Eichler order O = ZF[Γ(2)] with O1 = Γ(2). There
is a maximal order O(1) containing O such that

O(1)/O ∼= (ZF/p2
2)

2

as ZF-modules. Algorithm 2.4.3 gives

nrd(Ô×) = U(2)
p2 ×∏

p-2
U(0)

p ,

which implies that PO+ = PO1 by Proposition 3.2.1. The curve J0(O) is defined
over Fp2

2∞ = F∞ = F(i).
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The traces resulting from Algorithm 4.2.1, along with Theorem 3.1.6, show
that J0(O) can be described as the base extension of either of the curves

y2 = x3 − x2 − 64x + 220,

y2 = x3 − 579x− 5362.

As in the previous case, the other component Sh−0 (O) of Sh(O) over F∞ is
isomorphic to Sh+

0 (O).
The two curves above are neither isomorphic nor isogenous over F: as

in the case e2d8D2, they correspond to the F-factors of J(O) constructed in
Theorem 4.4 of [Hid81]. Their common base extension to F∞ has conductor
p3

2p3ZF∞ . It is the unique curve over F∞ with the given j-invariant having this
conductor. In Table A.3 in the appendix, we have used this curve as a canonical
model of J(Γ).

We consider this case a bit further. There is a unique order O′ inbetween O and
O(1) such that

O(1)/O′ ∼= ZF/p2 × ZF/p2
2.

For this order, Algorithm 2.4.3 shows nrd(Ô′×) = Ẑ×F . This time we have

[PO′+ : PO′1] = 2.

To pass to PO′1, we have to choose a K′ for K = Ô′× as in (3.20).
As in the case e2d12D3, one checks that the matrices A and B normalize the

order O′, which implies that they correspond to elements of N(Ô′×) ⊂ N(K′)
(cf. the case e2d1D6ii). Therefore the curves J0(K′) are also canonical models of
J(Γ). For all K′ that we tried, we found the same traces, hence the same curve,
as above. We can recover the Ô×-model J0(O) above as a K′-model by taking
N′ in (3.20) to be non-maximal at p2.

Experimentally, therefore, the canonical models constructed above do not
seem to depend on the choice of K′, in contrast with the previous case. This
is not as simple to prove as in the case e2d21D4 below since J0(O′) is not an
elliptic curve (it has signature (0; 26)). This independency would in fact follow
if the K′-models J0(K′) were all isomorphic to their Gal(Q|Q)-conjugates, but
we have not been able to prove this fact either.

e2d13D4: The group Γ generates a maximal order O(1) = ZF[Γ] for which
Γ = O(1)1. The canonical model J0(O(1)) = J(O(1)) of J(Γ) is defined over
F∞ = F. Since the finite part D(B) f of the discriminant B is Gal(Q|Q)-invariant,
the discussion following Theorem 3.1.7 shows that

j(J0(O(1))) ∈ Q.

The extension F|Q is ramified above 13 only. Combining elementary properties
of twists with Theorem 3.1.6 therefore shows that J0(O) is an F-twist of an
elliptic curve over Q with good reduction outside 2 and 13 (or more precisely,
of an elliptic curve over Q whose conductor is of the form 2113i).
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Upon determining these curves by using either Cremona’s tables [Cre06]
or [CL07], it turns out that there are only two such twists whose traces of
Frobenius are equal to those given by Algorithm 4.2.1. Both of these twists have
conductor p2, so we cannot use Theorem 3.1.6 to decide which of the two is
correct. However, Proposition 5.1.9 gives the following dual graph for Sh(O(1))
at p2:

12 12

3

12

Therefore the valuation of j(J0(O(1))) at p2 equals 15 by Proposition 5.1.12.
This determines which of the two candidates above is isomorphic to J0(O(1)).
A minimal Weierstrass equation for the correct curve is given by

y2 + αxy + (α + 1)y = x3 + (−α− 1)x2 + (−75α− 100)x + (−433α− 566);

it has j-invariant −293413/215. Though isomorphic to its Galois conjugate,
J0(O(1)) does not descend to Q, as can be shown using the method first en-
countered in the case e2d5D4i.

e2d13D36: This case is completely analogous to the previous. The group Γ(2)

generates a maximal order O(1) = ZF[Γ(2)] for which Γ(2) = O(1)1. The canon-
ical model of J(Γ) over F∞ = F is given by J0(O(1)) = J(O(1)). Collecting
a list of candidates using Cremona’s tables and Algorithm 4.2.1, one ends up
with 4 candidates this time, all of conductor p2p3p

′
3.

By Proposition 5.1.9, the dual graphs of Sh(O(1)) at the primes dividing the
discriminant of B are given by

At p2 :

6 6

6 6

3

2

3

2 At p3 and p′3 : 2 2

1

1

The resulting valuations −10, −2, −2 at p2, p3, p′3 once more determine the
correct model. It is given by

y2 + (α + 1)xy + (α + 1)y = x3 + (16383α− 38230)x + (1551027α− 3576436).

Though isomorphic to its Galois conjugate, this curve does not descend to Q,
since the trace of Frobenius 22 at the inert prime p11 is not of the form n2− 2 · 11.

e2d17D2i/ii: These two cases are conjugate (cf. Theorem 3.1.7). We consider
the first. The level p′22 non-Eichler order O = ZF[〈Γ(2), AB〉] has norm 1 group
O1 = 〈Γ(2), AB〉. The index from Table A.2 shows that we are in case (iv) of
Proposition 2.3.1. Let O(p′2) be the unique level p′2 Eichler order inbetween O
and a maximal order O(1). This order exists by Proposition 2.3.1, which also
shows that we have O(p′2)

1 = O1.
We take the curve J0(O(p′2)) = J(O(p′2)), which is canonically defined

over F∞ = F, as a canonical model of J(O1). Using our implementation of
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Proposition 5.1.9, we see that the dual graph of this curve at p2 is of the form

2 2

1

2

Arguing as in the case e2d8D7, one shows that J0(O(p′2)) has a 2-isogeny.
A search on X0(2) using Algorithm 5.2.2, along with the traces from Algo-
rithm 4.2.1, returns a candidate C for J0(O(p′2)).

Taking isogenies of prime degree ≤ 50, we found two curves in the isogeny
class of C whose j-invariant has the correct valuation at p2: the next section will
prove that these are the only two such curves. They are given by the Q-curves

y2 + xy + αy = x3 + (−α + 1)x2 + (606α− 1553)x + (12977α− 33243)

and

y2 + xy + (α + 1)y = x3 + αx2 + (981α− 2517)x + (23628α− 60528).

The matrices A and B normalize the order O(p′2) as well as O. Therefore, using
Lemma 3.3.4, we see that a canonical model of J(Γ) can be recovered from the
correct model above as the codomain of a 2-isogeny over F coming from an
Atkin-Lehner involution. Fortunately, both curves have a unique such 2-isogeny,
and we end up with the same curve using either. It is described by the minimal
model

y2 + xy + (α + 1)y = x3 + αx2 + (61α− 157)x + (348α− 896).

e2d21D4: The narrow class group is non-trivial for this case. The maximal
order O(1) = ZF[Γ(2)] has O(1)1 = 〈Γ(2), B〉. The curve J0(O(1)) is canonically
defined over F∞ = F(w), where w = w−7 is a zero of the polynomial t2 − t + 2.
By Proposition 5.1.9, the dual graph of Sh(O(1)) at p2 is the following:

12 12

4

6

12 12

3

12

These graphs show that Sh0(O(1)) has genus 1 (by Proposition 5.1.6(ii)), hence
O(1)+ has signature (1; 2). Consequently PO(1)+ = PΓ. The connected compo-
nents of Sh(O(1)) are given by Sh+

0 (O(1)) and Sh−0 (O(1)) since the hypothe-
ses (4.11) and (4.13) hold for K = Ô(1)×. We therefore use the curves J±0 (O(1))
as canonical models of J±(Γ).

Let K′ be as in (3.20). Then the inclusion K′ ⊂ Ô(1)× gives rise to a 2-isogeny

J0(K′) −→ J0(O(1))

over F∞. Therefore we searched X0(2)(F∞) using Algorithm 5.2.2 in combina-
tion with Algorithm 4.2.1. There turns out to be a point in

X0(2)(Q(w)) ⊂ X0(2)(F∞)
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that gives rise to the correct traces of Frobenius up to a minus sign and for
which the corresponding j-invariant has valuation −15 and −10 at the primes
of Q(w) above 2. A corresponding elliptic curve over Q(w) is given by

y2 + xy + wy = x3 − x2 + (−554w + 1740)x + (−14641w− 9374).

This curve has conductor p2p
′
2p

2
3 over Q(w), but it cannot be twisted over Q(w)

to have good reduction at p3. However, it does have a twist of conductor
p2p
′
2ZF∞ over F∞, which we take as a candidate equation for J0(O(1)).
Using isogenies of prime degree ≤ 50, we encountered 8 curves in the

isogeny class of the candidate above. The curves whose j-invariant has valua-
tion in {−15,−10} are exactly given by this twist and its Gal(F∞|F)-conjugate.
Hence if we assume that these 8 curves constitute the full F∞-isogeny class of
J0(O(1)), then we can conclude that the candidate curve above and its conjugate
give canonical models of J±(Γ).

We discuss the correctness of this isogeny class in the next section. For now,
we note that it satisfies the demands of Theorem 3.1.6, Algorithm 4.2.1 and
Proposition 3.1.5.

Finally, we remark that assuming the correctness of this candidate model, the
canonical K′-models J0(K′) of J(O(1)1) resulting from a choice of K′ as in (3.20)
are all isomorphic. Indeed, we saw that there are 2-isogenies J0(K′)→ J0(O(1))
over FK. But J0(O(1)) has only one such isogeny. Therefore the model J0(K′) is
the same curve in all cases.

e2d24D3: Once more, the narrow class group of F is non-trivial. Γ(2) generates
a level p2

2 orderO = ZF[Γ(2)] for whichO1 = Γ(2). LetO(1) be an order contain-
ing O. Table A.3 shows that [O(1)1 : O1] = 2. This means that we are in case
(iii) of Proposition 2.3.1. Consequently nrd(Ô×) equals Z×F . Proposition 3.2.1
shows that PO+ contains PO1 as a subgroup of index 2. Much of the reasoning
that follows runs parallel to the previous case.

The signature of the group O+ was calculated by John Voight and equals
(1; 22). The canonical field of definition of the connected components Sh±0 (O) of
Sh(O) equals F∞ = F(w), where w = w−2. Lemma 3.3.4 shows that canonical
models of J±(Γ) can be found by taking suitable Atkin-Lehner quotients of the
curves J±0 (O).

Because the narrow type number of O equals 2 in this case as well as the
previous, we cannot use Theorem 3.1.7 to conclude that j(J0(O)) is rational even
though the level and discriminant are both Galois invariant. Indeed, though
the curve Y(O) is isomorphic to its complex conjugate by Theorem 3.1.7, its
components Y±0 (O) need not be isomorphic to theirs.

Since the order O is not Eichler, we also cannot reconstruct the dual graph
of Sh(K) at p3. As in the case e2d8D7, we therefore settle for determining the
isogeny class of J0(O).

The curve J0(O) has a 2-isogeny over F∞ coming from the Atkin-Lehner quo-
tient of J0(O) realizing the model of J(Γ). Searching X0(2)(F∞) by combining
Algorithm 5.2.2 and Algorithm 4.2.1, we end up with a point in

X0(2)(Q(w)) ⊂ X0(2)(F∞)
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corresponding to the curve

y2 + wxy + wy = x3 + (w + 1)x2 + (3w + 4)x + (2w + 4).

It has non-rational j-invariant and conductor p2
2p3p

′2
3 over Q(w) and is therefore

neither isomorphic nor isogenous to its Gal(Q(w)|Q)-conjugate. Moreover,
this curve has no Q(w)-twist having multiplicative reduction at p′3. The base
extension of this curve to F∞ has conductor p2

2p3p
′
3 and is F∞-isogenous its

Gal(F∞|F)-conjugate, in line with Proposition 3.1.5.
As in the previous case, we conjecture that the isogeny class of the canonical

models of the curves J±(Γ) is represented by the model above. Again we refer
to the next section for a discussion on how to prove this claim.

e2d33D12: This case resembles the previous, the major difference being that
Proposition 5.1.12 and Theorem 3.1.7 do give us useful information in this case,
which allows us to determine the canonical model up to isomorphism.

The group Γ(2) generates a maximal order O(1) = ZF[Γ(2)] whose norm 1
group is given by O(1)1 = Γ(2). Consider the Shimura curve Sh(O(1)). From
Proposition 5.1.9, we get the following dual graphs for this curve:

At p2 and p′2 : twice 2 2

1

2

At p3 : twice
6 6

12 12

6

63 3

Proposition 5.1.6(ii) therefore shows that the group O(1)+ has genus 1, hence
signature (1; 22), and Proposition 5.1.12 yields that the j-invariants of the Ja-
cobians J±0 (O(1)) have valuations 3 and 12 at the primes of F∞ over 2 and 3,
respectively. We can also apply Theorem 3.1.7: since the narrow type number
equals 1 by Proposition 2.6.2(ii), we can conclude that

j(J0(O(1))) ∈ Q

by Galois invariance of the discriminant of B and the level of O(1).
The canonical model J0(O(1)) is defined over F∞ = F(w−3). Using the same

technique as in the case e2d13D4, we find that J0(O(1)) is the base extension of
the curve

y2 + xy = x3 + (α + 1)x2 + (347α− 1164)x + (−6063α + 20448)

over F, which has conductor p2p
′
2p3. As in the case e2d8D2, the fact that the

canonical model descends to F follows from Theorem 4.4 in [Hid81] and the
Hecke operators from Algorithm 4.2.1.

