CANONICAL MODELS FOR ARITHMETIC (1;¢)-CURVES

JEROEN SIJSLING

ABSTRACT. The Fuchsian groups of signature (1;e) are the simplest class of Fuch-
sian groups for which the calculation of the corresponding quotient of the upper
half plane presents a challenge. This paper considers the finite list of arithmetic
(1; e)-groups. We define canonical models for the associated quotients by relating
these to genus 1 Shimura curves. These models are then calculated by applying re-
sults on the p-adic uniformization of Shimura curves and Hilbert modular forms.

Let GL(R)™ be the group of invertible real two-by-two matrices with posi-
tive determinant, and let PGL,(R)™ be the adjoint group of GL,(R)*. Through
Mébius tranformations, PGL, (IR) T acts faithfully on the complex upper half plane
H* = H and the complex lower half plane #~ = H. Consider a Fuchsian group
I' C PGL,(R)™ that is arithmetic (as defined in [TakZ5]]). Then one can construct
the Riemann surfaces X*(I') = I'\H*. By definition, these curves allow a finite
correspondence with some Shimura curve associated to an order in a quaternion
algebra over a totally real field.

Canonical models for Shimura curves over number fields were first constructed
in [Shi70]. The explicit determination of these models has received a fair amount
of attention in recent years, for example in [EIk98]], [GRO06], [Mol10] and [Voi09al.
However, less effort seems to have been put into finding equations for more gen-
eral arithmetic curves. By contrast, this paper will focus on a specific class of
arithmetic curves, namely those coming from arithmetic Fuchsian groups I' whose
signature equals (1; ) for some natural number ¢ > 2. Geometrically, for I to have
signature (1;¢) means that the quotients X* (T') are of genus 1 and that the branch
loci of the projection maps H* — X*(T') consist of a single point, above which
ramification of index e occurs.

The full classification of arithmetic (1; e)-groups is due to Takeuchi: by [Tak83,
Theorem 4.1], there are 71 arithmetic (1; e)-groups up to PGL;(R)-conjugacy. Our
motivation for studying arithmetic (1;e)-groups is that they are the next simplest
type of arithmetic Fuchsian groups after triangle groups, being the only other type
of cocompact Fuchsian group generated by two elements.

In Definition we define canonical models for arithmetic (1;¢)-curves by
realizing these curves as Atkin-Lehner quotients of Shimura curves. In Section [4)
we determine these canonical models in 56 cases; in the remaining cases, only the
corresponding isogeny class is found.

Our main strategy, adapted from [DDO08|] and described in Section 3] is to first
find a point on a classical modular curve Yy(p) that corresponds to the curve
X*(T) by using [BZ]. Taking an appropriate twist in the associated geometric
isomorphism class of elliptic curves, we obtain a conjectural model of X*(T'). We
attempt to prove the correctness of this model (or, if this fails, of its isogeny class)
by invoking modular methods. In the fortunate 27 cases where I' is commensu-
rable with a triangle group, it is also possible to determine canonical models for
the curves X*(T') by taking appropriate twists of the models over C constructed
in [S{11].
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The organization of this paper is as follows. After fixing our notation, Sections|[T|
and[2| summarize the notions from the theory of quaternion algebras and Shimura
curves that we shall need; moreover, we define canonical models for arithmetic
(1;e)-curves at the end of Section [2| Section [3|is devoted to making explicit the
results in [BZ] and describing how to search for a point corresponding to X*(I') on
a classical modular curve Yy(p). In Section 4] we determine conjectural equations
for the curves Xi(l") associated to the (1;e)-curves in [Tak83, Theorem 4.1]; the
correctness of these equations is proved in Section [5| The Appendix summarizes
our results in the form of three tables.

We used the computer algebra system Magma ([BCP97]) to perform our calcula-
tions. The programs used for this paper can be found at [Sij10b].

Along with [Sij11], this paper summarizes the results in the author’s Ph.D. the-
sis [5ij10a].

Acknowledgments. The author would like to thank Frits Beukers, Bas Edix-
hoven, Santiago Molina, Marius van der Put, Victor Rotger and John Voight for
the help and enlightening discussions to which this paper owes a substantial part
of its existence.

NOTATION

We denote the unit group of a ring R by R* and the cardinality of a set S by |S|.
Unless explicitly mentioned otherwise, our further notation is the following.

0.1. Fuchsian groups.

« I': an arithmetic Fuchsian group of signature (1;e).
o T the lift of T to SL,(IR) defined in [Tak83) Section 3].
I =(y2:yel).

T =(32:5€T).
« a, B: the generators of I given in [Tak83} Section 3].

0.2. Number fields.

« F: a totally real number field. When considering an arithmetic (1;e)-
group T, this denotes the trace field Q(tr(T'?))) of T (as in [Tak83]).

o Zr: the ring of integers of F.

o FT (resp. Z}): the totally positive units of F (resp. ZF).

o F, (resp. Zr p): the completion of F (resp. Zr) at a prime ideal p of Zr.

o Zr p: the ring of integers of Fy.

. Uékp ): the open subset Z ;,p N (1+p) of F,*. We abbreviate Ug = (U,(JO) )2.

« F: the finite adele ring over F.

o Zr: the integral closure of Z in F.

« CI(N) (resp. CI(Noo)): the ray class group F*\F* /N (resp. narrow ray
class group F+\F* /N) associated to an open subgroup N of F*.

« CI(TTp"») (resp. CI([Tp**00)): the ordinary (resp. narrow) ray class group
associated to the open subgroup [TU, "’ of F*. For example, Cl(c0) is the
narrow Hilbert class group of F.

o Frppoe (resp. Frpivoo)® the ordinary (resp. narrow) ray class field associated

to [TU™.
« Gr: the absolute Galois group Gal(F|F) of F.
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0.3. Quaternion algebras.

0.1)

(0.2)

B: a quaternion algebra over a totally real field F satisfying
BRgR = M(R) x H x --- x H.

When considering an arithmetic (1; e)-group T, this will denote the quater-
nion algebra F[T(?)] over the trace field F of T.

i: the embedding B — M,(RR) corresponding to the decomposition (0.1).
Abusing notation, this also denotes the infinite place : : F — IR of F for
which B ®r, R = M (IR)

H: a quaternion algebra over a totally real field satisfying

H®gR=Hx--- xIH.

nrd: the reduced norm map of B.

D (B): the discriminant of B, i.e., the product of the places of F at which B
ramifies.

D (B)/: the finite part of D(B).

I: alattice of B, i.e., a projective Zr-submodule of B of rank 4.

O: an order of B, i.e., a lattice that is also a subring.

Zr[T?)]: the quaternion order Z¢[T'?)] associated to a (1;e)-group I'.

B (resp. T): the tensor product B ®q Q (resp. I @7 Z).

By, (resp. I,): the tensor product B @ F, (resp. I @z, Zr p).

BP (resp. I"): the ring BN [14.4p Bg- (resp. In [Tq£p Lg)-

B* (resp. O%): the group of units of B (resp. O) whose reduced norm is
totally positive.

B! (resp. O'): the group of units of B (resp. O) whose reduced norm
equals 1.

K: a compact open subgroup of B*.

K, = KN B,.

KP = K NTTqp By

CI(K): the narrow ray class group Cl(nrd(K)oo).

Fk: the narrow ray class field associated to nrd(K).

Pic,(K) (resp. Pic;(Koo)): the ordinary (resp. narrow) right Picard set of
K. We abbreviate Pic,(O) = Pic, (O).

T(Kco): the right narrow type set of K.

N(K): the normalizer of K in B*.

a([a]): the Atkin—Lehner involution associated to an ideal class a.

0.4. Geometry.

H* = H: the complex upper half plane.

H~ = H: the complex lower half plane.

XT(G) (resp. X~ (G)): the Riemann surfaces G\'H* (resp. G\'H ™) associ-
ated to a Fuchsian subgroup G of GL;(R)" or PGL,(IR). We abbreviate
X(G) = X*(G).

X*(O7) (resp. XT(0O')): the complex algebraic curves O\ H* (resp.
O #H*). Here we view the adjoint groups Ot and O! as subgroups of
GL,(R)™ through .

J*(G): the Jacobians Jac(X*(G).

Y(K): the Shimura curve associated to K. We abbreviate Y(0) = Y(O*).
E(S’ (K])) (resp. Y, (K)): the component of Y(K) containing [+i,1] (resp.
—i,1]).

Sh(K) (resp. Shi (K)): the canonical model of Y (K) (resp. Y5 (K)).

J(K) (resp. J;(K)): the Jacobian Jac(Sh(K)) (resp. ]aC(ShOi(K))).
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0.5. Uniformization.

o )y the p-adic upper half plane.

o Tp: the p-adic Bruhat-Tits tree.

o Sh(K,p): the integral model for Sh(K) over Zr , constructed in [BZ].
« G(K,p): the graph associated to Sh(K, p).

o V(G): the vertex set of a graph G.

o OE(G): the oriented edge set of a graph G.

o E(G): the edge set of a graph G.

0.6. Miscellaneous.

o en,dny;Dnpr (e.g. €2d1D6i): the labels defined in the Appendix.
» wy: the algebraic number given by

03) Wy = % ifd=1( mod 4);
Vd otherwise.

« i: the square root of —1.

1. QUATERNIONIC PRELIMINARIES

1.1. Quaternion orders. For the general theory of quaternion algebras and quater-
nion orders, we refer to [Vig80]. We need a few additional notions.

Let O be an order of B and let O(1) be a maximal order containing ©. Then
the quotient O(1)/O is a finite Zp-module. Hence there exist Zg-ideals a3, ..., a,
such that

n
(1.1) O0M)/0=]]Zr/«,
k=1
We define the level £ of O to be the Zr-ideal []; ax. It does not depend on the
choice of O(1) as £2 = disc(O(1))/disc(O), cf. [Vig80, Section II1.5.A].
An Eichler order of B is the intersection of two maximal orders of B.

Proposition 1.1.1. Let O be an Eichler order of B. Then the following statements hold.

(i) At primes p where B ramifies, Oy equals the unique maximal order of By,.

(ii) At primes p where B splits, choose an isomorphism By = My(Fy). Then there is
a unique integer n € Z x> such that under this isomorphism, Oy, is conjugate to
the suborder

1.2) {( ‘C‘ Z ) € My(Zg) : c ep”}

of Ma(Fy). The exponent of p in the level of O equals n.

Conwversely, let O be an Eichler order maximal at a prime p and let O(p) be a level p
suborder of O. Then O(p) is an Eichler order.

Proof. For the first part of the Proposition, see Lemme 1.5, Théoreme 11.2.3 and
Lemme I1.2.4 in [Vig80]. The converse statement is in [[Eic55]. O

We now consider more general orders than Eichler orders. In our calculations in
Section[d, we will encounter orders O with the property that there exist a maximal
order O(1) containing O and a squarefree ideal 9N such that NO(1) C O. The
following two propositions give a local description of such orders (cf. [HPS89]).