The curve above is not isogenous to its Gal(F|Q)-conjugate over F, but over
F∞, these conjugates become isomorphic: this again follows from the triviality
of the narrow type number, which implies that the Jacobians J±0 (O(1)) are
isomorphic over F∞.

As usual, by Lemma 3.3.4, we can construct a canonical model of J(Γ) by
taking an Atkin-Lehner quotient of J0(O(1)). This quotient will be given by a
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2-isogeny over F∞. Fortunately, J0(O(1)) has only one such isogeny (which in
fact descends to F), resulting in a canonical model of J(Γ) that can be described
as the base extension of either the curve

y2 + xy = x3 + (α + 1)x2 + (27α− 84)x + (−63α + 216)

or its Gal(F|Q)-conjugate.
Arguing as in the previous case, one shows that the canonical models of

J(O(1)1) obtained by choosing a K′ as in (3.20) do not depend on the particular
choice of K′.

e2d49D56: This is similar to the case e2d13D4. Γ(2) generates a maximal order
O(1) = ZF[Γ(2)] of B whose norm 1 group is given by O(1)1 = 〈Γ(2), A〉. We
can obtain a canonical model of J(Γ) by taking an Atkin-Lehner quotient of
J0(O) = J(O), which is defined over F = F∞.

Theorem 3.1.7 shows that

j(J0(O(1))) ∈ Q.

Harvesting a list of candidates as in the case e2d13D4, we end up with 6
curves, all of which descend to Q. The dual graphs of Sh(O) obtained from
Proposition 5.1.9 are as follows:

At p2 : 14 14

2

7

At p7 : 12 12

3

3

This determines the canonical model J0(O(1)): it is given by

y2 + xy + y = x3 − 2731x− 55146.

Being an Atkin-Lehner quotient, the canonical model of J(Γ) is 2-isogenous
over F to the curve above. Fortunately, there is a unique non-trivial 2-torsion
point on J0(O(1)). Therefore, as in the previous case, we can conclude that this
canonical model is given by

y2 + xy + y = x3 − 171x− 874.

This is the unique curve over F of j-invariant 5316373/2187 with conductor p2p7.
The isogeny in question in fact descends to Q.

e2d81D1: We can reason as in the case e2d5D4iii. We get the canonical model

y2 + xy + y = x3 − x2 − 95x− 697

of conductor p2.

e2d148D1i/ii/iii: These three cases are conjugate (cf. Theorem 3.1.7). We calcu-
late the first one. As in the case e2d8D7, we cannot hope to determine more
than the isogeny class of the canonical model.
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Let O = ZF[〈Γ(2), AB〉]. This order is of level p4
2. Its norm 1 group O1 is

given by 〈Γ(2), AB〉. There exists a maximal orderO(1) containingO, for which

O(1)/O ∼= (ZF/p2
2)

2

as ZF-modules. Additionally, there exists a unique order O′ inbetween O and
O(1) for which

O(1)/O′ ∼= ZF/p2 × ZF/p2
2.

Algorithm 2.4.3 gives that nrd(Ô′×) = Ẑ×F . Moreover, an application of Al-
gorithm 6.1.7 gives O′1 = O1. Note that though the index [O(1)1 : O1] = 6
suggests thatO1 in fact comes from a level p2

2 Eichler order, Table 4.3 in [Voi09b]
shows that this cannot be the case.

We therefore consider the canonical model J0(O′) = J(O′), which is defined
over F∞ = F. As in the case e2d12D3, we see that a canonical model of J(Γ)
can be obtained as an Atkin-Lehner quotient of this curve. We search X0(2)
by combining Algorithm 5.2.2 and Algorithm 4.2.1 as usual, ending up with a
candidate curve E with

j(E) = 26(−41α2 + 24α + 141)

and conductor p3
2.

e2d229D8: These three cases are conjugate (cf. Theorem 3.1.7): we take the first.
The order O(1) = ZF[Γ(2)] is maximal, and O(1)1 = 〈Γ(2), AB〉. Consider the
Shimura curve Sh(O(1)). From Proposition 5.1.9, we get the following dual
graphs for this curve:

At p2 : twice 4 4

2

4

At p′2 : twice 12 12

3

12

Using Proposition 5.1.6, we conclude that the group O(1)+ has signature (1; 2).
As in the case e2d33D12, we see that the components of Sh(O(1)) over the
degree 2 extension F∞ of F are isomorphic: both give the same canonical model
J0(O(1)) of J(Γ).

As for the case e2d21D4, we see that J0(O(1)) has a 2-isogeny over F∞, and
as in the case e2d8D2, the Hecke operators from Algorithm 4.2.1, along with
Theorem 4.4 in [Hid81], show that J0(O(1)) is defined over F. We therefore
searched X0(2)(F) using Algorithm 5.2.2 instead of the larger set X0(2)(F∞).
This gives rise to two candidates, one for each isogeny factor of J(O(1)). Both
have j-invariant

(n2α2 + n1α + n2)/215,

where

n2 = 24628729701449988584212043,
n1 = 52087486182589166202672597,
n0 = 11645298538324182916131980.
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Their conductors both equal p2p
′
2, and they become isomorphic over F∞.

e2d725D16i/ii: These two cases are conjugate (cf. Theorem 3.1.7). We take
the first. The group Γ generates a maximal order O(1) = ZF[Γ] and we have
Γ = O(1)1. We consider the canonical model J0(O(1)) = J(O(1)) of J(Γ). It
is defined over F∞ = F. The dual graph of Sh(O(1)) at p17 can be calculated
using our implementation of Proposition 5.1.9. It is given by

60 60

5

12

The traces obtained using Algorithm 4.2.1 suggest that though J0(O(1))[2](F)
is empty, J0(O(1)) has a 17-isogeny.

Browsing through the F-points of the elliptic curve X0(17) using Algo-
rithm 5.2.2, we ended up with a candidate for J0(O(1)), whose conductor duly
equals p2 (cf. Theorem 3.1.6). It is an F-twist of the curve

y2 + xy + w5y = x3 + x2 + (447w5 − 4152)x + (−85116w5 + 59004)

over Q(w5) ⊂ F. The base extension of the equation above to F has additive
reduction at the prime p29 over 29 ramifying in the extension F|Q(w5), which
can be removed upon twisting to yield a candidate model. As in the case
e2d5D4i, one shows that J0(O(1)) does not descend to a subfield of F.

As mentioned before, we will consider methods to prove correctness of this
candidate in the next section. For now, we remark that we indeed have

j(J0(O(1))) ∈ Q(w5) ( F.

Indeed, p2 is the only prime above 2 in F, and F has trivial narrow class group.
Combining Theorem 3.1.7 with Proposition 3.1.1(i) then shows that j(J0(O(1)))
is invariant under all automorphisms of F. But the fixed field of Aut(F) equals
Q(w5).

e2d1125D16: The narrow class group of F is non-trivial in this case. The
group Γ(2) generates a maximal order O(1) = ZF[Γ(2)] for which O(1)1 =
〈Γ(2), B〉. Consider Sh(O(1)). At p2, this curve has the following dual graph by
Proposition 5.1.9:

60 60

5

12

60 60

4

30

Therefore, as in the case e2d21D4, the group O(1)+ has signature (1; 2), and the
Jacobians J±0 (O(1)) arising from the two connected components Sh±0 (O(1)) of
Sh(O(1)) over F∞ give rise to canonical models of the curves J±(Γ). Explicitly,
we have F∞ = F(w), where w = w−15.

Poring over the traces from Algorithm 4.2.1, one suspects that J0(O(1)) has
a 17-isogeny. Searching through the subset

X0(17)(Q(w)) ⊂ X0(17)(F∞),



7.1. The models 131

Algorithm 5.2.2 finds a candidate curve whose j-invariant equals

(53184785340479w− 30252086554835)/234

and whose conductor equals p2ZF∞ . As in the case e2d5D4i, one shows that this
curve does not descend to Q(w). The Gal(F∞|F)-conjugate of this curve gives a
candidate model of J−0 (O(1)).

Assuming the correctness of the models above (for which see the next sec-
tion), we see as in the case e2d21D4 that the canonical models J±0 (K′) resulting
from a choice of K′ in (3.20) for K = Ô(1)× are in fact independent of this choice.
Moreover, there exists an isomorphism J(K′) ∼= J(O) over F. This is possible
because the two models above differ by a 2-isogeny over F∞.

e3d1D6i: We can reason in analogy with the case e2d1D6i. The group Γ(2)

generates a level 7 Eichler order O(7) of B whose norm 1 group O(7)1 is given
by Γ(2). The canonical model of J(Γ) over Q = Q∞ is therefore isomorphic to
the Jacobian J0(O(7)) = J(O(7)). From [Elk98] and [GR06], we get the explicit
equation

y2 + xy + y = x3 + x2 − 104x + 101.

e3d1D6ii: We know j(J(Γ)) from Chapter 6. The order O = Z[Γ(2)] is of level 4
and has O1 = 〈Γ(2), AB〉. Let O(1) be the maximal order containing O. Then
one calculates that O(1)/O ∼= (Z/2Z)2 as Z-modules. Algorithm 6.1.7 shows
that we have [O(1)1 : O1] = 4, hence we are in case (iii) of Proposition 2.3.2. In
particular, there is no level 2 order inbetweenO andO(1). Since nrd(Ô×) = Ẑ×

by Proposition 2.3.2 again, the canonical model J0(O) = J(O) of J(O1) is
defined over Q∞ = Q: as usual, we can conclude that there is an Atkin-Lehner
quotient of J0(O) giving a canonical model of J(Γ) by invoking Lemma 3.3.4.

Using Theorem 3.1.6 and Algorithm 4.2.1, we conclude that this canonical
model of J(Γ) is given by

y2 = x3 − x2 + 16x− 180,

the unique elliptic curve over Q with j-invariant 21473/38 and conductor 24.

e3d1D10: The group Γ(2) generates a level 32 order O = Z[Γ(2)] for which
O1 = Γ(2). There exists a maximal order O(1) containing O such that one has
O(1)/O ∼= (Z/3Z)2. Since the index [O(1)1 : O1] equals 4 by Algorithm 6.1.7,
we see that we are in case (iv) of Proposition 2.3.1. We also get that O1 = O(3)1

for the unique level 3 Eichler order inbetween O and O(1).
As in the case e2d12D3, we see that we can take J0(O(3)) = J(O(3)) as

a canonical model of J(Γ); it is defined over Q∞ = Q. This Jacobian was
determined in [GR06] and [Elk98]: it is explicitly given by

y2 + xy + y = x3 − 19x + 26.

e3d1D15: We can reason in analogy with the case e2d1D6i. The group 〈Γ(2), B〉
generates a maximal order O(1) of B whose norm 1 group O(1)1 is given
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by 〈Γ(2), B〉. Therefore we can obtain a canonical model of J(Γ) by taking an
Atkin-Lehner quotient of J0(O(1)) = J(O(1)). This model can be calculated
using [GR06]: it is explicitly given by

y2 + xy + y = x3 + x2 − 135x− 660.

e3d5D5: There is a completely analogy between the case e2d5D4iii and the
current one. Γ(2) generates an Eichler order O(p3) = ZF[Γ(2)] of level p3 and
with norm 1 group O(p3)1 = 〈Γ(2), A〉. As usual, Lemma 3.3.4 shows that a
canonical model of J(Γ) is given by an Atkin-Lehner quotient of J0(O(p3)) =
J(O(p3)), which is canonically defined over F∞ = F. An explicit equation is
given by

y2 + xy + y = x3 + x2 − 110x− 880.

The corresponding curve duly has conductor p3p5 (cf. Theorem 3.1.6).

e3d5D9: This analogous to the case e2d5D4iii. We get the canonical model

y2 + xy + y = x3 + (α− 1)x2 + (−45α− 28)x + (−847α− 524).

of conductor p2p3. The same argument as in the case e2d5D4i shows that this
model does not descend to Q.

e3d8D9: Using the maximal order O(1) = ZF[Γ], whose norm 1 group equals
Γ, this case is completely analogous to the case e2d13D4. Proposition 5.1.9
shows that the dual graph of Sh(O(1)) at p3 is given by

24 24

4

6

The canonical model J0(O) = J(O) has equation

y2 = x3 + (−2α− 4)x2 + (−154α− 231)x + (−1064α− 1520).

As in the case e2d5D4i, we see that J0(O) does not descend to Q.

e3d12D3: The narrow class group is non-trivial in this case, which is analogous
to the case e2d12D2. We know j(J(Γ)) = 1728 from Chapter 6. The group Γ
generates a level p3 non-Eichler order O(p3) = ZF[Γ]. Proposition 2.3.2 shows
that

nrd(Ô(p3)×) = U2
p3
×∏

p-3
U(0)

p = U(1)
p3 ×∏

p-3
U(0)

p .

Let κ(p3) be the residue field ZF/p3. Since

Ker(Z+
F −→ κ(p3)×/κ(p3)×2) = Z×2

F ,

we have PO(p3)+ = PO(p3)1 by Proposition 3.2.1. This means that we do not
have to choose an N′ as in Lemma 3.2.3 to construct a canonical model of J(Γ):
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we can simply take the Jacobian of one of the two components Sh±0 (O(p3)) of
Sh(O(p3)).

The curve J0(O(p3)) has canonical field of definition Fp3∞ = F∞ = F(i): in-
deed, since p3 is non-trivial in the narrow class group, the proof of Lemma 3.2.3
shows that the projection map Cl(p3∞)→ Cl(∞) is an isomorphism. As for the
case e2d12D2, we see that the elliptic curves J±0 (O(p3)) are isomorphic over F∞.

Combining Theorem 3.1.6 and Algorithm 4.2.1, we can determine the curve
J0(O(p3)). It is the base extension to F∞ of

y2 + (α + 1)xy + αy = x3 + (α− 1)x2.

This curve has conductor p2
3. It is isogenous but not isomorphic to its Gal(F|Q)-

conjugate (cf. Theorem 4.4 in [Hid81]): over F∞, these curves become isomorphic,
as can also be deduced from Theorem 3.1.7 using triviality of the narrow type
number. Both of these base extensions have conductor p2

3 over F∞.

e3d13D3i/ii: We take the first of these two cases, which are conjugate by The-
orem 3.1.7. Γ(2) generates a level p′23 non-Eichler order O = ZF[Γ(2)] such that
O1 = 〈Γ(2), AB〉. The index in Table A.2 shows that we are in case (iv) of Propo-
sition 2.3.1. As for the case e3d1D10, we see that there is a level p′3 Eichler order
O(p′3) inbetween O(1) and O for which O(p′3)

1 = O1.
We use J0(O(p′3)) = J(O(p′3)) as a canonical model of J(O1). It is defined

over F∞ = F, and a canonical model of J(Γ) can be obtained by taking a suitable
Atkin-Lehner quotient. Proposition 5.1.9 gives the following dual graph at p3:

3 3

1

3

The usual search of X0(2) gives the candidate curve

y2 + xy + y = x3 + x2 + (−190α− 248)x + (1303α + 1697)

of conductor p3p
′
3 as a canonical model of J(O1). This curve is isogenous to its

Gal(F|Q)-conjugate, but it does not descend to Q, since its j-invariant is not
rational.

Using prime isogenies of degree ≤ 50, we found 12 elliptic curves in the
isogeny class of the candidate curve above. The next section will show how to
prove that this is indeed the full isogeny class of J0(O(p′3)).

It remains to recover the corresponding canonical model of J(Γ). Although
we could use Proposition 5.1.10 for this, we can also conclude by an ad hoc ar-
gument. Indeed, the graph above has 2 non-trivial automorphisms, only one of
which gives rise to a genus 1 quotient graph, namely the unique automorphism
that fixes the vertices. The corresponding dual graph is

6 6

2

6
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By Proposition 5.1.10, we see that in fact

J(Γ) ∼= J0(O(p′3))/w(p3).

There is a unique curve that is 2-isogenous to J0(O(p′3)) and whose j-invariant
has valuation −8 at p3. This curve yields a canonical model of J(Γ). It is given
by

y2 + xy + y = x3 + x2 + (495α + 637)x + (9261α + 12053).

e3d17D36: We are in a similar situation as in the case e2d13D4. Γ(2) generates
a maximal order O whose norm 1 group O1 is given by Γ(2). Therefore we
can take J0(O) = J(O) as a canonical model of J(Γ): it has field of definition
F∞ = F.

By Theorem 3.1.7, j(J0(O)) is rational. Using Cremona’s tables and Algo-
rithm 4.2.1, we end up with 4 isogenous candidates. Proposition 5.1.9 gives the
following dual graphs:

At p2 and p′2 :
1 1

3 3

1

11 1 At p3 :

12 12

12 12

3

2

3

2

These graphs determine the correct curve: it is given by

y2 + xy + αy = x3 − αx2 + (−19694α− 30770)x + (−2145537α− 3350412).

and has conductor p2p
′
2p3. As for the case e2d5D4i, one proves that this curve

does not descend to Q.

e3d21D3: The group Γ(2), AB〉 is the norm 1 group of the level p3 non-Eichler
order O(p3) = ZF[〈Γ(2), AB〉]. We see from Proposition 2.3.2 that

nrd(Ô(p3)×) = U2
p3
×∏

p-3
U(0)

p = U(1)
p3 ×∏

p-3
U(0)

p .

A canonical model of J(Γ) can be constructed by taking an Atkin-Lehner quo-
tient of J0(O(p3)). The ray class extension

F ( F∞ = F(
√
−3) ( Fp3∞.

of F∞ over which J0(O(p3)) is canonically defined is non-trivial.
Proposition 3.2.1 shows that by the same token, we have

[PO(p3)+ : PO(p3)1] = 2.

The group O(p3)+ has signature (0; 23, 3): as for the case e2d24D3, this was
calculated by John Voight. To construct a canonical model of J(O(p3)1), we
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therefore have to choose groups N′ and K′ as in (3.20) for K = Ô(p3)×. As in
the case e2d12D2, we get

N(K′) ⊃ N(Ô(p3)×) = N(Ô(1)×),

and Proposition 2.6.2 then gives that the narrow type number of K′ equals 1.
Therefore the 4 components of Sh(K′) over FK′ = Fp3∞ are isomorphic.

We can say more. The discriminant of B and the level p3 of O(p3) are Galois
invariant. If we therefore choose the prime at which N′ is non-maximal to be
Galois invariant as well (taking N′ to be non-maximal at the prime p2 above 2,
for example), then Theorem 3.1.7 shows that

j(J0(K′)) ∈ Q.

Note that this conclusion is true regardless of the choice of N′, since the geo-
metric components of Sh0(K′) are independent of the choice of N′ (cf. Proposi-
tion 3.2.4).

For an explicit calculation of a canonical model J0(K′), we take N′ to be
non-maximal at p2. Proceeding as in the case e2d13D4, we get that the isogeny
class of J0(K′) is then given by the unique twist of conductor p2

3 over Fp3∞ of
the elliptic curve

y2 + xy = x3 − x2 − 2x− 1.

over Q. This twist descends to the subfields of F of discriminant −1323, but
the usual argument as in the case e2d5D4i shows that a further descent is not
possible.

A priori, the model of J(O(p3)1) obtained above depends on the choice of
N′ in Lemma 3.2.3 and the resulting group K′ from (3.20). However, the fact
that there is no factor p2 in the conductor above leads one to suspect that the
model is independent of the choice of N′. Experimentally, this is true, but as in
the case e2d12D3, we have not been able to prove this fact. We have used the
canonical model above in Table A.3.

e3d28D18: Γ(2) generates a maximal order O(1) = ZF[Γ(2)] with norm 1 group
given by O(1)1 = Γ(2). Proposition 5.1.9 gives the following dual graphs for
Sh(O(1)):

At p2: twice 6 4 4 4 4 6

4

4

2 4 4 2

At p3 and p′3: twice 3 3

1

3

As in the case e2d21D4, we conclude that O(1)+ has signature (1; 3, 3). The
canonical model J0(O(1)) is defined over F∞ = F(i). We also take

N′ = U(1)
p3 ×∏

p-p3

U(0)
p
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in Lemma 3.2.3 and let K′ be as in (3.20) for K = Ô(1)×. A canonical model
of J(Γ) is then given by J0(K′). As in the case e2d21D4, this model does not
depend on the choice of N′.

Since the narrow type number of O(1) equals 1 (cf. Proposition 2.6.2), we
see that the components of Sh(O(1)) are isomorphic over F∞. Moreover, since
the discriminant of B is Galois invariant, Theorem 3.1.7 gives that

j(J0(O(1))) ∈ Q.

We can therefore proceed as in the case e2d13D4. Assisted by the dual graph
above we obtain that J0(O(1)) is the unique twist of conductor p2p

′
2p3p

′
3 over

F∞ of either of the elliptic curves

y2 + xy = x3 + x2 + 122x− 10940

y2 + xy + y = x3 + 2x + 32

over Q with conductor 213172. As suggested by Theorem 4.4 in [Hid81], this
twist has two models over F with conductor p2p3p

′
3. They are given by

y2 + αxy + (α + 1)y = x3 + (−α− 1)x2 + (16α + 44)x + (1312α + 3472)

and its conjugate.
The canonical model J0(K′) is 2-isogenous over F∞ to the model J0(O(1))

given above. This does not quite determine J0(K′), as J0(O(1)) has full 2-torsion
over F∞. However, Proposition 5.1.11 enables us to calculate the dual graphs of
Sh(K′). These are given by

At p2: twice

6

6

2 2 2 2

6

62

2
ooooo 2

OOOO
O 2

2 2

OOOO
O

2

ooooo
2

At p3 and p′3: twice

3 3

3 3

1

3

1

3

Only one 2-isogeny from J0(O(1)) then results in the correct valuations. This
determines the canonical model J0(K′) of J(Γ): it can be described as the base
extension of

y2 + αxy + (α + 1)y = x3 + (−α− 1)x2 + (−944α− 2496)x + (25532α + 67552)

or of its Gal(F|Q)-conjugate. The familiar argument from the case e2d5D4i
shows that, though isomorphic to its Galois conjugate, J0(K′) does not descend
to Q.

e3d49D1: This is analogous to the case e2d81D1. Γ(2) generates a level p3 Eichler
order O(p3) whose norm 1 group O1 is given by Γ. We take J0(O) = J(O) as
a canonical model of J(Γ). The usual methods yield that this curve is in the
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base extension of the Q-isogeny class 147B in Cremona’s tables. The calculation
of the corresponding Belyı̆ map in Chapter 6 would determine J0(O) up to
isomorphism.

e3d81D1: We know that j(J(Γ)) = 0 from Chapter 6. Let O = ZF[Γ]. This is a
level p3

3 non-Eichler order for which O1 = Γ. There exists a maximal order O(1)
containing O such that

O(1)/O ∼= ZF/p3 × ZF/p2
3

as ZF-modules. We verified that there is no order inbetweenO andO(1) whose
norm 1 group has genus 1 (which can also be deduced using Proposition 2.3.1).
Therefore we take the curves J±0 (O) as a canonical models of J±(Γ).

Algorithm 2.4.3 gives that

nrd(Ô×) = U(1)
p3 ×∏

p-3
U(0)

p ,

The corresponding ray class field extension Fp3∞ = F(
√
−3) is the canonical

field of definition for J0(O). Performing the calculations as for the case e2d5D4i,
we obtain that the curve with Weierstrass equation

y2 + y = x3 − 7

is the only twist over Fp3∞ (of conductor p3
3) whose traces agree with those ob-

tained using Algorithm 4.2.1. Therefore both J+0 (O) and J−0 (O) are isomorphic
to this elliptic curve.

e4d8D2i/iii: We already encountered these two conjugate cases in Chapter 6,
where we failed to calculate them. Consider the first case. Using the or-
der O(p17) mentioned in Chapter 6, we get a canonical model J0(O(p17)) of
J(O(p17)1) = J(〈Γ(2), A〉). A canonical model of J(Γ) can then be obtained as
an Atkin-Lehner quotient of this curve.

The curve J0(O(p17)) = J(O(p17)) has canonical field of definition F∞ = F.
Proposition 5.1.9 gives the following dual graph at p2:

2 2

4 4

1

2

4

2

Performing the usual search of X0(2), we obtain the candidate curve

y2 + xy = x3 + (α− 1)x2 + (−598α− 851)x + (−9648α− 13635).

There is a unique curve over F that is 2-isogenous to this curve. Assuming the
correctness of the candidate above, this is then the canonical model of J(Γ). It is
given by

y2 + xy = x3 + (α− 1)x2 + (−38α− 51)x + (−160α− 227).
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e4d8D2ii: Like the case e2d5D4ii, this case is special: here, too, the order
O(1) = ZF[Γ(2)] is maximal, and we have a non-trivial inclusion Γ ( O(1)1.
We know j(J(Γ)) from Chapter 6. Moreover, we have

F(j(J(Γ))) = F(i) = Fp2
2∞.

We see that to obtain a canonical model, we need to pass to the non-trivial ray
class field Fp2

2∞ at least. Over that field, there is a model with conductor p2p
3
3.

It follows from the definitions in (2.4) (cf. Remark (i) at the end of Section 6.1)
that the neutral component of a curve Sh(K) coming from a compact open
subgroup K of B̂× is contained in the Galois closure of a cover

X(O1) −→ X(O(1)1)

arising from a suborder O of O(1). Motivated by the conductor above, we have
tried orders O of level N = pi

2p
j
3 with i and j small, and proceeded as for the

case e2d5D4ii. Yet we failed to obtain the cover X(Γ)→ X(O(1)1) as a subcover
of the resulting Galois closures, and hence also failed to find a canonical model
of X(Γ). We conjecture that the group Γ ⊂ O(1)1 is not congruence.

e4d8D7i/ii: We take the first of these two conjugate cases. The group Γ(2)

generates a level p4
2 non-Eichler order O = ZF[Γ(2)] whose norm 1 group is

given by Γ(2). There exists a maximal order O(1) containing O such that

O(1)/O ∼= (ZF/p2
2)

2.

Moreover, there exists a unique level p3
2 order O′ inbetween O and O(1) such

that
O(1)/O ∼= ZF/p2 × ZF/p2

2

and O′1 = O1. Algorithm 2.4.3 gives nrd(Ô′×) = Ẑ×F . We consider J0(O′) =
J(O′): arguing as in the case e2d12D3, we see that this curve gives a canonical
model of J(Γ) defined over F∞ = F.