Let F be a non-archimedean local field with valuation ring Zr and let p be the
unique prime ideal of Zr, uniformized by 7r. Let « be the residue field Zf/p and
let g = |x|. For k € N, we denote U¥ = ZX N (1 + p¥), and we abbreviate

U2 = (U®)2, Let ¢ : A — M;(k) be an embedding of the unique quadratic field
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extension A of x into the matrix ring M (k). Such an embedding exists (for exam-
ple, view A as a vector space of dimension 2 over x and consider the left action
of A on itself), and two such embeddings are conjugate by the Skolem-Noether
Theorem ([Vig80, Théoreme 1.2.1]).

Proposition 1.1.2. Let B = M;(F). Let O(1) be the maximal order My(Zp) of B. Let
O C O(1) be an order such that pO(1) C O. Then up to conjugation by elements of
O(1)*, the order O is of exactly one of the following forms:

i 0=0();
(i) O = {( Z
(i) O = {x € O(
(iv) O = {

(
mo-{(
wo-{(:

The following table summarizes the properties of the O above:

€cO0(1):c= O(modp)};
):x(modp) € p(A)};
> €0O():a=d(modp),c= O(modp)};

Z ) 6(’)(1):b5650(modp)};

) €0O):a=d(modp),b=c= O(modp)};

ES T o RS T S RN
QU
N———

QU s

Case | Level | [O(1)* : O*] | nrd(O*)
@ | (1) 1 u®
i) | p g+1 u©
(i) | p? (g—1)q u®©)
(i) | p? | (g-1)(g+1) | udu?
() | p? q(g+1) u®
@) | p® | (g—1)q(g+1)| uMuz

O is an Eichler order if and only if we are in case (i), (ii) or (v). Up to conjugation, the
inclusion relations between these orders are as follows (except in the case q = 2, when the
groups in (v) and (vi) are equal):

Proof. This reduces to classifying the subalgebras of O(1)/pO(1) = My(x). To
calculate the reduced norm groups, note that nrd(O*) = UM U2 in case (vi), and
certainly nrd(O*) = U© in case (i) and (ii). As for the remaining cases, they
follow because x[x]/(x?) is the only algebra extension of « for which the norm to
x does not surject in odd characteristic. O

Remark 1.1.3. Part (v) of the proposition shows that for an Eichler order O, the
quotient Zg-module O(1)/0 from may depend on the choice of a maximal
order O(1) containing O.

Let A(A) the x-algebra whose underlying x-vector space is given by A1 @& Au
and whose multiplication is given by (a; + byu)(az + bau) = a1ap + (a1by + byal)u.
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Proposition 1.1.4. Let B be the ramified quaternion algebra over F and let O(1) be the
maximal order of B. Then there is an isomorphism of algebras

(1.3) 01)/pO(1) = A(M).

Let O C O(1) be an order such that pO(1) C O and let O /p be the image of O under
the isomorphism . Then up to conjugation by the elements of the groups O(1)* or
B*, the subalgebra O /p of A(A) is of exactly one of the following forms:

(i) O/p = A(L);
(i) O/p=x® Ay,
(iii) O/p =« & «(a+ bu), where a is a fixed element of A — x and b runs through a
set of representatives for A/ A*(171);
(iv) O/p = x © xbu, where b runs through a set of representatives for A* /A*%;
(v) O/p =x®{0}.

The following table summarizes the properties of the O above:

Case | Level | [O(1)* : O*] | nrd(O*)
@ | (1) 1 u®
i) | p g+1 umyz
(iii) | p? 7* u®©)
(iv) | p? q(g+1) u®u?
@ | » | P+ | uhu?

The order of B from case (ii) is the unique level p order of B. Up to conjugation, the
inclusion relations between these orders are as follows:

(iii)

i

(v) (iv) (i) (i)

Proof. The first part of the proposition is obtained by reducing the isomorphism
in [Vig80, Corollaire 1.1.7] modulo pO(1). Note that the algebra O(1)/pO(1) is
not central simple over k. Classifying the requested suborders of O(1) once more
reduces to calculating the subalgebras of A(A).

To show that x @ Au is the unique level p suborder of A(A,u), let B be another
-subspace of A(A,u) of codimension 1. Then the projection 77 : V. — A & {0}
is surjective. Let x be an element of the non-trivial intersection V N ({0} & Au).
Then vx = m(v)x for all v € V. Since 7 is surjective, V contains the subspace
{0} ® Au. Now if V were an order, it would also contain the subspace « & {0}.
Hence because V has codimension 1, we would then have V = x ® Au, contrary
to our assumption.

The quadratic subalgebras of O/p are given by Q = « & x(a + bu) for some
a+bu ¢ x & {0}. The isomorphism class of Q as a x-algebra is determined by the
reduced trace and norm of a + bu. Case (iii) is the case where Q is a field, and in
case (iv) Q = k[x]/(x?). The classification up to O(1)-conjugacy follows from the
fact that for ¢ # 0 we have

(1.4) (c +du)(a+bu)(c+du)™t = (c+du)(a+bu)(c? — du) /1™

=a+ b Ty

To conclude that the same holds up to N(O(1)*)-conjugation, first note that if
we let i € O(1) be a preimage of u, then B* = (O(1)*, u). If we let 4 + bil be an
element of O lifting a + bu, then [Vig80, Corollaire I1.1.7] shows that (@ + bii)ii !
reduces to a + b7u in A(A,u). But b7 = b- b9, so we could have obtained the
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corresponding conjugate algebra equally well by conjugating with an element of
O(1)*. This concludes our illustration of case (iii).

Calculating the indices [O(1)* : O*] is straightforward. As for the norm
groups, note that if we let

(15) O1)W =Ker(O(1)* — (O(1)/pO(1))%),

then O(1)(1) C O for all O as above. Let L be the unramified quadratic extension
of F. Then lj( ) c O(1)M by [Vig80, Corollaire I1.1.7]. Now nrd(U (1)) = Uél)
by [Neu99, Corollary V.1.2], which quickly yields the final column of the table
above. O

1.2. Norms. Let F be a totally real number field and let B be a quaternion algebra
over F. Then we denote

(1.6) Fy = {x € F* :1(x) > Ofor all 1 dividing ©(B)*},
and Zyp =Zp NFy.
Theorem 1.2.1. Let B be an indefinite quaternion algebra over totally real number field
F. Let K be a compact open subgroup of B and let O be an Eichler order of B.
(i) We havenrd(B*) = Fy.

(ii) The group nrd(K) is an open subgroup of Z . Moreover,
(1.7) nrd(KNB*) = nrd(K) N Zf p.

(iii) We have nrd(O*) = Z and nrd(0*) = Zgp.

Proof. Part (i) is the Eichler norm theorem, and part (ii) can be proved as in [Vig80,
Proposition I11.5.8]. Part (iii) then follows from Proposition ii). O

Remark 1.2.2. For more general orders O, the image nrd(O*) C Z; can be deter-
mined by a local calculation using Hensel’s lemma at the primes p where O is not
maximal. Note that since Oy, contains Z ,, the norm group nrd(O,’) contains the
open subgroup Zj o 2ofZ ja p We refer to [Sij10b] for some elaborate calculations.

1.3. Indices. This section will Calculate indices associated to an inclusion K’ C K
of compact open subgroups of B*. We need the following fundamental result
([Vig80, Théoreme II1.4.3]).

Theorem 1.3.1 (Strong approximation). Let F be a number field and let B be a quater-
nion algebra over F. Let Ag be the adele ring over Q and let S be a set of places of F
containing at least one place at which B splits. Consider the group

(1.8) By =[] B'(F) C (Bog Ag)".
veS

Then BB} is dense in (B ®q Aq)*.

Corollary 1.3.2. Let F be a totally real number field.

(i) Let B be an indefinite quaternion algebra over F. Then BY is dense in B
(ii) Let H be a definite quaternion algebra over F. Then for any finite prime p at
which H is split, HlH'}J is dense in H'.

Let K be a compact open subgroup of B*. Then we obtain subgroups P(K N B*)
and P(K N B') of the adjoint group PB* = B* /F* of B*.

Proposition 1.3.3. Let B be an indefinite algebra over a totally real number field F and
let K C K be two compact open subgroups of B*.
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(1) We have
[K: K]

(1.9) [KNnB':K'nBl = e (K)  ned (K]

(i) We have
h[K : K']

[nrd(K) : nrd(K")]”
where h = |Im(nrd(K) N Z} — nrd(K)/nrd(K"))].

(iii) If K" NF* = KN F*, then the equalities in (i) and (ii) also hold for the indices
[P(KNBY) : P(K' N B)] and [P(K N BT) : P(K' N BY)], respectively.

(1.10) [KNB*:K' NB*] =

Proof. We prove (ii): case (i) is similar to case (ii), and (iii) is obvious. Consider the
sequence of maps

(1.11) (KNBH)/(K'NBY) -2 K/K' Y5 nrd(K) /nrd (K').

The map ¢ is injective. We prove (ii) by showing that Im(¢) = ¢~1(N), where
N = Im(nrd(K) N Z} — nrd(K)/nrd(K’)). The inclusion Im(¢) C 3 '(N)
is trivial. Conversely, suppose we are given a coset kK’ mapping to an element
i of N under . Let k' € K’ be such that nrd(kk'~!) is in nrd(K) N Z}. Us
ing Theorem ii), we see that there exists an element b of KN BT such that
nrd(b) = nrd(kk'~!). Therefore nrd (b~ 'kk’~!) = 1. By Corollary i), there ex-
istaby € Blandak; € K’ N B! for which bik; = b~'kk'~1. But then bby = kk'~ 1k !
isin KN BT and represents the coset kK. O

Since O* NF* = OX N F* = Z; for all orders O of B, we get:

Corollary 1.3.4. Let n > 0. Let O(p") C O(1) be an inclusion of a level p" Eichler
order into a maximal order and let g = |Zg /p|. Then

(1.12) [PO1)!: PO(p")'] = [PO(1)" : PO(") "] = ¢" (g +1).

Corollary 1.3.5. Let O(1) be maximal and let © C O(1) be a inclusion of orders such
that pO(1) C O. Let « be the residue field Zr /p. Then the following statements hold.

(i) We have
(1.13) [PO(1)' : PO = [O(1)* : O%]/d,

where d € {1,2} equals 2 if and only if p is odd and the final column of the
row corresponding to O in the table in Proposition or is given by
uhzz2.
(ii)) We have
(1.14) [PO(1)* : POT] = [O(1)* : O*]n/d,
where d is as above and n € {1,2} equals 2 if and only if d equals 2 and the

canonical map Z{ — «* /x*? is surjective

Proof. This follows from the fact that Zy o/ U x> is a cyclic group of order
|ZF/p| — 1, which is odd if and only if p is even. O

Remark 1.3.6. The corollaries above generalize to composite level. However, in our
calculations in Section 4} the level will contain only one prime.
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1.4. Picard and type numbers. Let B be a quaternion algebra over a totally real
number field F and let K C B be a compact open subgroup. Then we can consider
the (right) Picard set

(1.15) Pic,(K) = B*\B* /K.
Moreover, if B satisfies (0.1), then we define the narrow (right) Picard set
(1.16) Pic,(Koo) = B*\ {#1} x BX /K.