The rest of this case is completely analogous to the case e2d8D7. We get the
candidate

y2 + αxy + αy = x3 + αx2 + (−10α− 17)x + (−31α− 44).

of conductor p3
2p7.

e4d8D98: There is a complete analogy between the case e2d13D4 and the
current one. We get the dual graphs

At p2 :
4 2 2 4

4 2 2 4

2 1 2

2 1 2

2 2 At p7 and p′7 : 4 4

1

1
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and a canonical model

y2 + xy + y = x3 − 2731x− 55146

of J(Γ).

e4d2304D2: This is completely analogous to the case e2d12D2. Working with
O(p2) = ZF[Γ] and choosing

N′ = U(2)
p2 ×∏

p-p2

U(0)
p

in (3.20) for K = Ô(p2)× yields the model given by the base extension of both

y2 = x3 + w3x2 + x + (3w3 + 5)

and its conjugate. These curves have conductor p4
2 over F∞, and do not descend

to Q.
Choosing a different N′ results in a different canonical K′-model. However,

the other orders O in Table A.2 all have

nrd(Ô×) = U(2)
p2 ×∏

p-2
U(0)

p ,

and the corresponding canonical models J0(O) are all isomorphic to the one
determined above. Therefore, as in the case e2d12D2, we have chosen this as a
canonical model in Table A.3.

e4d2624D4i/ii: We reason in analogy with the case e2d725D16. At p2, the dual
graph of the canonical model J0(O) = J(O) of J(Γ) is given by

24 24

12 12

8

3

12 12

Spurred on by the traces from from Algorithm 4.2.1 and Theorem 3.1.7, we
performed a guided search of X0(5)(Q(w2)). The resulting candidate for J0(O)
can be obtained by base extending the curve over Q(w2) given by

y2 + xy + y = x3 + (−w2 − 1)x2 + (391w2 − 448)x + (4342w2 − 6267)

to F and taking the unique twist with conductor p2 over F; the base extension
itself has additive reduction at the prime p41 over 41 ramifying in the extension
F|Q(w2). As in the case e2d5D4i, one shows that J0(O) does not descend to a
subfield of F.

e5d5D5i/ii: These two conjugate cases are completely analogous to the case
e2d5D4iii. For the first, we end up with the equation

y2 + (α + 1)xy + αy = x3 − αx2 + (−267α− 166)x + (−2416α− 1494)
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for J0(O(p11)), and

y2 + (α + 1)xy + αy = x3 − αx2 + (−4217α− 2611)x + (−157816α− 97533).

is a canonical model of J(Γ).

e5d5D5iii: We determined the j(J(Γ)) in Chapter 6. The orderO = ZF[Γ(2)] has
norm 1 group O1 = 〈Γ(2), A〉. There exists a maximal order O(1) containing O
such thatO(1)/O ∼= (ZF/p2)2 as ZF-modules. The index from Table A.2 shows
that we are in case (iv) of Proposition 2.3.1. That is, O = O(p2

2) is a level p2
2

Eichler order. By Proposition 2.4.2 we therefore have nrd(Ô(p2
2)
×) = Ẑ×F , and

we can take the curve J0(O(p2
2)) = J(O(p2

2)) as a canonical model of J(G). As
usual, a canonical model of J(Γ) can be obtained as an Atkin-Lehner quotient.

The methods first encountered in the case e2d5D4i the give us the following
models. The canonical model of J(Γ) is given by

y2 = x3 + x2 − 36x− 140.

J0(O(p2
2)) is the unique curve that is 2-isogenous over F to this curve. It has

equation
y2 = x3 + x2 − 41x− 116.

Both curves have conductor p2
2p5 and are base extensions of elliptic curves over

Q with conductor 225. The isogeny between them also descends to Q.

e5d5D9: In Chapter 6, we have determined j(J(Γ)) for this case. Though this
also narrows down the possibilities for j(J0(O(p5))) to 3 values, the cover
needed to calculate the correct value was a tad involved.

The theory of canonical models, however, will enable us to determine this
j-invariant. Indeed, the canonical model of J(Γ) is an Atkin-Lehner quotient
of J0(O(p5)). By Theorem 3.1.6, it is given by the unique twist over F∞ = F of
conductor p3p5 whose j-invariant equals the j(J(Γ)) from Chapter 6. We get the
model

y2 + xy + y = x3 + x2 + 35x− 28.

It is the base extension of a elliptic curve over Q of conductor 15. Now this
model has a unique 2-isogeny over F, which necessarily has J0(O(p5)) as its
codomain. The latter curve is therefore given by

y2 + xy + y = x3 + x2 − 10x− 10

and has j-invariant 133373/3454.

e5d5D180: This is completely analogous to the case e2d13D4. We get the dual
graphs

At p2 :
3 3

3 3

3

31 1 At p3 : 5 5

1

1

At p5 :

5 5

5 5

5

1

5

1
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and a canonical model of J(Γ) given by

y2 + xy + y = x3 − 334x− 2368.

e5d725D25i/ii: We parallel the reasoning employed in the case e2d725D16. At
the prime p5, the dual graph of the canonical model J0(O) = J(O) of J(Γ) is
given by

60 60

3

10

The traces from from Algorithm 4.2.1, along with Theorem 3.1.7, lead us to
perform a guided search of X0(13)(Q(w5)). The resulting candidate for J0(O)
can be obtained by base extending the curve over Q(w5) given by

y2 + (w5 + 1)y = x3 + (w5 − 1)x2 + (587w5 − 2331)x + (32400w5 − 32950)

to F and taking the unique twist with conductor p2 over F; as in the case
e2d726D16, the base extension itself has additive reduction at the prime p29
over 29 ramifying in the extension F|Q(w5). Arguing as in the case e2d5D4i,
one shows that J0(O) does not descend to a subfield of F.

e5d1125D5: The narrow class group is non-trivial for this case. We saw in
Chapter 6 that j(J(Γ)) = 0. The level p5 order O(p5) = ZF[Γ(2)] satisfies
O(p5)1 = Γ. Proposition 2.3.2 gives

nrd(Ô(p5)×) = U2
p5
×∏

p-5
U(0)

p .

Let κ(p5) be the residue field of ZF at p5. Then one calculates

Ker(Z+
F −→ κ(p5)×/κ(p5)×2) = Z×2

F . (7.3)

Hence Proposition 3.2.1 shows that PO(p5)1 = PO(p5)+. Moreover, the proof
of Lemma 3.2.3 shows that (7.3) also implies that the projection

Cl(nrd(Ô(p5)×)∞) −→ Cl(∞)

is an isomorphism. We conclude that the Jacobians J±0 (O(p5)), which are
defined over

FÔ(p5)×
= F∞ = F(

√
−3),

give canonical models of J(Γ) = J(O1).
As in the case e2d12D2, we see that the narrow type number of O(p5) is

equal to 1. Therefore the Jacobians J±0 (O(p5)) are isomorphic. The standard
procedure gives a model of conductor p2

5 that be described as the base extension
of either

y2 + (α + 1)y =x3 + (α3 − α2 − 1)x2

+ (−2α3 + 7α2 − 5α− 1)x + (6α3 − 14α2 − 2α + 12)
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or one of its conjugates. Over F, these 4 conjugate curves give 1 isogeny class
and 2 isomorphism classes. As in the case e2d5D4i, this model does not descend
to a subfield of F. It has conductor p2

5 over F∞.

e6d12D66i/ii: The base field for this case again has non-trivial narrow class
group. These two cases are conjugate (cf. Theorem 3.1.7). We consider the first.
The order O(1) = ZF[Γ(2)] is maximal and satisfies O(1)1 = Γ(2). The genus of
the group O(1)+ equals 0. Indeed, Proposition 5.1.9 gives the following dual
graphs for Sh(O(1)):

At p2: twice 12 4 2 2 4 12
14 2 2 4

At p3: twice 12 3 3 12
13 3 At p11 : twice 12 12

1

Therefore we have to choose a K′ as in (3.20) for K = Ô(1)× in order to obtain
a canonical model J0(K′) of J(Γ). The canonical field of definition for J0(K′) is
given by F∞ = F(i). Moreover, the narrow type number equals 1 once again,
hence the Jacobian J−0 (K′) of the other connected component of Sh(K′) over F∞
is isomorphic to J0(K′).

Proposition 5.1.11 gives the following dual graphs for Sh(K′):

At p2: twice 6 2

2

2

2

2

2 6
2

ooooo
2

OOOO
O

2

1

1

OOOO
O 2

ooooo 2

2

At p3: twice 6

3

3

3

3

6

ooooo
3

OOOO
O

3

1

1

OOOO
O 3

ooooo 3

At p11 : twice 6 6

1

1

These are covers of the graphs obtained for Sh(O). Also, as in the cases e2d8D7
or e2d21D4, we see that J0(K′) has a 2-isogeny irrespective of the choice of K′,
and as in the case e2d8D2, J0(K′) is defined over F. Let us first take

N′ = U(1)
p3 ×∏

p-3
U(0)

p

in (3.20). Searching X0(2)(F) using Algorithm 5.2.2 then gives the candidate
model obtained by base extending the curve

y2 + xy + (α + 1)y = x3 + (α− 1)x2 + (−405α− 836)x + (4739α + 7704).

It has conductor p2p
2
3p11ZF∞ .

The choice of N′ affects the conductor of the resulting canonical K′-model of
J(Γ): for example, choosing N′ to be non-trivial at p2, p11 or p′11, respectively, we
get twists of the K′-model above of conductor p4

2p3p11, p2p3p
2
11 and p2p3p11p

′2
11.

e7d49D1: This case is completely analogous to the case e2d5D4iii. We know
j(J(Γ)) from Chapter 6. The Jacobian J(Γ) is given by an Atkin-Lehner quotient
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of J0(O(p2p7)) = J(O(p2p7)), where O(p2p7) is a level p2p7 Eichler order. We
obtain the equation

y2 + xy + y = x3 − 36x− 70

for the canonical model of J(Γ) over F∞ = F. Finding a canonical model of
J(O(p2p7)) from this is not quite straightforward as the model above has full
2-torsion over F.

e7d49D91i/ii/iii: These three conjugate cases are similar to the case e2d8D7.
We treat the first. The order O(1) = ZF[Γ(2)] is maximal and has norm 1 group
O(1)1 = 〈Γ(2), B〉. A canonical model of J(Γ) is given by an Atkin-Lehner
quotient of J0(O(1)). It is defined over F∞ = F. Proposition 5.1.9 gives the
following dual graphs for Sh(O(1)):

At p7 : 7 7

1

7

At p13 : 14 14

2

2

As in the case e2d8D7, one sees that J0(O(1)) has a 2-isogeny. Algorithm 5.2.2
yields a candidate model with j-invariant

(n2α2 + n1α + n0)/73134

and conductor p7p13. Here

n2 = 8961331728253148016,
n1 = −20136149792113936343,
n0 = 7186826906603787494.

As usual, we refer to the next section for a proof of correctness of the isogeny
class above; there we will also show that this class can be generated by using
prime isogenies of degree ≤ 50.

To recover a canonical model of J(Γ), we have to divide out an Atkin-Lehner
involution. As in the case e3d13D3, there is a unique non-trivial involution for
which the corresponding quotient of J0(O(1)) has genus 1. The dual graphs of
this quotient are given by

At p7 : 14 14

2

14

At p13 : 14 2

The resulting canonical model of J(Γ) has j-invariant

(n′2α2 + n′1α + n′0)/76132

and conductor p7p13. Here

n′2 = −8058460190096647498093,

n′1 = 4472108028759348587577,

n′0 = 18107195658999647404885.
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e9d81D51i/ii/iii: These cases are completely analogous to the previous. The
dual graphs of Sh(O(1)) obtained from Proposition 5.1.9 are given by

At p3 :

9 9

3 3

9

3

1

3 At p17 : 18 18

2

2

We get a candidate with j-invariant

(n2α2 + n1α + n0)/36174

and conductor p3p17. Here

n2 = 257154008212105,
n1 = 479060149170145,
n0 = 139274003304361.

To recover J(Γ), we use the unique pair of genus 1 quotient graphs

At p3 :

18 18

6 6

18

6

2

6 At p17 : 18 2

We obtain the unique elliptic curve over F with j-invariant

(n′2α2 + n′1α + n′0)/311172

and conductor p3p17. Here

n′2 = −78367545688483633,

n′1 = 27216689077016112,

n′0 = 225650240167014325.

e11d14641D1: j(J(Γ)) is known to us from Chapter 6. We reason as in the
case e2d5D4iii. A canonical model of J(Γ) is given by J0(O(p11)) = J(O(p11)),
which is defined over F∞ = F. We get the equation

y2 + y = x3 − x2 − 10x− 20.

It is the base extension of the strong Weil curve over Q of conductor 11. This is
not surprising considering the way we obtained the j-invariant back in Chap-
ter 6.
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7.2 Proving correctness

In the previous section, some candidate equations for J(Γ) were obtained in
a heuristic way: in particular, we have not yet proved that the corresponding
curves E(Γ) are indeed models of J(Γ). This section justifies these constructions
a posteriori by exploiting a connection with Hilbert modular forms. We combine
the methods in our main references [DD08], [SW05] and [DD06], to which we
also refer for more details: our exposition in this section will be rather summary.
Throughout, we denote the absolute Galois group Gal(F|F) of a number field F
by GF.

Correctness of the isogeny class of E(Γ). Let K be, as usual, a compact open
subgroup of B̂×, where B is a quaternion algebra over a totally real field with
finite discriminant D = D(B) f . Choosing a simultaneous eigenvector of the
matrices T(p) from Chapter 4, one obtains a system of eigenvalues

e = {a(p) | p : Bp split and Kp maximal}.