Here b € BX acts on B* through left multiplication and on {41} through multipli-
cation by the sign of nrd(b) at the split infinite place of B. We call the cardinality
|Pic, (K)| (resp. |Pic, (Keo)|) the Picard number (resp. narrow Picard number) of K.

IfK = @X, where O is an order of B, then Pic,(K) classifies the locally prin-
cipal right O-ideals up to left multiplication by elements of B*, cf. [Vig80, Sec-
tion II1.5.B]. Similarly, Pic,(Ooo) describes the set of equivalence classes of locally
principal right O-ideals equipped with an orientation at the split infinite place ¢ of
B.

The narrow type set of K is defined by

(1.17) T(Keo) = B*\ {£1} x B*/N(K)

Its cardinality is called the narrow type number of K. For K = O, it classifies the
global conjugacy classes of the orders locally conjugate to O equipped with an
orientation at «.
Proposition 1.4.1. Consider B and K as above.

(i) The reduced norm map induces a bijection

(1.18) Pic,(Koo) — FX\{#1} x F* /nrd(K) = CI(K).
(ii) Similarly, it induces a bijection
(1.19) T(Koo) — Fy\{£1} x F*/nrd(N(K)) = CI(K).

The cardinality |T(Koo)| is a power of2.

Proof. The isomorphisms (1.18) and | are generalizations of [Vig80, Corol-
laire I11.5.7]. The final remark follows from the fact that F* ¢ N(K), which implies
nrd(F*) = F*2 ¢ nrd(N(K)). O

Proposition 1.4.2. Let B be as above and let O (M) be a level N Eichler order of B. Let
K=0Mm)*.

(i) Let p be a prime of F at which B is split. Then
(1.20) nrd(N(Ky)) = (F2Z5,, 7).

(i) Let p be a prime of F at which B ramifies. Then nrd(N(K,)) = F".
(iif) Let C1[2] = Cl(c0)/2Cl(co). Then

(1.21) T(Keo) = CI[2]/({p : p|D(B)/} U {p : (M) odd}).
Proof. Analogous to that of [Vig80| Corollaire II1.5.7]. O

We refer to [KV10] for the determination of Picard and type numbers in definite
quaternion algebras.

2. CANONICAL MODELS

Throughout this section, let F be a totally real number field, let B be a quaternion
algebra over F satisfying (0.1) and let K C B* be a compact open subgroup.



10 JEROEN SIJSLING

2.1. Shimura curves. Let U be the Riemann surface P'(C) — P!(R). The group
GL;(R) acts on U through Mébius transformations, hence so does B* via the em-
bedding ¢ from Section[0.3} We can therefore construct the double quotient

(2.1) Y(K) = B*\U x B* /K.
For an order O of B, we abbreviate Y(0) = Y(O*).

Proposition 2.1.1. Let Y(K) be as in (2.1).
(i) Let 7to(Y (K)) be the set of connected components of Y (K). Then

(22) mo(Y(K)) 2 B*\{£1} x B* /K = Pic(Keo)
and the reduced norm map induces an isomorphism
(2.3) mo(Y(K)) — CI(K).

(i) Let {(a;, b;)}, with a; € {£1} and b; € B*, be a set of representatives for the
quotient [2.2). Then there is an isomorphism

(2.4) Y(K) = ] [ X" (b:;Kb; 1 0 BY).

The quotient Y (K) is compact if and only if B is a division algebra.
(ili) There occur at most |T(Keo)| isomorphism classes of curves on the right hand

side of (2.4).
Proof. Part (i) follows from the identification 7ro(U) = {£1}. Part (ii) results from
of Lemma 5.13 and Theorem 3.3 in [Mil]. As for part (iii), an element 7 of N(K)
induces an automorphism of Y(K) sending [x,b] to [x,b7]. Under the isomor-
phism (2.3), the action of n on 7y(Y(K)) is given by multiplication by nrd (7).
Components that are accordingly permuted are isomorphic. O

We let the neutral component Y, (K) of Y(K) be the connected component of
Y(K) containing the class [, 1]. There is an isomorphism Y, (K) = X (KN B™).
Here the group KN B C B*/F* is considered as a subgroup of GL,(R) " through
1. We abbreviate Yy(K) = Y, (K). Similarly, the connected component Y; (K) of
Y (K) containing [—1i,1] is isomorphic to X~ (KN B*).

We call the automorphisms [x,b] — [x,b7i] of Y(K) induced by elements 7 of
N(K) Atkin—Lehner automorphisms of Y (K). Let © = ©(B)/. Suppose K = O(M)*,
where O (M) is a level N Eichler order of B. Let a be a product of distinct primes at
which D9 has odd valuation. Then by Proposition there exists an element
7i(a) of N(K) whose components in the quotient
2.5) N(K)/F*K=[]N(Ky)/FK, = ] z/2z

p p|OMN
are non-trivial exactly at the primes dividing a. We denote the corresponding
Atkin-Lehner involution by a(a).

Theorem 2.1.2 ([ShiZ0]). Let Y(K) be as in (2.1).
(i) There exists a curve Sh(K) over F that is a canonical model of Y (K) over F. In
particular Sh(K) @, C = Y(K).
(ii) Let K' C K. Then the canonical map Y(K') — Y(K) is induced by an F-
morphism Sh(K’) — Sh(K).
(iii) Let b € B*. Then the canonical isomorphism Y(K) — Y(b~1Kb) given by
[x,0'] = [x,'b] is induced by an F-morphism Sh(K) — Sh(b~!Kb).
Proof. Part (i) is [Car86), (1.1.1)]. Parts (ii) and (iii) follow from [Mil, Theorem 13.6].
U
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We now turn to the arithmetic properties of the Shimura curve Sh(K). The
scheme of connected components 77y(Sh(K)) is a finite étale scheme over Spec(F)
whose geometric points are given by

(2:6) 7o (Sh(K)) (F) = mo(Sh(K))(C) = mo(Y(K)).
This set of points inherits a left action of G = Gal(F|F), which conversely deter-
mines 77)(Sh(K)) as a scheme.
Theorem 2.1.3 ([Car86], Section 1.2). Under the isomorphism (2.3), the action o € G
on CI(K) is given by o([x]) = [Sx], where S € F* is any finite idele whose image under
the Artin reciprocity map F* < A — Gal(F*®|F) equals 0| pab.

Therefore 779 (Sh(K)) = Spec(Fx). Hence there exist models Shy (K) over Fy for
the components YOi (K). Moreover, Sh(K) is isomorphic to the scheme

(2.7 Shy(K) — Spec(Fg) — Spec(F)
over F. In other words, there is a finite decomposition
(2.8) (Sh(K))re =  []  Sho(K)”

ceGal(Fg|F)

over F. We also call the models Shi (K) of Y37 (K) over Fg canonical (cf. [ShiZ0]).

The Jacobian J(K) = Jac(Sh(K)) is an abelian variety over F. As in the discus-
sion before Theorem B in [ZhaO1]], we see that if we let J5~(K) = Jac(Shy (K)), then
Jo(K) is an abelian variety over Fx for which

(29) J(K) = Respp(Jo(K)).
Here Res denotes Weil restriction of scalars.

Proposition 2.1.4. Let n € N(K). Then the Atkin—-Lehner automorphism of Y (K) as-
sociated to n descends to an F-automorphism of Sh(K). In particular, there occur at most
| T(Koo)| isomorphism classes of curves over Fx on the right hand side of (2.8).

Proof. Considering Theorem iii), this follows from Proposition iii),. O

Proposition 2.1.5. Let ¢ € Gr. Then the Jacobians of the curves Sho(K)” and Shy(K)
are isogenous over Fg.

Proof. By weak approximation for F* and surjectivity of the map nrd : K, — Z o p
at primes p where K is maximal (cf. Theorem iii)), we see that we can choose

o~

the representatives (a;, b;) in Proposition ii) to satisfy
(2.10) a; = 1land El-,p =1 at p where K is not maximal or B ramifies.

Fix i. Then K’ = KN BiKEi_l is a compact open subgroup of B* and therefore of
finite index in both K and EKEl_l This gives rise to a correspondence

(2.11) Sh(K) «— Sh(K’) — Sh(B;Kb; ).

We claim that the correspondence (2.11) induces isomorphisms on connected com-
ponents. Indeed, by construction, at primes p where b; is non-trivial, K}, is given by
the unit group of an Eichler order, hence nrd(Kj,) = Z Fp = nrd(Kp). Atp where b;
is trivial, obviously nrd(Ky) = nrd(K},) since K, = Kj,. Hence nrd(K’) = nrd(K),
which proves the claim in light of Proposition [2.1.1i).

The correspondence in (2.11) induces trivial maps on the schemes of connected
components by Theorem ii). Consequently, it induces a correspondence over

Fg between the neutral components Shy(K) and Shy (EKE;l) This is the same as
giving an isogeny of the corresponding Jacobians. Since the neutral component of
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Sh(@l-KEi_ 1) can be identified with the connected component of Sh(K) containing
(a;, b;), the Proposition follows from . O

Theorem 2.1.6. Let p be a prime of F, and suppose that K is of the form K = K, x KP,
where K, C By, and KP C BP. Let € be the conductor of J(K) as an abelian variety. Then
vp (&) only depends on K. Furthermore,
(i) Ifpt®(B) and Ky, is maximal at p, then v, (&) = 0.
(i) If p t ©(B) and K, is the unit group of a level M Eichler order of By, then
vp (M) = 1 implies vy (€) = 1.
(iii) Ifp | ©(B) and Ky is maximal at p, then v, (€) = 1.

Proof. The first two statements follow from [Car86]. The third is a consequence of
the p-adic uniformization of Sh(K) (cf. Proposition 3.1.14(ii)). O

Finally, we give an adelic version of the main result in [DN67], which relates
Shimura curves coming from different quaternion algebras.

Theorem 2.1.7. Let B be a quaternion algebra over F that is split at a unique infinite
place 1. Let B’ be an algebra that is ramified at the same finite places as B and that is split
at a unique infinite place 1. Let

2.12) B=TIB, =]]B,=5
b p
be an isomorphism of restricted direct products. Let K be a compact open subgroup of B*.
Then if we let K = ¢(K), there exists an isomorphism
(2.13) Sh(K) Qpy C= Sh(Kl) ®p, C
of curves over C.

Let ¢ be an automorphism of F. Then if the F-algebra structure of B is given by
F > B, we can consider the F-algebra “B obtained by

-1 .
(2.14) r>r-4B.

The identity map on B is an isomorphism of Q-algebras B — “B. We have ®(’B) =
o(D(B)). Here, for a place v of F, we denote by ¢v the place vo o 1.

Upon tensoring, we obtain an isomorphism of Q-algebras
(2.15) B=BwqAl, — BegAL="8B

Let K be a compact open subgroup of B* and let “K be equal to K, but this time

considered as a subgroup of B~ through the isomorphism || Then clearly
there is an isomorphism

(2.16) Y(K) = B*\U x B*/K = “B*\U x “B* /K = Y(“K),
therefore
(2.17) Sh(K) ®r, C = Sh(’K) ®F, C.

Combining the isomorphisms (2.13) and (2.17), one can show that Y(K) is de-
fined over a proper subfield of F in a large variety of cases, such as the following.

Corollary 2.1.8. Let F be Galois over Q and let B be an algebra over F whose finite
discriminant © (B)/ is Gal(F|Q)-invariant. Let K = O, where O is an Eichler order of
Gal(F|Q)-invariant level M. Then the field of moduli of Y (K) equals Q.



CANONICAL MODELS FOR ARITHMETIC (1;¢)-CURVES 13

Proof. We have to show that

(2.18) Sh(K) ®f, C = Sh(K) ®f, C

for all pairs of real places ¢ and i/ of F. Given ¢ and /, there is an automorphism o
of F such that // = 1. Then by , we have

(2.19) Sh(K) ®f, C = Sh(K) ®f,, C = Sh(K) ®f , C.

Note that “K comes from a level ¢(91) = I Eichler order of “B. By the Galois

invariance of ©(B)/ we can take B’ = “B in Theorem We let K' = “K.
Then since both K’ and K come from level 9 Eichler orders, we can choose the
isomorphism in (2.12) such that K is mapped to K’. Therefore (2.13) yields

(2.20) Sh(’K) ®@f  C = Sh(K') ®f » C = Sh(K) @, C.
Combining (2.19) and (2.20), we obtain (2.18). a

Remark 2.1.9. See [Hal09, Proposition 1] for a related result. In Section we will
see that the hypotheses of Corollary do not imply that the canonical model
Sh(K) descends to Q.

2.2. From KN B to KN Bl. This section considers the subgroup K N B! of KN B*.
In the previous section, we obtained the curve X(K N BT) as the neutral compo-
nent of the Riemann surface Y (K), resulting in a canonical model Shy(K) for this
curve over Fg. For reasons that will become clear in the next section, we are also
interested in obtaining a canonical model of the curve X(K N B!). To obtain this
curve as a Shimura curve, this section constructs compact open groups K’ C B*
that are slightly smaller than K.

Proposition 2.2.1. The group P(K N B') is a normal subgroup of P(K N B*) of finite
index. Let N = nrd(K). Then we have an isomorphism
(2.21) P(KNBM)/P(KNBY) = (NNZ})/(NNZF?).

The latter group is isomorphic to a subgroup of Ker(Cl(co) — Cl(1)), with equality
holding if K = O for an Eichler order O.

Proof. Let (KN B*)?) be the subgroup of KN B* consisting of those elements
whose norm is in Z ;2. Then we have the following commutative diagram with
exact rows

(2.22) 1—=2Zf —— (KnB")®2zZ% —~P(KNB') ——=1
1 z; KNB*ZY ——=P(KNBT) —=1

Considering this diagram, we see that the canonical map
(2.23) (KNBYHZX/(KNBY)@zZX — P(KNB*)/P(KNBY)

is an isomorphism. On the other hand, by Theorem ii), the reduced norm
map induces an isomorphism

(2.24) (KNBHZX/(KNBYPZx —(NNZ{)Z2/(NNZ 222
~(NNZf)/(NNZF?).

As for the second part, there is a canonical map

(2.25) Z5 )23 — AT /(A7) =TTul /uh.

v|oo
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Here UI(JO) = F =2 R*, and UZ(,l) is the connected component of UZ(,O) containing 1.
The kernel of the quotient map Cl(co) — Cl(1) is isomorphic to the cokernel

of the map (2.25) (cf. the proof of Lemma [2.2.2). The kernel of (2.25) is given by
zZ ?2. Now because of Dirichlet’s unit theorem and the fact that any number

field has a root of unity of order 2, both of the groups in have the same
cardinality, to wit 29¢8(FIQ), Therefore the kernel and cokernel of have the
same cardinality. Since both have exponent 2, these groups are isomorphic. To
conclude the proof, note that nrd(O*) = Z 7 for all Eichler orders O. O

Consequently, if the narrow class group of F is non-trivial, then usually X(K N
B') will be a non-trivial cover of X(K N B*). Working directly with the algebraic
group Resp|g (B') to deal with K N B! is unfortunately out of the question, as there
is no Shimura datum for ResF‘Q(Bl). However, one can find a way around the
problem by considering suitable compact open subgroups of K of small index.
The key point is the following lemma:

Lemma 2.2.2. Let F be a number field and let N be a compact open subgroup of F*. Then
there exists a compact open subgroup N’ of N satisfying the following properties:
(i) The canonical quotient map C1(N'c0) — Cl(Noo) is an isomorphism.
(i) Zf NN =Z;*NN.
Moreover, for any such subgroup N', the canonical map
(2.26) (Zf NN)/(Z{NN'") — N/N’

is an isomorphism.

Proof. The Cebotarev density theorem implies that given a nonsquare x in F, the
set of primes of F at which x is a square has density 1/2. This allows us to construct
N’ through a repeated shrinking process.

We may suppose that the inclusion Z* NN C Z; N N is strict: otherwise we
can take N’ = N. Let x be a non-square element of Z N N and let p be a prime
such that x is not a square at p and such that N, does not equal Z ;i Such a p
exists: for example, one can take p to be an odd prime at which x is not a square
and where N is maximal.

Let N;, be an index 2 subgroup of Ny, such that N}, contains Z ;i and such that
x is not in N{J. Construct N/ = N{J X [Tqp Ng- Now x is not in N’; on the other
hand, since N{J contains Z ;33, one still has that Z ;2 N N is contained in Z;r NN’
By construction, we also have [ZF NN : ZX>*NN] =2[Zf NN’ : Z >N N].

We now check that the quotient map in (i) is an isomorphism for N and N'. Its
kernel is given by

Ft FTN’'N N,
(2.27) N _ P o P
F*N' = F+N/ Ny NF+N/
NP

1

(2.28) NN,
In this string of isomorphisms, we have embedded F* diagonally in the idéles
F* in , while we embedded it in the factor F,* in . The group (Z} N
N,J)N{3 contains N{,, hence is at worst of index 2 in Ny. On the other hand, it
also contains x € Z} N Ny, which is not in N}, so in fact it equals N,. Hence
the quotient map Cl(N'c0) — Cl(Nco) is indeed an isomorphism. Inductively
repeating this procedure above, one obtains a N’ as in the lemma, since Z} /Z ;2
is finitely generated.
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Now for the last statement of the lemma. By (ii), the map is injective:
it remains to prove that (Z; N N)N’ = N. By (i), the quotient F*N/FTN’ =
F*N'N/FTN' = N/(F"N’' N N) is trivial, hence we can conclude by noting that
(Zf "\N)N' = ZfN'NN = F*N' NN, O

Consider a compact open subgroup K of BX. By applying the reduced norm
map, one obtains a compact open subgroup N = nrd(K) of F*. Choosing an N’
satisfying the properties in the lemma, we can then construct the subgroup

(2.29) K' =Knnrd }Y(N')

which is again compact open because of the continuity of the reduced norm map.
By construction of K’, we have achieved our objective:

Proposition 2.2.3. Let K, N and K’ be as above.
(i) We have Y;"(K') = X*(K N BY). Similarly, the other components of Y (K') do
not depend on the choice of N'.
(ii) The canonical map Sh(K") — Sh(K) induces an F-isomorphism 7ty(Sh(K')) —
10(Sh(K)). In particular, Fx» = Fg, and the canonical map Yoi(K’) — Y55 (K)
descends to an Fy-morphism Sh3 (K') — Shy (K).

Remark 2.2.4. As we shall see explicitly in Section @ different choices for K’ can
give rise to different canonical models of the same Riemann surface. To avoid

confusion, we therefore call Sh(io) (K') a K’-model of the Riemann surface Y(io) (K").

2.3. Arithmetic (1;e¢)-curves.

Definition 2.3.1. An arithmetic subgroup of PGLy(R)™ is a subgroup that is com-
mensurable with a group P(K N BT) for some choice of F, B, 1 and K.

In [Tak83|], Takeuchi determined the 71 PGL;(IR)-conjugacy classes of arith-
metic (1;e)-groups. A key ingredient for his classification is the following result
([Tak83| Theorem 3.4]):

Lemma 2.3.2. Let T be an arithmetic (1;e)-group. Then T®) = (42| € T) is a nor-
mal subgroup of T. The curve X*(T) (resp. X~ (T)) is isomorphic to Xt (T(2)) (resp.
X~ (T'®)). Choosing such an isomorphism, the canonical maps X*=(T'?)) — X*(T') in-
duce maps on Jacobians that are isomorphic to multiplication by 2.

Let T be the lift of T to SLy(R) defined in [Tak83| Section 3]. The field F = Q(tr(T()))
is a totally real subfield of C. The algebra B = F [T®)] is a quaternion algebra over F that
satisfies (0-1). The ring Z¢[T(®)] is an order of B.

We abuse notation by writing Z¢[T'?] for Zp[T?)]. Lemma gives rise to
the correspondence

(2.30) x*=(1) 2 x*= (1) s x*=(Z 1O,

For a Fuchsian group T', we denote the Jacobian of X*(T') by J*(T). A model C
of X*(T) over a field L will give rise to an elliptic curve Jac(C) that is a model of
J*(T) over L.

Definition 2.3.3. Let I' be a Fuchsian group. Suppose that for some compact open K we
have

(2.31) P(KNB™) CPr C P(N(K)NB™).

Then we call the Atkin-Lehner quotient of Shy (K) corresponding to X(T') a canonical

model of X*(T) over Fx. The corresponding quotient of the Jacobian ]5t(1<) is called a
canonical model of J*(T).
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Remark 2.3.4. 1f T is a (1;e)-group, then the canonical models of the curve X*(T')
and the abelian variety J*(I') are isomorphic as curves, since the point on the
Atkin-Lehner quotient of Shi (K) corresponding to the elliptic point of X* (T') will
be rational. Indeed, as in [Ogg83], the elliptic points of Sh(K) are given by a union
of orbits of CM-points. Since these orbits are defined over F, the elliptic points of
Sh3 (K), being unique, are defined over the base field Fx of Shoi (K).

Our strategy for finding canonical models for X*(T') for arithmetic (1;¢)- -groups
I is the following. Given I', we consider the order © = Z¢[T?] and let Ky = O*.
Then Y (Ko) = X*(Z[T@]1), which allows a cover by X*(I'?)). Motivated by
the definition above, our goal is to find a group K such that the indices [K : KN K]
and [Ky : KN Ko are both small and such that K satisfies (2.31); as we shall see in
Section[d} Kj itself need not satisfy these demands. The following lemma is of great
use for finding a suitable K. It is proved in the same way as [Sij11, Lemma 1.2].

Lemma 2.3.5. Let O be an order of B satisfying O = Zp[O'] and let K = O*. Then
(2.32) Npgr,®) (P(KN B')) = Npgr,®) (P(KN BY)) = P(Ng. (K) N BT).

Remark 2.3.6. We will see examples of groups T with [?) ¢ Z¢[T?]! and orders
O with Z¢[O'] € O in the calculations in Section@ However, in no case were the
corresponding normalizers different.