By Theorem 4.4 in [Hid81], the systems of eigenvalues thus obtained are in
bijection with the isogeny factors of J(K) over F. Moreover, given a system e,
the corresponding isogeny factor Ae has real multiplication by the number field
L generated by the eigenvalues in e, and given a prime λ of L over a rational
prime `, we can construct a Galois representation

ρ(Ae)λ : GF −→ Aut(Vλ(Ae)) ∼= GL2(Lλ)

of GF on the Tate module

Vλ(Ae) = lim←−
n

Ae[λn].

Because of Theorem 3.1.6, this representation is unramified at the primes p of F
that do not divide ` and at which Bp is split and Kp is maximal. Furthermore, if
we let Frob(p) be a Frobenius lift at such a p, then

tr(Frob(p)) = a(p) (7.4)

and

det(Frob(p)) = Nm(p) = ε`(Frob(p)), (7.5)

where ε` : GF → Q×` is the `-adic cyclotomic character.
Suppose that there exists a Hilbert modular newform fe of trivial character

whose system of eigenvalues also equals e. By [Tay89], a similar representation
ρ( fe)λ satisfying (7.4) and (7.5) can then be attached to the Hilbert modular
newform fe of trivial character whose system of eigenvalues equals e. More
precisely, we have

ρ(Ae)λ
∼= ρ( fe)λ, (7.6)



146 7. Equations

In the special case that K = Ô(N)× comes from a level N Eichler order, the
Jacquet-Langlands correspondence (for which see Proposition 2.12 of [Hid81])
shows that such an fe always exists. More precisely, the systems of eigenvalues e
are in bijection with the systems of eigenvalues associated with Hilbert modular
newforms of level DN and trivial character.

Instead of associating isogeny factors Ae with systems of eigenvalues e, we now
consider the converse approach: finding a system of eigenvalues e correspond-
ing to a candidate isogeny factor of J(K).

In the previous section, we have, for some choices of compact open sub-
groups K, constructed candidate models E = E(Γ) for J0(K) over FK. These
candidates E were always isogenous to their Gal(FK|F)-conjugates, which in-
deed is a necessary condition for E to be a model of J0(K) by Proposition 3.1.5.
More precisely, using these isogenies, one shows that the corresponding Weil
restrictions

A = ResFK |F(E),

which are the candidate models for J(K) corresponding to the model E of J0(K),
all have real multiplication by a number field L of degree [FK : F]. We remark
here that in all the cases above we have [FK : F] ≤ 2. In fact, we usually have
FK = F, whence A = E, which trivializes the preceding discussion.

Let A0 be an isogeny factor of A over F. We will usually have A0 = A, in
particular if FK = F. For a prime λ of L over a rational prime `, we can consider
the representation

ρ(A0)λ : GF −→ Aut(Vλ(A0)) ∼= GL2(Lλ).

This representation is unramified at the primes of F that are coprime to ` and the
conductor of A0. By § 1(a) of [Mil72], the restriction of ρ(A0)λ to the subgroup
GF∞ of GF is a direct sum of copies of the representation

ρ(E)` : GF∞ −→ Aut(V`(E)) ∼= GL2(Q`),

and conversely, one can recover ρ(A0)λ from ρ(E)` as a factor of the induced
representation

IndF∞ |F(ρ(E)`) = ρ(A)` : GF −→ Aut(V`(A)). (7.7)

Hence in light of (7.6) and Faltings’ isogeny theorem, proving that E is in the
isogeny class of J0(K) is equivalent to proving that we have an isomorphism

ρ(A0)λ
∼= ρ(Ae)λ (7.8)

for some isogeny factor Ae of J0(K). In the case that K = O(N)× comes from an
Eichler order, the Jacquet-Langlands correspondence implies that this, in turn,
is equivalent to proving that we have an isomorphism

ρ(A0)λ
∼= ρ( f )λ (7.9)
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for some Hilbert modular newform f of level DN. We now consider two
methods to prove the existence of an isomorphism as in (7.8) or (7.9).

` > 2. Suppose that ` is odd and that K = O(N)× comes from an Eichler
order. To prove the existence of an isomorphism as in (7.9), and hence as in (7.8)
by (7.6), we use the following special case of a result by Skinner and Wiles (also
see Theorem 3 of [DD08]):

Theorem 7.2.1 (Skinner-Wiles). Let F be a totally real number field. Suppose that
` ≥ 3 is prime, and let

ρ : GF −→ GL2(Q`)

be a continuous, absolutely irreducible and totally odd representation unramified away
from a finite set of places of F. Suppose that the semi-simplification ρss of the reduction
ρ of ρ satisfies

ρss ∼= χ1 ⊕ χ2,

where χ1 and χ2 are characters. Furthermore, suppose that

(i) The splitting field F(χ1/χ2) is abelian over Q;

(ii) (χ1/χ2)|Dv 6= 1 for all places v of F over `;

(iii) ρ|Iv
∼=
(

ε` ∗
0 1

)
for all places v of F over `; and

(iv) det(ρ) = ε`.

Then ρ comes from a Hilbert modular form.

As is shown in the proof of Proposition 4(a) of [DD08], the conditions (i)-(iv) of
the theorem are fulfilled for the representations ρ(E)` if E has an `-isogeny and
has ordinary reduction at a prime λ of FK over `. If FK|F is unramified, then the
factors ρ(A0)λ of the induced representation

IndF∞ |F(ρ(E)`) = ρ(A)` : GF −→ Aut(V`(A))

of the absolute Galois group GF of the totally real field F still satisfy conditions
(i)-(iv), and hence are modular. Note that we cannot always apply the theorem
to the representation ρ(E)l since FK will not be totally real in general.

For the candidate models that we obtained in the cases e2d17D2, e2d21D4,
e2d1125D16 and e4d8D2i/iii, one can find primes ` and λ as above. Moreover,
the extension FK|F is unramified in all these cases. Hence we can conclude that
for these cases we have indeed obtained a representative of the isogeny class of
J0(K).

` = 2. Though elegant, Theorem 7.2.1 fails to cover a lot of cases, for example
those where J0(K) does not have an isogeny of odd degree or those where F is
not Galois. Considering the fact that we can actually calculate the traces a(p) in
e using Algorithm 4.2.1, the following result is therefore of great use to us.
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Theorem 7.2.2 (Faltings-Serre, Theorem 10.1 in [SW05]). Let M be a global field,
and let S a finite set of primes of M. Let MS be the compositum of the quadratic
extensions of M unramified outside S. Suppose that

ρ1, ρ2 : GM −→ GL2(Q2)

are continuous representations, unramified outside S, and furthermore satisfying

(i) tr(ρ1) = 0 = tr(ρ2) and det(ρ1) = det(ρ2).

(ii) There exist a set P of primes of M, disjoint from S, for which

• The image of {Frob(p) : p ∈ P} in the F2-vector space Gal(MS|M) is
non-cubic (that is, every cubic polynomial vanishing on T vanishes on all
of Gal(MS|M)); and

• We have equalities

tr(ρ1(Frob(p))) = tr(ρ2(Frob(p)))

and
det(ρ1(Frob(p))) = det(ρ2(Frob(p)))

for all p in P.

Then there exists an isomorphism of semi-simplified representations

ρss
1
∼= ρss

2 .

This theorem, which can be considered as a complement of Theorem 7.2.1, was
applied in [SW05] to the case where one of ρ1 and ρ2 comes from a Hilbert
modular form. We will use it to prove the existence of isomorphisms as in (7.8)
and (7.9).

In fact, using Theorem 7.2.2, we could always show directly that

ρ(E)2 ∼= ρ(J0(K))2,

whence the correctness of the candidate isogeny class given by E. Indeed, we
could take S to equal the set of primes dividing the product of 2 and the conduc-
tor of E. Then after explicitly calculating the ray class group RS corresponding
to MS, one constructs a set P of primes of FK mapping bijectively to the finite set
RS. For p in P, one can calculate tr(ρ(J0(K))2(Frob(p))) using Algorithm 4.2.1
and Proposition 4.3.2, while tr(ρ(E)2(Frob(p))) is easily calculated using the
explicit equation for E.

Of course, we have to check that we indeed have

tr(ρ(J0(K))2(Frob(p))) = 0 (7.10)

and

tr(ρ(E)2(Frob(p))) = 0 (7.11)
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for all p. This holds for all but three cases because of the existence of a 2-isogeny
over FK on both E and J0(K), the former of which can be determined explicitly
and the latter of which comes from an Atkin-Lehner involution.

In the exceptional cases e2d725D16, e4d2624D4 and e5d725D25, the models
E and the curves J0(K) do not have a 2-isogeny. In principle, one could mimic
the calculations in Section 10.1 of [SW05] to prove correctness for these cases as
well. However, for lack of time, we have not looked further into this matter.

Another substantial advantage of Theorem 7.2.2 over Theorem 7.2.1 is the
fact that it allows one to prove the existence of an isomorphism (7.6) without
the hypotheses on K needed to use the Jacquet-Langlands correspondence.
In particular, combining Algorithm 4.2.1 with the algorithms from [DD08],
Theorem 7.2.2 shows that all J(K) determined in the first section are modular
(with the possible exception of the three cases mentioned above).

More precisely, let J0(K) be a curve from the first section. If we let C0 be the
conductor of J0(K) over FK, then there exists a unique ideal C of ZF such that
we have C0 = CZFK , and J(K) can be matched up with a Hilbert modular form
with trivial character and conductor equal to C.

Remark. Explicit calculations using the techniques from this section can be
found at [Sij10].

Correctness of the isomorphism class of E(Γ). Now that we have an explicit
representative E = E(Γ) of the isogeny class of J0(K), it remains to determine
the isomorphism classes of elliptic curves in this isogeny class: as we have seen
in the previous section, this often enables us to prove that E is isomorphic to
J0(K) by using Proposition 5.1.12.

Consider a candidate Jacobian J(K) from the first section. In the first part of
this section, we have seen that if we neglect the cases e2d725D16, e4d2624D4
and e5d725D25, we can attach a Galois representation ρ( f )λ coming from a
Hilbert modular newform f to J(K). In [DD06], Dieulefait and Dimitrov prove
several large image results for the residual representations

ρ( f )λ : GF −→ GL2(κλ).

(Here κλ denotes the residue field of Lλ.) In particular, the proof of Theorem 5.1
in [DD06] carries over word for word to all cases to show that the residual
representations ρ( f )λ are irreducible for all primes λ of norm > 50.

As a consequence, the elliptic curves J0(K) have no isogenies of prime degree
` > 50. Indeed, a decomposition

ρ(E)`
∼= χ1 ⊕ χ2

would give rise to a corresponding decomposition of the factors ρ(A0)λ = ρ( f )λ

of the induced representation ρ(A)` from (7.7). We conclude that the conjectural
isogeny classes of J0(K) that we constructed in the previous section, using prime
isogenies of degree ≤ 50, are indeed complete.
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Appendix A

Tables

This appendix contains three tables, along with an explanation of their contents.
First, though, we introduce some notation.

We have assigned labels to the arithmetic (1; e)-groups Γ in Theorem 4.1
of [Tak83]. Such labels are of the form

ene dnd DnD r,

where

• ne is the index of the unique elliptic point of Γ;

• nd is the discriminant of the center F of the quaternion algebra B = Q[Γ(2)]
from Lemma 3.3.2;

• nD is the norm of the discriminant D(B) of B over F; and

• r is a roman numeral indicating the position at which Γ occurs in Theo-
rem 4.1 of [Tak83] among the Γ with the same ne, nd and nD.

Given an arithmetic (1; e)-group Γ, Table A.1 describes:

• The minimal polynomial f α of a generator α of F;

• The Galois group G of F over Q;

• The narrow class number h+ of F (the class number always equals 1);

• And the discriminant D(B) of B.

In final column describing the discriminants, ι stands for an infinite place of F,
and ιc is as in (3.9). For fixed F, the ι with a different number of primes ′ are in
different orbits under the action of Aut(F) on the infinite places of F.