In Section @ we usually take K to equal O* Nnrd " }(N'), where O is an or-
der containing Z¢[T'?)] and satisfying O = Zf[0'], and where N’ is chosen as in
Lemma Then frequently

(2.33) r®» cp(knB*) CT.

In such a case, Lemmal[2.3.2shows that PT C N(P(K N B")), whence P(KNB™) C
PT' C P(N(K) N B") by Lemma 2.3.5] giving rise to canonical models of X*(T') as
in Definition[2.3.3

3. UNIFORMIZATION

Let B be a quaternion algebra satisfying that ramifies at a prime p of F.
Let K be a compact open subgroup of BX decomposing as Ky, x KP, where K, is
the maximal compact subgroup of B,. This section explores the consequences
of the p-adic uniformization of Sh(K) constructed by Boutot-Zink in [BZ] and by
Varshavsky in [Var98]. These uniformizations generalize the results obtained by
Cerednik-Drinfel’d over Q that were used in [Kur79] and [GR06].

Throughout this section, we use the notion of a graph from [Kur79, Defini-
tion 3-1]. In particular, we allow graphs to have oriented edges equal to their
own inverse.

3.1. Dual graphs. Let F" be the maximal unramified extension of F,, with ring
of integers Z'. Let 7t be a uniformizer of Z¢'. Given a scheme X over Zr p,, we
let X denote the completion of X along its special fiber. For a Zr ,-algebra R, the
formal spectrum of R is denoted by Spf(R), and we let

(3.1) XU = X Xspf(z,,) SPHZE)-

Let Qp be the p-adic upper half-plane. This is a formal scheme over Zf ,, that
represents the functor defined in [BC91) Section 1.5]. The scheme Qp admits a
natural action by the group GL;(F,), which factorizes through the adjoint group

PGL;(Fp). The special fiber of ﬁp consists of a tree of rational curves. As a graph
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with an action of GLy(F,), the dual graph of this special fiber is isomorphic to the
p-adic Bruhat-Tits tree, which we denote by T,. We denote

(3.2) O™ = Op Xspt(zy,,) SPEZE)-

Let H be a quaternion algebra over F of discriminant ©(B)fco/p. That is to
say, H is ramified everywhere at infinity, and its ramification behavior at the non-
archimedean places is exactly the same as that of B, except at p, where B is ramified
and H splits. Choosing an isomorphism of restricted direct products
(3.3) A° = [['He= []'Bs= 5",

q:q7#p q:q7p
we obtain a left action of H?* on BP*.

Since K}, is the maximal compact open subgroup of B, the norm map induces
an isomorphism B, /K, = F,/ Zg ,, of. [Vig80, Lemme IL.1.5]. The group Hy,
acts on F,/Zp , through its own reduced norm map H, — F,. We obtain a
corresponding action of pr on BpX /K.

Combining the two actions above, we obtain an action of H* = pr x HP* on
the quotient B* /K, whence an induced action of H* C H*. We can also make the
group H* acton (A)p, and hence on ﬁgm, after choosing an isomorphism of groups
Hy = GLy(Fp).

Theorem 3.1.1 ([BZ]). There exists a model Sh(K, p) of Sh(K) over Zr , for which there
is an isomorphism of formal schemes

(3.4) Sh(K, p)"r = H*\ QU™ x B* /K.
We now consider the special fibers at both sides of the isomorphism (3.4).

Definition 3.1.2. The weighted dual graph associated to H X\(A)gm x B* /K is the
graph G(K,p) = H*\T, x BX /K. In other words, the vertex set of G(K, p) is given by

(3.5) V(G(K,p)) = H\V(T,) x B* /K
and its oriented edge set by
(3.6) OE(G(K,p)) = H*\OE(T,) x B* /K.

The vertices and edges of this graph are weighted as follows:

(i) Givenavertexv € V(G(K,p)), let ¥ be a representative of v in V(T,) x B* /K.
Consider the subgroup

(3.7) PStab(0) = Im(Stabyx (9) — PH™)
of PH* = H* /F*. We define the weight of v by w(v) = |PStab(?)|.

(ii) Given an edgee € E(G(K,p)), let € be an oriented edge € in OE(Ty) x B*/K
representing e. The weight of e is analogously defined as w(e) = |PStab(e)|.

The weights in the definition above are independent of the choice of X and e.

Definition 3.1.3. Let C be a semi-stable curve over Z"[ and let P be a singular point
of the special fiber of C. Then the completion of the local ring Oc p is isomorphic to
2 ([x,yl)/ (xy — ) for some uniquely determined integer w. The weight of P is
defined to be w.

Definition 3.1.4. Let C be a semi-stable curve over Z'\J. The weighted dual graph
associated to C is the dual graph of the special fiber of C. An edge e of this graph is
weighted by the weight of the ordinary double point of C corresponding to e.
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Note that the vertices of the dual graph above have not been given weights.

Definition 3.1.5. Let G and G’ be weighted dual graphs. An isomorphism from G to
G’ is an isomorphism of graphs G — G’ preserving the weights of the edges.

Theorem 3.1.6. Consider the scheme Sh(K, p)"™ from Theorem

(i) §I\1(K, p)"™ is a normal scheme that is flat, proper and semistable over ZE.

(ii) The special fiber of §I\1(K,p)‘mr is reduced. Its components are rational curves,
and all its singularities are ordinary double points. In particular, let H be a con-
nected component of the dual graph associated to @(K,p)unr. Then the arith-
metic genus of the corresponding component of §}\1(K, p)"™ equals the Betti num-
ber1+ |E(H)| — |V(H)]|.

(iii) The isomorphism in Theorem[3.1.1|induces an isomorphism between G(K, p) and
the weighted dual graph associated to Sh(K, p)"™.

Proof. This follows from [Kur79, Proposition 3-2] by decomposing

h
(3.8) H\QU™ x B /K = ] [T\ Qe
i=1

as in Proposition ii). O

Proposition 3.1.7 ([Kur79]). Let C be a curve over Z‘l_%fg and let C be its minimal desin-
gularization. Suppose that the weighted dual graph of the special fiber of C contains no
oriented edges equal to their own inverse. Then the dual graph of C can be constructed by
replacing an edge of weight w by a concatenation of w edges of weight 1. Pictorially: a

weighted edge
E: w :E
1 w—2 edges 1

From the dual graph of C, the dual graph of the minimal model Cpn of C can be con-
structed by removing vertices that belong to a unique edge, along with the edge to which
they belong, until no such vertices are left. Pictorially, one inductively repeats the process

O—O = O

We can therefore reconstruct the dual graph of the minimal model of Sh(K) over
Z}" as soon as we can describe G(K, p). The following proposition generalizes
part of Section 4 of [Rib90].

Proposition 3.1.8. Consider the weighted dual graph G(K,p) constructed in Defini-
tion This graph has the following properties:

(i) There is a bijection between 1y(G(K, p)) and the narrow class group C1(K) =
CI(N(K)oo). The set 1o(G(K,p)) contains at most |T(Koo)| isomorphism
classes of graphs.

(ii) Let Kpy be a compact open subgroup of H* given by Ky = Ky x KE;, where
Kpp C Hy is maximal and K§;, C HP* corresponds to KP under the iso-
morphism , Then V(G(K, p)) is in bijection with the disjoint union of two
copies of the set Pic,(Ky). An element [ of one of these copies is weighted by
w([h]) = [P(hKyh™ N HT)|.

is replaced by
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(iii) Let Kg(p) = Kp(p)p x Kg(p)P be a compact open subgroup of H* with
K (p)P = K}y and Ky (p)p = O(p) s, where O(p)y, is an arbitrary level p sub-
order of the matrix order O (1), for which Ky, = O(1)y;. Then E(G(K,p)) is

~.

in bijection with the set Pic,(Ky(p)). An element [h] of this set is weighted by
w([]) = [P(RKy (p)i " 1 H)|

(iv) Let wy be an element of O(1)(p) such that O(p)p, = O(1)y N pr(l)pwgl
and let @ be an element of H* whose component at p is given by wy, and whose
components outside p are trivial. Under the bijections in (ii) and (iii), the inci-
dence relation on G(K, p) has the following description:

o~

Let e € E(G(K,p)) be given by the class [h] € Pic,(Kg(p)). Then the vertices
of G(K, p) connected by e are given by the class [h] in the first copy of Pic, (Kg)
and the class [h®) in the second copy.

(v) G(K,p) does not have edges beginning and ending at the same vertex.

(vi) Let v be a vertex of G(K, p) and let E, be the set of edges containing v. Then one
has the equality

(3.9) eg ?’UEZ; =nm(p) + 1.

Proof. (i): Since T, is connected and B* /K is totally disconnected, 779(G(K, p)) can
be described as H*\B* /K. Recall that we have the following isomorphism of
groups with a left H*-action:

- - ~ P
(3.10) BX/K:FpX/Z;’]0 x HP* /K.
The map

ipx idxnrd =
(3.11) F x HP* =" F* x F**

factorizes to give a map

(3.12)
H*\(F;/Z, x BP /K}y) — FY\(F/Zf,, x FP* /nrd(Kg)P) = CI(K).

Since nrd(H*) = F* by Theorem i), we can apply Theoremto conclude
that this map is a bijection.

Indeed, let (xp, x”) represent a class in F*\ (F, /Zj ,, % FP* /nrd(K)®). Because
of Theorem [1.2.1{i), the fiber above [x, x*] is non-empty. Let (fp,, h”) be a repre-
sentative of an element of this fiber. Then the equality nrd(H*) = F* from Theo-
rem ii) implies that the complete fiber above [hy, hP] is given by the image of
{hy} x H'Px? in the double quotient H*\ (F," /Z;p x HP* /KE).

Since the algebra H splits at the finite place p, Corollary [1.3.2(ii) implies that
H! IfI% is dense in H'. This is the same as saying that H! is dense in HP!. Since
K%, is open in HP, so is K?} in H?!. Therefore the quotient H\ HP1h? /K}:}, and
hence the image of {h,} x HP'iP in H*\(F,' /Zf ,, x HP*/KE), is reduced to
one element. This completes the proof of the first part of (i); the second part is
analogous to the proof of Proposition 2.1.1fiii).

(ii): As a set with a left H px -action, we have an isomorphism

(3.13) V(Ty) = pr /FPXKH,p.
Therefore

(3.14) V(G(K,p)) = H*\(H} /F Kup x F /25, < H /K}).
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The map
H* /Ky = Hy /Kyp x HP* /K§; — Hy /F; Ky p x B /ZF < HP /K,
(3.15) [p, hP] = [hy,nrd (hy), ]

is H*-equivariant and injective. The image of (3.15) consists of the [k, x,, h?] for
which v(nrd(hy)) = v(xp) (mod 2). Let wy be as in part (iv) of the proposition.
Then we can combine the map above with the similar map

H* /Ky = Hy /Ky p x HP* /Kf; — Hy /F; Ky p x B /ZF < HP /K,
(3.16) [hp, hP] — [hp, nrd (wy) 'nrd (hy), BP].

The image of (3.16) consists of the classes [hy, xp, hP] for which v(nrd(hy)) =
v(xp) + 1 (mod 2). Upon modding out H*, we obtain an isomorphism

2
(3.17) [TH*\H*/Kg — H*\(Hy /F;Kn,p x B/ Z§ , x H?* /K})).
i=1
Keeping track of the stabilizers under (3.17) yields (ii). The choice of maximal
compact subgroup Ky , is irrelevant, as it corresponds to a change of base point
on Tj.
(iii): There is an isomorphism of sets with a left H,-action

(3.18) E(Ty) = Hy /Ny (Kia(p)p):

One now essentially repeats the argument in (ii). We end up with a single copy of
H*\H* /Ku(p)p = Pic,(Kp) because the reduced norm map

(3.19) nrd : Ny (Ku(p)y) — Z§,

surjects (cf. Proposition [I.4.2i)).

(iv) Under the isomorphisms (3.13) and (3.18) in (ii) and (iii), an edge of T}, rep-
resented by an element [f1,] of Hy / P N By (K H (p) ) connects the pair of vertices of
T, represented by the classes [hp] and [hpwp] in Hy' /Fy Kpyp. So let (] = [hp, 1P]
be an element of H*\H* /Ky(p). This gives rise to the edge [Itp, nrd(hy),h?] €
E(G(K,p)). If we choose our isomorphisms as above, this edge connects the ver-
tices [hp, nrd(hy), h?] and [hywy,nrd(hy), hP] in V(G(K,p)). Under the bijection
in (ii), the class [A] in the first copy of Hi\f—f * /Ky represents the former vertex,
while the latter corresponds to the class [hw(p)] in the second.

(v): Consider a vertex of G(K,p) represented by (hy, xp, h¥). Its neighboring
vertices are then represented by elements (hj, x,, h?) for which v(nrd(hy)) #
v(nrd(hy)) (mod 2). Therefore the two vertices are on different sides in the de-
composition on the left hand side of (3.17).

(vi): Applying the decomposition (3.8), this statement follows from generalities
on group actions on Tj,. g

Proposition 3.1.9. Let O be an order of Band let K = O*. Suppose that O = Oy x @p,
where O C BY and where Oy C By is maximal at p. Let Oy be an order of H for which
Oy = Om,p X @Ip{, where Oy, is a maximal order of Hy, and where @I’; corresponds to
OP under the isomorphism chosen in .
(i) The vertex set V(G(K,p)) is in bijection with two copies of Picr((’)H). An ele-
ment [I] of one of these copies is weighted by w([I]) = |Oy(1)* / Z} |.
(ii) Let Oy (p) be a level p suborder of Oy. The edge set E(G(K, p)) is in bijection
with Pic,(Oy(p)). An element [I(p)] of this set is weighted by w([I(p)]) =
|O1(1(p))* / ZE |-
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(iii) There exists a unique order O of H such that O (p) = Oy N O};. There exists
a unique lattice Iy C Oy of level p? such that O;(Iy) = O} and O,(Iy) = Op.
Under the bijections in (i) and (i), the incidence relation on G(K,p) has the
following description:
Let e € E(G(K,p)) be represented by the ideal class [I(p)] € Pic,(Og(p)).
Then the edge e connects the vertex of G(K, p) given by the ideal class [1(p)Ox]
in the first copy of Pic,(Op) with the ideal class [I(p)Io] in the second.

Proof. This follows from Proposition in light of the local-global correspon-
dence for ideals in quaternion algebras (see [Vig80, Proposition IIL5.1]). O

Remark 3.1.10. The dual graph G(K, p) can be calculated if K = O* for an Eichler
order O using the algorithms in [KV10]. Note that the dual graph does not depend
on the choice of Oy and Oy (p) if the level of O is squarefree, as all Eichler orders
of squarefree level are locally conjugate (cf. Proposition[L.1.1).

Let K = O be given by the adelic units of an Eichler order O and let Oy,

Op(p) and Iy be as in Proposition As in the proof of Proposition [3.1.8ii),
one shows that combining the factorizations of the maps

(3.20) H* /Ky (p) — Hy' /FSKu(p)p X '/ Z§ ) x H** /Ky (p)P
and
(3.21) H* /Ky (p) — Hy /Fy Ku(p)p x By /ZF , x HP /Ky (p)P
yields a bijection between OE(G(K,p)) and the disjoint union of two copies of
Pic,(Og(p)). An element [I(p)] of the first copy of Pic,(Og(p)) corresponds to
the oriented edge starting at the class [I(p) O] in the first copy of Pic,(Op) and
terminating at the class [I(p)Iy] in the second, while the class [I(p)] in the second
copy of Pic,(Oy(p)) corresponds to the inverse of this oriented edge.

We now describe the action of the Atkin-Lehner automorphisms of Sh(K) on

OE(G(K,p)). For this, it suffices to describe the action of the automorphisms a(q)
for prime ideals q.

Proposition 3.1.11. Let K = O*, where O is an Eichler order of B of squarefree level N
and let the corresponding Eichler orders Oy and Oy (p) of H be as in Proposition

Let q be a prime dividing p. Then the action of the Atkin—Lehner automorphism a(q)
on the oriented edge set OE(G(K, p)) of G(K, p) is as follows.

(i) Let q|N. Then there exists a unique two-sided Oy (p)-ideal Iy(q) C Og(p)
of level q%. The automorphism a(q) sends an oriented edge [I(p)] in a copy of
Pic,(Oy(p)) to the oriented edge [I(p)Io(q)] in the same copy.

(i) Let q = p. Then there exists a unique two-sided Oy (p)-ideal In(p) C Og(p)
of level p?. The automorphism a(p) sends an oriented edge [I(p)] in a copy of
Pic,(Op(p)) to the oriented edge [1(p)Io(p)] in the other copy.

Finally, let A be a group of Atkin—Lehner automorphisms and let G(K,p) = G(K,p)/A
be the corresponding weighted quotient graph of G(K, p). Given a vertex or oriented edge
X of G(K,p) represented by a vertex or oriented edge x of G(K,p), we have w(X) =
|Stab 4 (x)|w(x).

Proof. (i): On G(K, p), the automorphism a(q) induces the bijection

(3.22) Ty x BX/K — T, x B*/K

(t,b) — (t, biig(q)),



22 JEROEN SIJSLING

where 7ig(q) is as in the discussion after Proposition.1.1} Let 7i(q) be an element of

Oy whose component at p is trivial and whose components outside p correspond

to the components of 715 (q) under (3.3). Then under the isomorphism of H*-sets
B

(3.23) “/K=FS/ZF, x H/KE,

right multiplication by 7ip(q) on the left hand side corresponds to right multipli-
cation by 7i(q) on the right hand side. We let Iy(q) be the two-sided O (p)-ideal
HN7(a)On(p).

Right multiplication by 7i(q) does not interchange the copies of Pic,(Opy) con-
stituting OE(G(K, p)) since the norm of #(q) is trivial at p. Let [I(p)] be an element
of a copy of Pic,(Op(p)) that is represented by i € H*. Then 7i(q) sends [I(p)]
to the ideal class in the same copy corresponding to the adélic element ﬁﬁ(q) But
since 7i(q) normalizes Oy (p)*, we have

~

(3.24) HOhi(q)On(p) = (HNEOu(p)) (HN7(a)Ow(p)) = 1(p)lo(a)
by [Vig80| Proposition IIL.5.1].

(ii): This time we can take #1(p) to be as in PropAosition iv). The correspond-
ing two-sided ideal Iy(p) is given by HN7(p)Oy(p). Let h be an element of H
giving rise to an ideal class [I(p)] in the first copy of Pic,(Og(p)). Under the cho-
sen bijections, it corresponds to the element [, nrd(hy ), hP] of Hy' /Fy Ky (p)y %
Fy /ZI?’p x HP* /Ky (p)P. The automorphism a(p) sends [hy,nrd(hy), hP] to the
class [hp, nrd(hp)nrd(7(p)), h?] = [(hpri(p))7i(p), nrd(hyii(p)), hP?]. This is the im-
age of the element R7i(p) of the second copy of Pic,(Oy(p)). Arguing as in (i), one
shows that it corresponds to the ideal class [I(p)Io(p)] in Pic,(Og(p)). The proof
for the second copy of Pic,(Oy(p)) is analogous.

The final statement of the proposition is a straightforward consequence of the
definitions (cf. the proof of Proposition vi)). O

We now give some properties of the graph G(K’, p) for K’ as in (2.29):

Proposition 3.1.12. Let O be an order of B and let K = O. Let N = nrd(O*), choose
N’ as in Lemma and consider K' = O* Nnrd Y (N'). Suppose that K' is maximal
at p, that is, suppose that O and N’ are maximal at p. Then we have the following:
(i) The fiber of the canonical projection map V(G(K',p)) — V(G(K,p)) above
a vertex v of G(K,p) corresponding to a right Oy-ideal I consists of n/m
vertices of weight w(v)/m, where n = |N/N'| = [(Z} NN)/Z}?| and
m = |nrd(O;(1)*)/ ZF?|.
(if) A similar statement holds for the edge set.
The weighted dual graph associated to Sh(K', p) is independent of the choice of N'.

Proof. We prove (i): the proof of (ii) is similar. Let hKbea right coset representing
the ideal I. The fiber in question is given by the image of JiK in the double quotient
Pic,(K') = H*\H* /K.

The left stabilizer of the subset iK of H* /K is given by O;(I)*. We determine
the action of this stabilizer on the individual elements of the decomposition

(3.25) K= ][] WKk
[k]eK/K'

By Lemma there are canonical isomorphisms
(3.26) (ZFNN)/zf* = (ZfNN)/(ZfNN') = N/N' <~ K/K'.
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which respect the natural left actions of the elements of O;(I)*. We can there-
fore conclude the argument by remarking that an element [h] of O;(I)* fixes the
element nrd (1) N’ of the O;(I)*-module N/N’ if and only if nrd(h) € Z ;2.

The final part of the proof is analagous to that of Proposition i). O

Remark 3.1.13. The incidence relation on the dual graph G(K’, p) seems to be harder
to describe globally. Fortunately, in all the cases that we consider in Section |4} the
graph G(K’,p) could be reconstructed from G(K, p) using Proposition and
the demands furnished by parts (i), (iv) and (v) of Propositionm

Returning to general compact open K, let G(K, p) be the weighted dual graph
obtained from G(K, p) by the process in Proposition[3.1.7}

Proposition 3.1.14. Let Hy be a connected component of G(K, p). Suppose that Hy has
genus 1. Then

(i) All components of Sh(K) over Fx have genus 1;
(ii) The Jacobian Jo(K) has multiplicative reduction at the primes of Fx above p;
(iif) Denoting by the primes of Fx over p by B, there is a bijection of indexed sets

(327) {op(i(Jo(K))) : Blp} «— {— Y, w(e):He ﬂo(G(K,p))}‘

ecE(H)

Proof. (i): Clear from the transitivity of the Galois action in Proposition
(ii): This follows from Theorem ii) by the Néron-Kodaira classification.
(iii): By maximality of K at p, the extension Fg|F is unramified at p. Using
the transitivity of the Galois action, we therefore obtain (iii) from (ii) by applying
Tate’s algorithm to the Jacobians of the curves in the decomposition (2.8). O

Remark 3.1.15. The action of the Frobenius at p on the right hand side of (3.27) is
described in [BZ]. Under the isomorphism 779(G (K, p)) — CI(K), it is the recipro-
cal of the action in Theorem (2.1.3).