We have not copied over Takeuchi’s trace triples (x, y, z) from [Tak83] (or the
corresponding pairs (A, B)), since these are only used in the explicit construction
of a fundamental domain in Algorithm 1.4.2. The interested reader is referred to
Theorem 4.1 in [Tak83] or the record TakeuchiList in the file TakData at [Sij10]
for these trace triples.
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Table A.1: Fields and quaternion algebras obtained from arithmetic
(1; e)-groups

Label f α G h+ D(B)
e2d1D6i t− 1 C1 1 p2p3
e2d1D6ii t− 1 C1 1 p2p3
e2d1D14 t− 1 C1 1 p2p7
e2d5D4i t2 − t− 1 C2 1 p2ιc

e2d5D4ii t2 − t− 1 C2 1 p2ιc

e2d5D4iii t2 − t− 1 C2 1 p2ιc

e2d8D2 t2 − 2 C2 1 p2ιc

e2d8D7i t2 − 2 C2 1 p7ιc

e2d8D7ii t2 − 2 C2 1 p7ι′c

e2d12D2 t2 − 3 C2 2 p2ιc

e2d12D3 t2 − 3 C2 2 p3ιc

e2d13D4 t2 − t− 3 C2 1 p2ιc

e2d13D36 t2 − t− 3 C2 1 p2p3p
′
3ιc

e2d17D2i t2 − t− 4 C2 1 p2ιc

e2d17D2ii t2 − t− 4 C2 1 p2ι′c

e2d21D4 t2 − t− 5 C2 2 p2ιc

e2d24D3 t2 − 6 C2 2 p3ιc

e2d33D12 t2 − t− 8 C2 2 p2p
′
2p3ιc

e2d49D56 t3 − t2 − 2t + 1 C3 1 p2p7ιc

e2d81D1 t3 − 3t− 1 C3 1 ιc

e2d148D1i t3 − t2 − 3t + 1 S3 1 ιc

e2d148D1ii t3 − t2 − 3t + 1 S3 1 ι′c

e2d148D1iii t3 − t2 − 3t + 1 S3 1 ι′′c

e2d229D8i t3 − 4t− 1 S3 2 p2p
′
2ιc

e2d229D8ii t3 − 4t− 1 S3 2 p2p
′
2ι′c

e2d229D8iii t3 − 4t− 1 S3 2 p2p
′
2ι′′c

e2d725D16i t4 − t3 − 3t2 + t + 1 D4 1 p2ιc

e2d725D16ii t4 − t3 − 3t2 + t + 1 D4 1 p2ι′c

e2d1125D16 t4 − t3 − 4t2 + 4t + 1 C4 2 p2ιc

e3d1D6i t− 1 C1 1 p2p3
e3d1D6ii t− 1 C1 1 p2p3
e3d1D10 t− 1 C1 1 p2p5
e3d1D15 t− 1 C1 1 p3p5
e3d5D5 t2 − t− 1 C2 1 p5ιc

e3d5D9 t2 − t− 1 C2 1 p3ιc

e3d8D9 t2 − 2 C2 1 p3ιc

e3d12D3 t2 − 3 C2 2 p3ιc

e3d13D3i t2 − t− 3 C2 1 p3ιc

e3d13D3ii t2 − t− 3 C2 1 p3ι′c

e3d17D36 t2 − t− 4 C2 1 p2p
′
2p3ιc

Continued on the next page
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Table A.1 – Continued from the previous page
Label f α G h+ D(B)
e3d21D3 t2 − t− 5 C2 2 p3ιc

e3d28D18 t2 − 7 C2 2 p2p3p
′
3ιc

e3d49D1 t3 − t2 − 2t + 1 C3 1 ιc

e3d81D1 t3 − 3t− 1 C3 1 ιc

e4d8D2i t2 − 2 C2 1 p2ιc

e4d8D2ii t2 − 2 C2 1 p2ιc

e4d8D2iii t2 − 2 C2 1 p2ι′c

e4d8D7i t2 − 2 C2 1 p7ιc

e4d8D7ii t2 − 2 C2 1 p7ι′c

e4d8D98 t2 − 2 C2 1 p2p7p
′
7ιc

e4d2304D2 t4 − 4t2 + 1 C4 2 p2ιc

e4d2624D4i t4 − 2t3 − 3t2 + 2t + 1 D4 1 p2ιc

e4d2624D4ii t4 − 2t3 − 3t2 + 2t + 1 D4 1 p2ι′c

e5d5D4 t2 − t− 1 C2 1 p2ιc

e5d5D5i t2 − t− 1 C2 1 p5ιc

e5d5D5ii t2 − t− 1 C2 1 p5ιc

e5d5D5iii t2 − t− 1 C2 1 p5ι′c

e5d5D180 t2 − t− 1 C2 1 p2p3p5ιc

e5d725D25i t4 − t3 − 3t2 + t + 1 D4 1 p5ιc

e5d725D25ii t4 − t3 − 3t2 + t + 1 D4 1 p5ι′c

e5d1125D5 t4 − t3 − 4t2 + 4t + 1 C4 2 p5ιc

e6d12D66i t2 − 3 C2 2 p2p3p11ιc

e6d12D66ii t2 − 3 C2 2 p2p3p11ι′c

e7d49D1 t3 − t2 − 2t + 1 C3 1 ιc

e7d49D91i t3 − t2 − 2t + 1 C3 1 p7p13ιc

e7d49D91ii t3 − t2 − 2t + 1 C3 1 p7p13ι′c

e7d49D91iii t3 − t2 − 2t + 1 C3 1 p7p13ι′′c

e9d81D51i t3 − 3t− 1 C3 1 p3p17ιc

e9d81D51ii t3 − 3t− 1 C3 1 p3p17ι′c

e9d81D51iii t3 − 3t− 1 C3 1 p3p17ι′′c

e11d14641D1 t5 − t4 − 4t3 + 3t2 + 3t− 1 C5 1 ιc

Let Γ be a (1; e)-group, and let B = Q[Γ(2)] be the corresponding quaternion
algebra. Table A.2 describes

• The orders O of B generated by the groups G inbetween Γ(2) and Γ;

• The norm 1 groups O1 associated to these orders; if this is not given by a
G as above, then the minimum of the indices [O1 : G] is given;

• The level of O;

• Whether or not O is Eichler;
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• Whether or not Γ is commensurable with a triangle group;

• And the degree of the map X(O1)→ X(O(1)1) for a maximal order O(1)
containing O.

We could always decide whether or notO was Eichler by using Corollaries 2.5.4
and 2.5.5. For more information on the orders O and the orders containing
them, we refer to Chapter 7.

Table A.2: The orders ZF [G] for Γ(2) ⊆ G ⊆ Γ

Label O O1 Level Eichler? ∆ ? Deg
e2d1D6i ZF [Γ(2)] Γ(2) p5 Y Y 6
e2d1D6ii ZF [Γ(2)] Γ(2) p3

2 N Y 6
e2d1D14 ZF [Γ(2)] = ZF [〈Γ(2), AB〉] 〈Γ(2), AB〉 (1) Y N 1
e2d5D4i ZF [Γ(2)] Γ(2) p2

2 N Y 20
ZF [〈Γ(2), B〉] 2 p2 N Y 5

e2d5D4ii all ZF [G] 5 (1) Y Y 1
e2d5D4iii ZF [Γ(2)] = ZF [〈Γ(2), A〉] 〈Γ(2), A〉 p3 Y Y 10
e2d8D2 ZF [Γ(2)] Γ(2) p5

2 N Y 24
ZF [〈Γ(2), AB〉] 〈Γ(2), AB〉 p4

2 N Y 12
e2d8D7i ZF [Γ(2)] = ZF [〈Γ(2), B〉] 〈Γ(2), B〉 p2

2 N N 2
e2d8D7ii ZF [Γ(2)] = ZF [〈Γ(2), A〉] 〈Γ(2), A〉 p2

2 N N 2
e2d12D2 ZF [Γ(2)] Γ(2) p4

2 N Y 12
ZF [〈Γ(2), A〉] 〈Γ(2), A〉 p3

2 N Y 6
ZF [〈Γ(2), B〉] 〈Γ(2), B〉 p3

2 N Y 6
ZF [〈Γ(2), AB〉] 〈Γ(2), AB〉 p3

2 N Y 6
ZF [Γ] Γ p2 N Y 3

e2d12D3 ZF [Γ(2)] Γ(2) p4
2 N Y 6

e2d13D4 all ZF [G] Γ (1) Y N 1
e2d13D36 ZF [Γ(2)] Γ(2) (1) Y N 1
e2d17D2i ZF [Γ(2)] Γ(2) p′42 N N 6

ZF [〈Γ(2), AB〉] 〈Γ(2), AB〉 p′22 N N 3
e2d17D2ii ZF [Γ(2)] Γ(2) p′42 N N 6

ZF [〈Γ(2), AB〉] 〈Γ(2), AB〉 p′22 N N 3
e2d21D4 ZF [Γ(2)] = ZF [〈Γ(2), B〉] 〈Γ(2), B〉 (1) Y N 1
e2d24D3 ZF [Γ(2)] Γ(2) p2

2 N N 2
e2d33D12 ZF [Γ(2)] Γ(2) (1) Y N 1
e2d49D56 ZF [Γ(2)] = ZF [〈Γ(2), A〉] 〈Γ(2), A〉 (1) Y N 1
e2d81D1 all ZF [G] Γ p2 Y Y 9
e2d148D1i ZF [Γ(2)] Γ(2) p5

2 N N 12
ZF [〈Γ(2), AB〉] 〈Γ(2), AB〉 p4

2 N N 6
e2d148D1ii ZF [Γ(2)] Γ(2) p5

2 N N 12
ZF [〈Γ(2), B〉] 〈Γ(2), B〉 p4

2 N N 6
e2d148D1iii ZF [Γ(2)] Γ(2) p5

2 N N 12
ZF [〈Γ(2), A〉] 〈Γ(2), A〉 p4

2 N N 6
e2d229D8i ZF [Γ(2)] = ZF [〈Γ(2), AB〉] 〈Γ(2), AB〉 (1) Y N 1
e2d229D8ii ZF [Γ(2)] = ZF [〈Γ(2), AB〉] 〈Γ(2), AB〉 (1) Y N 1
e2d229D8iii ZF [Γ(2)] = ZF [〈Γ(2), AB〉] 〈Γ(2), AB〉 (1) Y N 1
e2d725D16i all ZF [G] Γ (1) Y N 1
e2d725D16ii all ZF [G] Γ (1) Y N 1
e2d1125D16 ZF [Γ(2)] = ZF [〈Γ(2), B〉] 〈Γ(2), B〉 (1) Y N 1

Continued on the next page
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Table A.2 – Continued from the previous page
Label O O1 Level Eichler? ∆ ? Deg
e3d1D6i ZF [Γ(2)] Γ(2) p7 Y Y 8
e3d1D6ii ZF [Γ(2)] = ZF [〈Γ(2), AB〉] 〈Γ(2), AB〉 p2

2 N Y 4
e3d1D10 ZF [Γ(2)] Γ(2) p2

3 N N 4
e3d1D15 ZF [Γ(2)] Γ(2) p2

2 N N 2
ZF [〈Γ(2), B〉] 〈Γ(2), B〉 (1) Y N 1

e3d5D5 ZF [Γ(2)] = ZF [〈Γ(2), A〉] 〈Γ(2), A〉 p3 Y Y 10
e3d5D9 ZF [Γ(2)] = ZF [〈Γ(2), AB〉] 〈Γ(2), AB〉 p2 Y Y 5
e3d8D9 ZF [Γ(2)] = ZF [〈Γ(2), A〉] 〈Γ(2), A〉 p2

2 N N 2
other G Γ (1) Y N 1

e3d12D3 ZF [Γ(2)] = ZF [〈Γ(2), AB〉] 〈Γ(2), AB〉 p2
2p3 N Y 4

other G Γ p3 N Y 2
e3d13D3i ZF [Γ(2)] = ZF [〈Γ(2), AB〉] 〈Γ(2), AB〉 p′23 N N 4
e3d13D3ii ZF [Γ(2)] = ZF [〈Γ(2), B〉] 〈Γ(2), B〉 p′23 N N 4
e3d17D36 ZF [Γ(2)] Γ(2) (1) Y N 1
e3d21D3 ZF [Γ(2)] = ZF [〈Γ(2), AB〉] 〈Γ(2), AB〉 p3 N N 2
e3d28D18 ZF [Γ(2)] Γ(2) (1) Y N 1
e3d49D1 all ZF [G] Γ p3 Y Y 28
e3d81D1 all ZF [G] Γ p3

3 N Y 12
e4d8D2i ZF [Γ(2)] = ZF [〈Γ(2), A〉] 〈Γ(2), A〉 p17 Y Y 18
e4d8D2ii all ZF [G] 9 (1) Y Y 1
e4d8D2iii ZF [Γ(2)] = ZF [〈Γ(2), AB〉] 〈Γ(2), AB〉 p′17 Y Y 18
e4d8D7i ZF [Γ(2)] Γ(2) p4

2 N N 6
e4d8D7ii ZF [Γ(2)] Γ(2) p4

2 N N 6
e4d8D98 ZF [Γ(2)] Γ(2) (1) Y N 1
e4d2304D2 ZF [Γ(2)] Γ(2) p4

2 N Y 12
ZF [〈Γ(2), A〉] 〈Γ(2), A〉 p3

2 N Y 6
ZF [〈Γ(2), B〉] 〈Γ(2), B〉 p3

2 N Y 6
ZF [〈Γ(2), AB〉] 〈Γ(2), AB〉 p3

2 N Y 6
ZF [Γ] Γ p2 N Y 3

e4d2624D4i all ZF [G] Γ (1) Y N 1
e4d2624D4ii all ZF [G] Γ (1) Y N 1
e5d5D5i ZF [Γ(2)] = ZF [〈Γ(2), B〉] 〈Γ(2), B〉 p11 Y Y 12
e5d5D5ii ZF [Γ(2)] = ZF [〈Γ(2), B〉] 〈Γ(2), B〉 p′11 Y Y 12
e5d5D5iii ZF [Γ(2)] = ZF [〈Γ(2), A〉] 〈Γ(2), A〉 p2

2 N Y 12
other G 6 (1) Y Y 1

e5d5D9 ZF [Γ(2)] = ZF [〈Γ(2), AB〉] 〈Γ(2), AB〉 p5 Y Y 6
e5d5D180 ZF [Γ(2)] Γ(2) (1) Y N 1
e5d725D25i all ZF [G] Γ (1) Y N 1
e5d725D25ii all ZF [G] Γ (1) Y N 1
e5d1125D5 all ZF [G] Γ p5 N Y 3
e6d12D66i ZF [Γ(2)] Γ(2) (1) Y N 1
e6d12D66ii ZF [Γ(2)] Γ(2) (1) Y N 1
e7d49D1 ZF [Γ(2)] = ZF [〈Γ(2), B〉] 〈Γ(2), B〉 p2p7 Y Y 72
e7d49D91i ZF [Γ(2)] = ZF [〈Γ(2), B〉] 〈Γ(2), B〉 (1) Y N 1
e7d49D91ii ZF [Γ(2)] = ZF [〈Γ(2), A〉] 〈Γ(2), A〉 (1) Y N 1
e7d49D91iiii ZF [Γ(2)] = ZF [〈Γ(2), AB〉] 〈Γ(2), AB〉 (1) Y N 1
e9d81D51i ZF [Γ(2)] = ZF [〈Γ(2), B〉] 〈Γ(2), B〉 (1) Y Y 1
e9d81D51ii ZF [Γ(2)] = ZF [〈Γ(2), A〉] 〈Γ(2), A〉 (1) Y Y 1
e9d81D51iii ZF [Γ(2)] = ZF [〈Γ(2), A〉] 〈Γ(2), A〉 (1) Y Y 1
e11d14641D1 all ZF [G] Γ p11 Y Y 12
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The final Table A.3 summarizes the conjectural canonical models for the curves
J(Γ) determined in Chapter 7. For such a canonical model E(Γ), it specifies:

• The canonical field of definition FΓ of E(Γ);

• A minimal field of definition MΓ of E(Γ) (as an abstract field, MΓ turned
out to be unique in all cases);

• The j-invariant j(E(Γ)) of E(Γ);

• The conductor C(E(Γ)) of E(Γ) over FΓ;

• Whether or not E(Γ) can be obtained as a (possibly trivial) Atkin-Lehner
quotient of a component J0(O) associated with a quaternion order O; and

• Whether or not we succeeded in proving the correctness of E(Γ) or its
isogeny class.