3.2. Searching Yj(p). We now apply the results from the previous section to find
a conjectural equation for Jy(K). Our approach is much indebted to the method
in [DDO08§], the difference being that we use the information on the valuations of
j(Jo(K)) to narrow down the range of our search.

Abstractly, our problem is the following. Suppose that we are given the follow-
ing data on an elliptic curve E over a number field L:

Data:

(i) The primes M of bad reduction of E;
(ii) A subset S of the primes of multiplicative reduction of E, along with a list
W of valuations of j(E) at these primes;
(iii) The traces of Frobenius {t,(E)|p € P} of E at a set P of primes of L.

For E = Jo(K), the set M can be determined using Theorem[2.1.6] the sets S and W
by using the results from the previous section, and the traces at (iii) by the methods
in [Voil0].

Our strategy in the upcoming Algorithm[3.2.T]is to find an equation for E by first
calculating a corresponding point on a classical modular curve Yy (p) (parametriz-
ing elliptic curves with a p-isogeny) for some small prime p. For such a point to
exist, either E or one of its twists should admit a p-isogeny over L.

In the cases E = Jy(K), L = Fg in Section@ we can usually take take p = 2 due
to the presence of Atkin-Lehner involutions on E = Jy(K) (cf. Proposition[2.3.5). In
the cases where these isogenies were not available, there is always a prime p < 17
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such that the point counts nm(p) + 1 — £, of some twist of Jo(K) were divisible by
p for all small primes p of L. This, too, suggests the presence of a p-isogeny.

The cases p € {11,17} can be dealt with by searching the finitely generated
group of L-points of the elliptic curve X, (p). We now describe how to deal with
the cases p € {2,3,5,7,13} where Y;(p) has genus 0. By using part (i) and (ii) of
the Data, we shall restrict the subset Yp(p)(L) in which we search for the point
corresponding to E.

There exists a model C C A? of Yy(p) of the form C : uj = f(u), where f is
a monic integral polynomial of degree p + 1 whose constant term ¢ is a strictly
positive power p? of p. For a fixed pair (u,j) € C(L), the value of j equals the
j-invariant of the corresponding geometric isomorphism class of elliptic curves
over L. An equation for a curve in this class can be found by using the “universal”
elliptic curve

36 1
j—1728"  j—1728

(3.28) EGj):y* +xy =2 —

We parametrize G,, — Yyo(p) by
(3.29) ur— (u,7) = (u, f(u)/u).

Now G,,(L) = L* is not a finitely generated group. However, using part (i) of
the Data, we can reduce to searching a finitely generated subgroup due to two
restrictions that we shall describe presently. For the remainder of this discussion,
let (1, j) be the element of Yj(p)(L) corresponding to E.

First restriction (at p ¢ M). Let P, be the set of primes of L above p. First
consider a prime p that is not in M U P, and let v = v, (u) be the valuation of u at
p.

Suppose that v > 0. Then the terms with a factor u in the numerator of all
have strictly positive valuation, whereas vy, (cg) = 0. Hence v, (j) = —v < 0. We
get a contradiction with the hypothesis p ¢ M.

Similarly, we see that v < 0 cannot occur. Hence v = 0. In the search for (1, j),
we can therefore restrict to the image under of the finitely generated group
Z;(MUP,)* C L*, where Z; (MU P,) denotes the ring of M U P, U co-integers
of L.

We can generalize the considerations above. Take a prime p in P, not in M.
Then we can rule out v < 0 as above. On the other hand, suppose v > vgey,
where e, is the ramification index of p over p. Then the non-constant terms in the
numerator of all have valuation strictly larger than vy, (co) = vgep. Therefore
vp(f) = vp(co) —vp(u) = voep — v < 0, a contradiction once again. We conclude
that 0 < v < ppep.

Second restriction (at p € S). We can further restrict the search using part (ii)
of the Data. Let p € S be given, and denote the given valuation at that prime by
W(p). Againletv = vy (u).

Suppose that p € P,. Then we cannot have 0 < v < vgep. Indeed, then the
constant term ¢( of f(u) would have valuation v, (cp) = vgep > v. Since the non-
constant terms also have valuation at least v, we would get v, (j) = vp(f(u)) —
vp(u) > v — v = 0, contradicting the multiplicative reduction of E. If v > vpey,
then W(p) = v(j) = vpep — v as in the proof of the first restriction, and if v < 0,
then one calculates W(p) = po.

We conclude that at the primes p € S, we have

(3.30) v="uvp(u) € {vge, —W(p), W(p)/p}NZ



CANONICAL MODELS FOR ARITHMETIC (1;¢)-CURVES 25

if p is over p, and
(3.31) v=uvp(u) € {-W(p),W(p)/ptnZ
otherwise. This motivates the following algorithm.

Algorithm 3.2.1. Let E be an elliptic curve over a number field L for which the Data at the
beginning of the section are available. Let p € {2,3,5,7,13}. Choose a parametrization of
Yo(p) as in and let vy, ey, W(p) and Py, be as in the discussion above. Let py ... py
be the primes in P, — M and let qy . .. qy be the primes in M — S.

If E or one of its twists admits a p-isogeny over L, then the following algorithm deter-
mines a non-empty list L of conjectural equations for E agreeing with the Data.

1. Let

332) V=T {voep —W(p),Wp)/pynzZx [] {-W(p),W(p)/p}NZ.
pESNP, peS\Py

Forv € V, let a, be the ideal of Z] whose valuations outside S are trivial and whose
valuations at the primes in S agree with v. Construct the set A = {a, : v € V'}.

2. Compute a set of generators uy, ..., u, for Z; .

3. Choose a large integer N. Initialize L = @ and let

(3.33) R= {avp]{“--p@mq?mq% lay € A, 0 < k; <wvpep, —N <[; < N}.

Choose an ideal a in R.

4. Test if a is principal. If it is, then choose a € Zj such that a = (a) and go to step 5;
otherwise, go to step 9.

5. Let S = {au}' - - -u;"| — N < 's; < N'}. Choose an element u of S.

6. Calculate j = f(u)/u and determine the elliptic curve E(j) from (3.28).

7. Let M(j) be the set of primes of bad reduction of E(j). Determine a set of representa-

tives for the finite quotient Z[, M) /Z 5 ) Here
6 ifj=0
(3.34) e=1{ 4 ifj=1728
2 otherwise.

Construct the set of twists T of E by these representatives.

8. Add to L the equations of those elements of T not yet in L that agree with the rest of
the Data. Choose a new element u € S and return to step 6. Repeat until all elements
of S have been used.

9. Choose a new ideal a in R and return to step 4. Repeat until all ideals in R have been
used.

10. If L is empty, then enlarge N and return to step 3. Otherwise, return L.

4. CONJECTURAL MODELS

Let T be an arithmetic (1;¢)-group, let J*(T') = Jac(X*(T)) and let E*(T) be a
canonical model of J*(T) as in Definition We now seek to determine conjec-
tural equations for E*(T) by using the following information on these curves:

« The canonical field of definition of E*(T) (see Remark[1.2.2),

« The field generated by j(E*(T)) (from Theorem[2.1.7),

« The reduction properties of E*(T) (Theorem[2.1.6),

« The traces of Frobenius of E*(T') (by the methods of [Voil0]),

« The valuations of j(E*(T)) from Proposition and, if applicable,
« The values of j(E*(T)) obtained in [Sij11].
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We refer to the next section for a proof of correctness of most of these conjectural
equations.

Our results are given in Table B} this section highlights a selected few calcula-
tions of which the remaining cases are analogues. We also give minimal Weier-
strass models for E*(T) for a few cases in which this model is not too involved to
write down. To give these equations, we use the algebraic integers a from Table
We use the labels en, dny Dnp r defined in the appendix. For the sake of complete-
ness, we have included the cases with ground field Q from [EIk98] and [GRO6].

Remark 4.1. Note that whenever the class group CI(K) is trivial, we have Sh] (K) &
Sh, (K), whence also X*(KNB*) = X~ (KN B*). In the cases where the curves

X*(T) are Atkin-Lehner quotients of such curves, we therefore restrict our con-
siderations to X(T') = X (T).

Let O(5) = Z[T®@]. ThenT(® = O(5)!, and O(5) is of index 5 in a max-
imal order containing it. Hence O(5) is a level 5 Eichler order by Proposition[1.1.1]
As such, the (1;2)-curve X(T?)) = X(O(5)!) has a canonical model given by the
Shimura curve Shy(O(5)), which is canonically defined over Qs = Q by Theo-
rem Since all Atkin—-Lehner automorphisms of Sho(O(5)) are also defined
over Q by Theorem iii), the Jacobian Jyo(O(5)) is a canonical model of J(T)
by Lemmataan The elliptic curve Jo(O(5)) was determined in [EIk98]
and [GRO6]. It is given by

@.1) y2+xy +y = x> — 334x — 2368.

We know j(J(T)) = 24133 /3? from [Sij11], where it was also mentioned
that T(?) generates a level 2° non-Eichler order O = Z[T'?] with T(?) = O'. Asin
the previous case, Jo(O) is a canonical model of J(T').

There is a unique maximal order O(1) containing O since the prime 2 divides

the discriminant of the quaternion algebra B associated to I'. We have O(1)/0 =
Z7./27 X Z./4Z. As in Remark one calculates that

(4.2) nrd(0%) = Ul x TTu”.

p#2
Therefore the canonical field of definition of Shy(QO) is the ray class extension
Q0o = Q(i) of Q. However, if we let O' = O 4+ 20(1), then O’ satisfies p,O(1) C
O, and clearly O(1) /O’ = Z/27Z x Z/2Z. Algorithm 2.3 from [Sij11] shows that
(O : 01 =6 =[0(1)!: O], s0in fact O'! = O. Using Corollary [1.3.5, we
see that the inclusion O" C O(1) corresponds to case (iv) of Proposition

The elements of I' normalize the order © = Z[T'?)]. Lemmashows that the
corresponding automorphisms of Shy(©) are induced by elements of B*. These
elements will normalize the two-sided ideal 20(1); of the unique local maximal
order O(1); at 2, hence O’ as well by the local-global correspondence for quater-
nion orders. We conclude that the elements of I normalize the order O’ as well
as O. Consequently, by Lemmata and Jo(O') is also a canonical model
of J(T). Since ué”ug = Z5, Proposition gives that nrd(O'*) = Z*. Hence
Jo(O") = J(O') is defined over Qs = Q.

By Theorem Jo(O') is one of 8 elliptic curves over Q with j-invariant
24133 /3? having good reduction outside the primes 2 and 3. Inspection of the
traces of Frobenius (as in [Voil0]) yields the correct twist, which is the strong Weil
curve of conductor 24.