These data determine E(Γ) in all cases. In the cases where multiple conjugate
values for j were obtained, we give these j-invariants as distinct embeddings
ι(j) into C for a fixed element j of FΓ (cf. Theorem 3.1.7).

Frequently, it was only possible to determine an isogeny class of curves over
F. In these cases, we have used the j-invariant of smallest height in this isogeny
class, even though the experimental evidence indicates that Shimura curves
tend to have a j-invariant of rather large height.

We point out a few anomalies in the list:

(i) The cases e4d8D2ii lacks some entries: this is because we have been unable
to prove that the associated group is congruence. See the corresponding
paragraph in Chapter 7.

(ii) For the case e6d12D66, the canonical model depends on the choice of a
certain compact open subgroup K′ as in Lemma 3.2.3. See Chapter 7 for
information on the models obtained once such a choice is made, and for
more on this phenomenon.

(iii) Finally, at e3d21D3, K−1321 denotes the subfield of Fp3∞ whose discrim-
inant equals −1321, which is uniquely determined up to isomorphism
(though not as a subfield of Fp3∞).

As in Remark (ii) at the beginning of Section 6.2, given an integer d, we denote

wd =

{
1+
√

d
2 if d ≡ 1 (mod 4);√
d otherwise.
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Table A.3: The canonical models for J(Γ)

Label FΓ MΓ j(E(Γ)) C(E(Γ)) Atkin- Proved?
Lehner?

e2d1D6i F F 7322873/263256 p2p3p5 Y Y
e2d1D6ii F F 24133/32 p3

2p3 Y Y
e2d1D14 F F 53113313/2376 p2p7 Y Y
e2d5D4i F F 24173 p3

2 Y Y
e2d5D4ii F Q 512113/215 p2p

2
5 N Y

e2d5D4iii F F −2693/21035 p2p3 Y Y
e2d8D2 Fp2

2∞ Q 2633 p6
2 Y Y

e2d8D7i/ii F F ι(j), ι′(j) p2
2p7 Y Y

(isogeny class) where j = 212(α + 4)/7

e2d12D2 F∞ F 0 p4
2 Y Y

e2d12D3 F∞ Q 221933/31 p3
2p3 Y Y

e2d13D4 F F −293413/215 p2 Y Y
e2d13D36 F F 113238313/21032 p2p3p

′
3 Y Y

e2d17D2i/ii F F ι(j), ι′(j) p2p
′
2 Y Y

where j = (−203862548967α + 522266467988)/212

e2d21D4 F∞ F∞ ι(j), ι′(j) p2p
′
2 Y Y

where j = 33(3566479289w−7 − 3860683875)/215

e2d24D3 F∞ Q(w−2) ι(j), ι′(j) p2
2p3p

′
3 Y Y

(isogeny class) where j = 212(91w−2 − 86)/33.

e2d33D12 F∞ F 53313/2633 p2p
′
2p3p

′
3 Y Y

e2d49D56 F Q −5316373/21871 p2p7 Y Y
e2d81D1 F Q −32531013/221 p2 Y Y
e2d148D1i/ii/iii F F ι(j), ι′(j), ι′′(j) p3

2 Y Y
(isogeny class) where j = 26(−41α2 + 24α + 141)
e2d229D8i/ii/iii F∞ F ι(j), ι′(j), ι′′(j) p2p

′
2 Y Y

where j = (24628729701449988584212043α2

+ 52087486182589166202672597α
+ 11645298538324182916131980)/215

e2d725D16i/ii F F ι(j), ι′(j) p2 Y N
where j = (1823165439649343w5 − 2950374307928381)/217

e2d1125D16 F∞ F∞ ι(j), ι′(j) p2p
′
2 Y Y

where j = (53184785340479w−15 − 30252086554835)/234

e3d1D6i F F 49933/223874 p2p3p7 Y Y
e3d1D6ii F F 21473/38 p3

2p3 Y Y
e3d1D10 F F 731273/223652 p2p3p5 Y Y
e3d1D15 F F 68413/3852 p3p5 Y Y
e3d5D5 F Q −52813/3165 p3p5 Y Y
e3d5D9 F F 79493/25310 p2p3 Y Y
e3d8D9 F F −262393/310 p3 Y Y
e3d12D3 F∞ F 2633 p2

3 Y Y
e3d13D3i/ii F F ι(j), ι′(j) p3p

′
3 Y Y

where j = 53(135688993163077α + 176772314640989)/38

e3d17D36 F F 1134131313/22310 p2p
′
2p3 Y Y

e3d21D3 Fp3∞ K−1321 3353173 p2
3 N Y

(isogeny class)
e3d28D18 F∞ F 233413/2238 p′2p2p3p

′
3 Y Y

e3d49D1 F Q −21271/31 p3 Y Y
(isogeny class)

Continued on the next page
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Table A.3 – Continued from the previous page
Label FΓ MΓ j(E(Γ)) C(E(Γ)) Atkin- Proved?

Lehner?
e3d81D1 Fp3∞ Q 0 p4

3 Y Y
e4d8D2i/iii F F ι(j), ι′(j) p2p17 Y Y

where j = (−19513986518α− 25455932221)/29173

e4d8D2ii ? ? ι(j), ι′(j) ? ? Y
where j = (−241123607w−2 + 119421866)/214

e4d8D7i/ii F F ι(j), ι′(j) p3
2p7 Y Y

(isogeny class) where j = 24(142140α + 209189)/72

e4d8D98 F Q 5311323833/2972 p2p7p
′
7 Y Y

e4d2304D2 F∞ F 0 p4
2 Y Y

e4d2624D4i/ii F F ι(j), ι′(j) p2 Y N
where j = (316244205973w2 − 446790817554)/218

e5d5D5i/ii F F ι(j), ι′(j) p5p11 Y Y
where j = (4560282420936767α + 2818578140804845)/56113

e5d5D5iii F Q −241093/56 p2
2p5 Y Y

e5d5D9 F Q 233733/3258 p3p5 Y Y
e5d5D180 F Q 7322873/263256 p2p3p5 Y Y
e5d725D25i/ii F F ι(j), ι′(j) p5 Y N

where j = 212(2295328657133w5 − 3713921284309)/57

e5d1125D5 F∞ F 0 p2
5 Y Y

e6d12D66i/ii F∞ F ι(j), ι′(j) depends N Y
where j = (185900600222705α + 322018643570594)/2537112

e7d49D1 F Q 53113313/2376 p2p7 Y Y
e7d49D91i/ii/iii F F ι(j), ι′(j), ι′′(j) p7p13 Y Y

where j = (−8058460190096647498093α2

+ 4472108028759348587577α
+ 18107195658999647404885)/76132

e9d81D51i/ii/iii F F ι(j), ι′(j), ι′′(j) p3p17 Y Y
where j = (−78367545688483633α2

+ 27216689077016112α
+ 225650240167014325)/311172

e11d14641D1 F Q −212313/115 p11 Y Y
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Samenvatting

In wat nu volgt zal ik door het jargon en de notatie van de voorgaande pagina’s
proberen heen te prikken om ook de lezers van dit proefschrift die niet dagelijks
met wiskunde bezig zijn een indruk te geven van de inhoud, en misschien om
een enkele twijfelaar aan te zetten tot het daadwerkelijke lezen ervan. Hierdoor
zal ik niet overal even precies of volledig kunnen zijn, maar de hoofdmoot van
het proefschrift bevat wat dit betreft genoeg aanvullende informatie.

Meetkunde

Zoals vermeld op het titelblad gaat mijn promotieonderzoek over arithmetische
gepunte tori. Het bevindt zich op het gebied van de arithmetische meetkunde, een
soort kruispunt tussen meetkunde en getaltheorie. Deze sectie bevat informatie
over het meetkundige aspect; later zullen we zien hoe dit verwoven is met het
getaltheoretische.

De lezer zal ongetwijfeld een blik op de omslag hebben geworpen: samen
met het dankwoord en de samenvatting is dit doorgaans het populairste onder-
deel van een proefschrift, en niet alleen bij niet-wiskundigen. Vergeet nu even
de achthoek in het watermerk en beschouw het witte patroon van lijnen. Dit
is een deel van een betegeling van het bovenhalfvlak, dat zich vanaf de omslag
oneindig ver naar beide zijden en naar boven uitstrekt (dit is dan ook niet verder
bijgevoegd).

Door een meetkundige vervorming kan vanuit deze betegeling ook een
betegeling op de zogenaamde Poincaréschijf D geconstrueerd worden. Deze
heeft de omslag helaas niet gehaald, maar is alsnog als het linkerdeel van
Figuur 1 opgenomen; het rechterdeel van deze figuur is een andere betegeling
van D. Wellicht komen dergelijke illustraties u bekend voor uit het werk van de
Nederlandse graficus M.C. Escher. Zijn prentenreeks Cirkellimieten bestaat uit
meer van dit soort schijfbetelingen, versierd met vissen, hagedissen, engelen en
demonen.

De benaming Poincaréschijf voor D vereist nog enige toelichting. De schijf
D is namelijk niet zomaar een schijf, maar is ook nog eens uitgerust met een
meetkunde. Dat wil zeggen dat men kan aangeven wat op D het juiste analogon
is van een rechte lijn. Dit is namelijk een cirkelboog loodrecht staat op de rand
van deze schijf. Deze meetkunde is hetzelfde als de meetkunde die we gewend
zijn in het platte vlak, met één erg belangrijke uitzondering. In het alledaagse
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Figuur 1: Een paar Escherachtige betegelingen.

vlak is het namelijk zo dat gegeven een lijn ` samen met een punt p dat niet op
` ligt, er een unieke lijn `′ bestaat die door p gaat en ` niet snijdt. Zo’n lijn heet
dan evenwijdig aan ` te zijn.

Op de Poincaréschijf is dat niet langer waar. Eigenlijk gaat deze constructie
op D juist te goed, want zoals u in Figuur 2 kunt zien zijn er gegeven p en `
verschillende keuzes voor de evenwijdige cirkelboog `′, in plaats van een enkele
unieke keuze. In jargon wordt dit uitgedrukt door te zeggen dat de meetkunde
van D negatief gekromd is. Positief gekromde ruimtes bestaan ook, zoals het
boloppervlak. Hierop wordt het analogon van een rechte lijn gegeven door
een cirkel waarvan het middelpunt samenvalt met dat van de bol. Twee zulke
cirkels snijden elkaar juist altijd en derhalve kan een `′ als boven dus nooit
geconstrueerd worden. Overigens wordt een soortgelijk begrip van kromming
gebruikt door natuurkundigen als ze zeggen dat de ruimte-tijd gekromd is.

p

`

`′?

Figuur 2: Verscheidene evenwijdige paren lijnen op de Poincaréschijf.

Deze negatieve kromming zorgt ervoor dat de betegelingen van D aanzien-
lijk spannendere eigenschappen hebben dan betegelingen van het gewone vlak.
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Een vierhoeksbetegeling van het vlak heeft bijvoorbeeld de eigenschap dat in
alle hoekpunten precies 4 vierhoeken samenkomen (denk aan ruitjespapier).
Voor vierhoeksbetegelingen van D is dit onmogelijk; in tegenstelling hiermee
komen in Figuur 1 bijvoorbeeld links in elk hoekpunt 8 vierhoeken samen,
terwijl er rechts zelfs 12 vierhoeken bij elkaar komen. Sterker nog, elk vier-
voud 8, 12, 16, 20, . . . is mogelijk voor betegelingen van de Poincaréschijf. De
lezer kan hier zelf mee experimenteren op de site [Sij10].

Uitgaande van een vierhoeksbetegeling als in Figuur 1 kunnen we met wat
knutselen een interessant meetkundig object maken. Als we namelijk de centrale
vierhoek in Figuur 1 nemen en dit stuk van D zo rekken en rondvouwen dat
de twee verticale zijden aan elkaar vast komen te zitten, dan krijgen we een
cylinder. We kunnen dan vervolgens ook de boven- en onderkant van deze
cylinder aan elkaar vastmaken. Het resultaat is een donut- of fietsbandvormig
object dat gewoonlijk een torus wordt genoemd en waarvan u een illustratie
kunt zien in Figuur 3. Deze torus heeft een speciaal punt, namelijk het punt
waar de twee gelijmde zijden bij elkaar komen. We noemen hem daarom ook
wel een gepunte torus.

Figuur 3: Een gepunte torus.

Mijn onderzoek betreft een aantal speciale gepunte tori. Misschien denkt u
na de bovenstaande beschrijving dat hier niet veel interessants mee gemoeid
kan zijn; per slot van rekening weten we uit Figuur 3 precies hoe deze tori
er uit zien. Om de zaken simpel te houden is in deze beschrijving echter wat
informatie weggelaten. Net zoals namelijk de Poincaréschijf D niet zomaar
een schijf is, maar een schijf uitgerust met een meetkundige structuur, zo is
ook een gepunte torus die afkomstig is van een betegeling van D uitgerust
met een speciale meetkundige structuur. Deze structuur hangt echter af van
de betegeling waar de torus vandaan komt, waardoor een gepunte torus meer
behelst dan de illustratie in Figuur 3.

In feite komt het in acht nemen van de meetkundige structuur van een
gepunte torus neer op het bijhouden van de hoeveelheid rek die nodig is om de
gekromde zijden van de centrale vierhoeken in Figuur 1 aan elkaar te lijmen.
Zoals u daar kunt zien, hangt dit proces af van de betegeling.
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Gepunte tori kunnen op een wonderlijk eenvoudige manier worden beschreven
door complexe getallen te gebruiken (dit is geen oxymoron). Complexe getallen
zijn getallen van de vorm

z = s + ti,

waar s en t gewone, reële getallen zijn, zoals 1,−4,09 of π. Wat i betreft, dat is een
getal met kwadraat −1. Dit getal woont niet op de gewone getallenlijn: i staat
dan ook voor ”imaginair”. Complexe getallen worden meestal gevisualiseerd
door ze in een vlak te tekenen, met de reële getallen, van de vorm z = s + 0i dus,
op de horizontale as en de getallen z = 0 + ti op de verticale as. Het complexe
getal 4 + 3i bijvoorbeeld kan dan vanuit de oorsprong worden bereikt door een
afstand 4 naar rechts te gaan en een afstand 3 naar boven.

Het grote mirakel is nu dat voor elke gepunte torus er complexe getallen
a en b bestaan zodanig dat deze torus in essentie (”op isomorfie na”) wordt
gegeven door de complexe getallenparen (x, y) die voldoen aan

y2 = x3 + ax + b. (1)

Wellicht herinnert u zich van de middelbare school dat een vergelijking als
deze een kromme (een meetkundig object van dimensie 1) definieert, en lijkt
het daarom raar dat dit aanleiding kan geven tot een torus, die toch duide-
lijk een oppervlak (een meetkundig object van dimensie 2) is. Toch is het wel
degelijk logisch dat de oplossingen van deze vergelijking een torus vormen.
Immers, we hebben boven complexe paren (x, y) bekeken in plaats van reële
paren. Omdat de complexe getallen een vlak vormen (van dimensie 2), heeft
een kromme gevormd door complexe paren in totaal dimensie 2× 1 = 2, en is
dus welbeschouwd een oppervlak.

Een vergelijking als in (1) heet een Weierstraßvergelijking, vernoemd naar
de negentiende-eeuwse Duitse wiskundige Karl Weierstraß. De complexe
krommen die door dit soort vergelijkingen gedefinieerd worden, heten ook wel
elliptische krommen. In dit proefschrift proberen we waarden van a en b te vinden
voor de elliptische krommen die bij een speciale lijst van gepunte tori horen.
Wat deze lijst zo speciaal maakt, wordt beschreven in het volgende deel van
deze samenvatting.

Getaltheorie

In dit iets technischere deel van de samenvatting zal het getaltheoretische (ofte-
wel arithmetische) aspect van mijn onderzoeksonderwerp toegelicht worden.
Wegens het gebrek aan aanschouwelijke illustraties is de aantrekkingskracht
hiervan misschien wat moeilijker om direct in te zien die dat van het meet-
kundige aspect. Toch vinden de problemen in dit vakgebied hun oorsprong in
tamelijk eenvoudige wiskunde, en zijn ze vaak ook gerelateerd met de meetkun-
dige objecten uit de vorige sectie. Kijkt u bijvoorbeeld eens naar de kwadraten

0, 1, 4, 9, 16, 25, 36, . . .
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en de derdemachten

. . . ,−216,−125,−64,−27,−8,−1, 0, 1, 8, 27, 64, 125, 216, . . .

In de zeventiende eeuw vroeg de Franse wiskundige Pierre de Fermat zich
af welke gehele getallen er ingeklemd zitten tussen een kwadraat en een der-
demacht, in die zin dat het voorgaande gehele getal een kwadraat is en het
volgende een derdemacht of omgekeerd. Een flauw antwoord is snel gevonden,
namelijk 0. Na wat turen ziet u waarschijnlijk ook de spannender oplossing, te
weten 26. Daarna is het een stuk lastiger om een nieuwe oplossing te vinden.
Fermat nu bewees dat de twee oplossingen boven ook daadwerkelijk de enige
zijn.

Iets formeler opgeschreven komt de vraag hierboven neer op het vinden
van alle gehele getallen x en y die voldoen aan

y2 = x3 + 2

of
y2 = x3 − 2.

We zien de Weierstraßvergelijkingen (1) uit de vorige sectie opduiken, met a
gelijk aan 0 en b = ±2. Dit is slechts één voorbeeld van de verbanden tussen
getaltheorie en meetkunde die in de arithmetische meetkunde worden gebruikt.

Een essentieel getaltheoretisch hulpmiddel om dergelijke problemen op te
lossen, is een veralgemening van gehele getallen en breuken die algebraı̈sche
getallen worden genoemd. Dit zijn de getallen die kunnen worden verkregen
als oplossing van een vergelijking van de vorm

cntn + cn−1tn−1 + · · ·+ c1t + c0 = 0,

waar n en de getallen cn, . . . c0 allemaal geheel zijn. Voorbeelden zijn de gulden
snede (1 +

√
5)/2 (een oplossing van t2 − t− 1 = 0) en 3

√
2 (een oplossing van

t3 − 2 = 0). Voorbeelden van getallen die niet algebraı̈sch zijn worden gegeven
door e en π, en in feite zijn ”de meeste” getallen niet algebraı̈sch.

Zo ook hebben ”de meeste” gepunte tori niets met algebraı̈sche getallen van
doen. Er is echter een kleine deelklasse die wel een hoop informatie over deze
getallen bevat. Dit zijn de arithmetische gepunte tori, maar voordat we deze
objecten kunnen beschouwen, is eerst een kleine uitweiding vereist.

Betegelingen afkomstig van gepunte tori, zoals die in Figuur 1, hebben
een enorme hoop symmetrie. Deze symmetrie kan worden gecodeerd in een
zogeheten Fuchsgroep, vernoemd naar een andere negentiende-eeuwse Duitse
wiskundige, en wel Lazarus Fuchs. Eén van de simpelste soorten Fuchsgroepen
bestaat uit de matrices van de vorm(

a b
c d

)
,

waarbij a, b, c en d geheel zijn, ad− bc gelijk is aan 1, en c deelbaar is door N.
Hier is N een vast gekozen geheel getal. Bij deze groepen hoort een kromme
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(niet noodzakelijk een torus), die gewoonlijk X0(N) wordt genoemd en een
voorbeeld vormt van een klassieke modulaire kromme.

Het zij hier vermeld (zonder op details in te gaan) dat de krommen X0(N)
gebruikt kunnen worden om getaltheoretische stellingen te bewijzen die op
het eerste gezicht een nogal magische indruk kunnen wekken. Als eerste kan
bijvoorbeeld door de punten op X0(1) te bestuderen een verklaring worden
gegeven voor het feit dat het getal

e
√

163π ≈ 262537412640768744,999999999998

tot op 11 cijfers na de komma gelijk is aan een geheel getal, iets dat a priori
puur toevallig lijkt. Verder is de Laatste Stelling van Fermat, die beweert dat de
vergelijking

xn + yn = zn

voor n ≥ 3 geen niet-triviale oplossingen in gehele getallen heeft, bewezen
door het aantonen van een diepgaand verband tussen de krommen X0(N) en
elliptische krommen afkomstig van Weierstraßvergelijkingen waarvoor de a en
b in (1) breuken zijn.

De moraal hiervan is dat kennis van de krommen X0(N) vanuit getaltheoretisch
opzicht geweldig nuttig is. In de jaren zestig van de vorige eeuw heeft de
Japanse wiskundige Gorō Shimura een manier bedacht om dergelijke krommen
niet alleen te construeren met behulp van matrices, maar ook met zogenaamde
quaternionen. Een arithmetische gepunte torus is nu per definitie een gepunte
torus waarvoor de symmetriegroep nagenoeg gelijk is aan de groepen die bij de
krommen horen die Shimura beschouwt.

Voor arithmetische gepunte tori is de vergelijking (1) veel specialer. Het is
dan bijvoorbeeld zo dat a en b allebei algebraı̈sche getallen zijn, iets dat voor
de meeste gepunte tori absoluut niet het geval is. Verder is het mogelijk om
de oplossingen van (1) modulo een priem te bekijken. Het is dan mogelijk dat
de kromme gedefinieerd door deze vergelijking er wat minder prettig uit gaat
zien, bijvoorbeeld omdat één van de gelijmde zijden in Figuur 3 oneindig lang
wordt (het geval van ”multiplicatieve reductie”). Voor arithmetische gepunte
tori gebeurt dat echter slechts voor een zeer klein aantal priemen. Met andere
woorden, deze krommen hebben net als de klassieke modulaire krommen
interessante arithmetische eigenschappen te over.

Een motivatie om arithmetische gepunte tori te bestuderen, in plaats van
algemene gepunte tori, is dat ze een simpel praktijkvoorbeeld vormen waarin
aspecten van Shimura’s erg algemene en abstracte theorie kunnen worden be-
studeerd. De Japanse wiskundige Kisao Takeuchi heeft in 1983, het jaar van mijn
geboorte, een artikel gepubliceerd waarin alle 71 symmetriegroepen worden
bepaald die kunnen optreden. In dit proefschrift heb ik naar aanleiding van
zijn resultaten (en die van vele anderen voor mij) enkele methoden ontwikkeld
om vergelijkingen van de vorm (1) te bepalen voor de corresponderende tori.
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Overzicht

Rest me nog om een inhoudsoverzicht van dit proefschrift te geven. Hierbij
zal ik iets meer jargon gebruiken: van sommige hoofdstukken is de essentiële
simpliciteit helaas iets moeilijker over te brengen dan in de uitleg boven.

Hoofdstuk 1 geeft een wiskundige beschrijving van de betegelingen van de
Poincaréschijf die uitgaande van een (1; e)-groep geconstrueerd kunnen worden.
We bepalen in dit hoofdstuk de meest symmetrische vierhoeksbetegelingen
voor zo’n groep, samen met een achthoeksbetegeling die handig is voor een in
hoofdstuk 4 opgenomen algoritme en waarvan een voorbeeld gegeven wordt
door het watermerk op de omslag van dit proefschrift.

Hoofdstuk 2 en 3 behandelen de begrippen uit de theorie rond quaternional-
gebra’s en Shimurakrommen die nodig zijn voor de rest van het proefschrift. We
definiëren canonieke modellen voor arithmetische gepunte tori en onderzoeken
over welke getallenlichamen deze modellen zijn gedefinieerd. In hoofdstuk 4
worden vervolgens de sporen van Frobenius van deze canonieke modellen
uitgerekend met behulp van de Eichler-Shimurabetrekking.

In hoofdstuk 5 bestuderen we arithmetische gepunte tori bij een priem p
waar de quaternionalgebra B vertakt. Dit betekent dat de lokalisatie van B
bij die priem niet isomorf is met een matrixalgebra. Door de theorie van p-
adische uniformisatie te gebruiken (een p-adisch analogon van de betegelingen
in Figuur 1) kunnen we essentiële informatie verzamelen over de torus, zoals
de valuatie van zijn j-invariant bij p. We geven vervolgens aan hoe door het
gebruik van klassieke modulaire krommen deze resultaten toegepast kunnen
worden om een Weierstraßvergelijking als in (1) te vinden.

Hoofdstuk 6 beschrijft de tori die horen bij (1; e)-groepen die commensura-
bel zijn met één van de klassieke driehoeksgroepen. Deze driehoeksgroepen zijn
de Fuchsgroepen die aanleiding geven tot betegelingen van de Poincaréschijf
bestaande uit driehoeken. In dit geval kan een Weierstraßvergelijking wor-
den bepaald door de theorie van Belyi-afbeeldingen (en kindertekeningen) te
gebruiken.

In hoofdstuk 7 geven we eindelijk onze vergelijkingen voor arithmetische
gepunte tori, of beter gezegd voor hun canonieke modellen. Hier is nog tamelijk
wat werk mee gemoeid, want hoewel we in Hoofdstuk 3 een definitie hebben
gegeven voor zulke modellen, is het een stuk lastiger om hier daadwerkelijk
mee te rekenen (een vaak voorkomend fenomeen in de wiskunde). Een aan-
tal vergelijkingen in het eerste deel van Hoofdstuk 7 wordt eerst heuristisch
afgeleid: we rechtvaardigen onze aannames vervolgens in het tweede deel met
behulp van de theorie van Hilbertmodulaire vormen om te concluderen dat
deze vergelijkingen inderdaad correct zijn.
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Uit Leiden dank ik Peter Bruin, René Pannekoek en Marco Streng voor het
organiseren van vele erg leerzame seminaria. Weiter möchte ich aus Aachen
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And what would even heavenly bliss be
without wishing, without the wish to possess it,

for only sober understanding thinks it
foolish to wish for what one possesses.

— Søren Kierkegaard
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