We know j(J(T')) from [Sij11]. Let O be the level p% non-Eichler order
Zr[T@]. Then as in the case e2d1D6i, Jo(©) is a canonical model for J(T). The
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maximal order O(1) containing O satisfies pO(1) C O and O(1)/O = (Zf/p>)>.
Using Table 2| and Corollary we see that we are in case (iv) of Proposi-
tion As in the case e2d1D6ii, one concludes that Jo(O) is defined over
Fe = F. This time, determining the correct twist yields the model

(4.3) =23+ (a—1)x® 4 (—6a —5)x + (~11la — 7).

Remark 4.2. The curve is isomorphic to its Gal(F|Q)-conjugate over F. How-
ever, Jo(O) does not descend to Q. Indeed, the trace of Frobenius of Jo(O) at the
inert prime p3 equals 2, which is not of the form n? — 2 - 3 with n € Z. This tech-
nique was frequently used to determine the minimal field of definition of E(T) in
Table[3

In this case, I'?) generates a maximal order O(1) = Z¢[['?] such that
O(1)! has signature (0,2,5,5). As such, it is therefore more involved to obtain a
canonical model of X(T') in this case: no order O suggests itself for which X(T')
can be realized as an Atkin-Lehner quotient of Y, (O).

We know j(J(T)) = 5'2113 /2% from [SijI1]. There are two elliptic curves over
F of ppp? with this j-invariant. Corresponding equations are

(4.4) Y4+ xy+y=x+x*+22x —9and
45) P +axy+ (e +1)y =2+ (a — 1)x% + (=111« + 220)x + (—287a + 528).

Considering Theorem[2.1.6] this suggests that we can obtain X(I') using a compact
open group K C B* that s non-maximal at ps only. Let O(1) be the maximal order
generated by I' and consider C = (Zr + psO(1))*. This group equals the core of
) (p5)* in B* for any level ps Eichler order O(ps) contained in O(1). We have

(4.6) nrd(C) = UZ, x [Tuy.

pt5
The monodromy group M of the cover Yy(O(ps)) — Yp(O(1)) is isomorphic to
PSL(2,Fs) (cf. Remark 2.4 in [Sij11]). Moreover, M is isomorphic to the Galois
group of the cover

4.7) Yo(C) — Yo(O(1)).

Up to conjugation, M has a unique subgroup H of index 5. Using [Sij11, Algo-
rithm 2.3], we that the corresponding cover of Yo(O(1)) = X(O(1)!) has rami-
fication type ((2,2,1),(5),(5)). By [Sij11, Algorithm 2.5], there is a unique Belyi
map with the ramification type above. Consequently H corresponds to the cover
X(T) — X(O(1)!) that was calculated in [SijI1]. We conclude that the cover
X(T) — X(O(1)!) is the unique degree 5 factorization of .

A calculation in the group O(1);,/Cps = PGL(2,FFs5) shows that up to conjuga-
tion, there is a unique index 5 subgroup K of @(1)* containing C. Corollary
gives that the degree of the resulting cover Yp(K) — Yy(O(1)) also equals 5.
Hence X(T') = Yy(K), realizing the arithmetic (1;e)-curve X(I') as a Shimura
curve. Since K contains an element whose norm in Zr/ps is not a square, we
have nrd(K) = Z; in light of .

By the preceding discussion, X(T') has a canonical model Shy(K) = Sh(K) over
Fx = F = F. A model for Jy(K) can be determined as in the case e2d1Dé6ii. It is

given by (&.5).
Remark 4.3. Although K is not of the form O, as in [Voil0], it is still possible

to calculate the traces of Frobenius of Jy(K) by using ad hoc methods. We refer
to [Sij10b]] for an implementation.
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We know j(J(T)) = 1728 from [SijI1]. Let O = Z[(T®,aB)]. Then
O! = (T, xp). There is a unique maximal order O(1) containing O. As a Z-
module, O(1)/O = (Zp/p3)?. Using [Sij11] Algorithm 2.3], one checks that there
are no orders O’ inbetween O and O(1) with O'' = O'. Nor are there such orders
with O! =T, since in this case 8 does not come from an element of the quaternion
algebra associated to I'. We therefore use an Atkin-Lehner quotient of Sh(O) as a
canonical model for X(T) (cf. Lemma[2.3.5).
As in Remark[1.2.2] one calculates that

(4.8) nrd(0%) = Ul x TTu

ptpa
Hence the canonical field of definition of Sho(O) is F,, = F(i). Using the tech-
niques from the case e2d1D6ii, we see that Jo(O) is the base extension to Fs, of
either of the elliptic curves

(4.9) yz =x>—x
(4.10) y2 =23+ x

Remark 4.4. Over F, the curves and are isogenous but not isomor-
phic. These curves correspond to the F-factors of the Jacobian J(O) constructed
in [Hid81) Theorem 4.4]. A similar phenomenon will occur on the future occasions
e€2d12D3, e2d33D12, €2d229D8, e3d12D3, €3d28D18 and e6d12D66.

These two cases are conjugate (cf. Theorem ; we treat the first.
If we let O = Zp[[?)], then O' = (I'®, B). There is a maximal order O(1) con-
taining O such that O(1)/0O = (Zr/p;)?. Using Table @ and Corollary we
see that we are in case (iii) of Proposition Consequently nrd(O*) = Z?,
hence the canonical field of definition of Sho(O) = Sh(0) is given by Fe, = F. By
Lemma there is a canonical model of J(T') that is 2-isogenous to Jo(O) over
F. So we search X((2) in Algorithm This yields the candidate

(4.11) y2 =%+ ax? + (—2a —2)x + (—2a — 3)

for the isogeny class of the canonical models of Jo(O) and J(I'). With our methods,
we cannot hope to calculate more than this isogeny class.

In this case and the next, we have |Cl(o0)| # 1. We know j(J(I')) =0

from [Sij1T]. Let O(py) = Zf[T']. Asin the case e2d5D4i, we get that nrd (O (p2)*) =
Z7. Using Proposition we obtain [PO(p;) T : PO(p)!] = 2. As a result, the

group O(py)™ has signature (0;2,2,2,4). We therefore have to choose groups N’

and K’ for K = O(p,)* as in (2.29) in order to obtain a canonical K’-model Shy(K’)

of X(T') over Fe = F(i).

We first choose

(4.12) N = U x TTul”.

P2
To see that N’ satisfies the conditions from Lemma note that the representa-
tive & + 2 of the unique non-trivial coset in Z} /Z}* is not congruent to 1 modulo
p3 and that Cl(p3o0) = Cl(c0). We have Fyr = Fx = Foo 2 F(i). Over this field,
Sh(K’) has |CI(K)| = 2 connected components. Since the elements {+1,1} of
{#1} x B* represent different classes in CI(K’), these components are given by

the curves Shy (K’) and Shy, (K’). By construction, the curves Shi (K’) are canoni-
cal models of X*(T).
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We have |T(K'o0)| = 1 by Proposition and Proposition Indeed, since
O(py) is the unique level p, suborder of O(1), we have
(4.13) N(K') > N(O(p2)*) = N(O(p2)) = N(O(1)),
which implies our claim by Proposition iii). As a result, the canonical models
Shf)IE (K’) are in fact isomorphic over Fy.

By Theorem Sh(K’) has good reduction away from p,. Hence Shy(K’) has
good reduction outside ppZr,_ . One can now determine the canonical model of
Jo(K") as in the case e2d1Dé6ii. It is the base extension to F of the curve

(4.14) y? = x> +ax® +x+ (Ba —5).

We can also take N’ to equal

(4.15) N =2 xJTu’

p13
of Zr for the odd place p3. The corresponding canonical model Jy(K’) is the base
extension to Fx of the curve y? = x> — 1.

The results above show that the K’-model J(K’) of J(I') may depend on the choice
of K’ (¢f. Remark [2.2.4). In some sense one can get around this non-uniqueness.
The orders O = Z¢[G] in Table 2| other than Z[I'] all satisfy

(4.16) nrd(0%) = U2, x [Tud.
pf2

Hence PO! = PO for these orders, and we get Jo(O) as a canonical model of J(T').
These choices all result in the model (4.14). This K’-model also has good reduction
outside of pp, which is as optimal as can be reasonably wished considering that we
started with a quaternion algebra B ramified at p; (¢f. Theorem 2.1.6). Therefore
we have used in the final Table 3]

We know j(J(T')) = 22193%/3 from [Sij11]. We saw there that the group
I'?) generates a level pj non-Eichler order O = Zp[T®] with O = T®), There
is a maximal order O(1) containing O such that O(1)/O = (Zp/p3)*. As in
Remark[1.2.2} one calculates that

4.17) nrd(0%) = U x JTul,
pi2

which implies that PO+ = PO! by Proposition The curve Shy(O) is de-
fined over Fie = Fo = F (i), and by Lemmata and Jo(O) furnishes a
canonical model for J(T).

As in the case e2d1Dé6ii, one argues that Jo(O) is described by the equation

y? = x> — x2 — 64x +220. And as in the previous case, there is an isomorphism

Iy (0) =5 (0).

The group I generates a maximal order O(1) = Zg[I'| for which T =
O(1)!. The canonical model Shy(O(1)) = Sh(O(1)) of X(T) is defined over
Fe = F. Since the finite part ®(B)/ of the discriminant B is Gg-invariant, Corol-
lary shows that j(Jo(O(1))) € Q. The extension F|Q is ramified above 13
only. Consequently, Jo(O) is an F-twist of an elliptic curve over Q whose conduc-
tor is of the form 2113,

Using [Cre06], it turns out that there are exactly two twists whose traces of
Frobenius agree with those obtained using the methods from [Voil0]. These twists
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are isogenous. Proposition[3.1.9gives the following dual graph for Sh(O(1)) at p:
3

&)

12

Therefore the valuation of j(Jo(O(1))) at p, equals —15 by Proposition[3.1.14] This
determines which of the two aforementioned candidates is correct. A minimal
Weierstrass equation for this model is given by

(4.18)
v +axy + (@ +1)y = x° + (—a — 1)x% + (=750 — 100)x 4 (—433x — 566).

These two cases are conjugate (cf. Theorem . We consider the
first. The level p2 non-Eichler order O = Zp[(I'?), aB)] has norm 1 group O' =
<1"(2), afB). The index from Table |2} along with Corollary shows that we are
in case (iv) of Proposition Let O(p)) be the unique level p), Eichler order
inbetween O and a maximal order O(1). This order exists by Proposition [1.1.2}
which also shows that we have O(p5)! = OL.

Proposition shows that the dual graph of Sh(O(p})) at p; is given by

1

@_ 12

2

Arguing as in the case €2d8D7, one shows that Jo(O(p})) admits a 2-isogeny. A
search of X((2) using Algorithmreturns a conjectural model C for Jo(O(p5)).
Taking isogenies of prime degree < 50, we found two curves in the F-isogeny class
of C whose j-invariants have valuation —3 at p;. In the next section, we prove that
these are indeed the only two such curves. Corresponding equations are given by

(419) > +axy+ay = 2%+ (—a +1)x% + (606a — 1553)x + (12977« — 33243),
(420)  y*+ay+ (e +1)y = x> +ax® + (981a — 2517)x + (23628« — 60528).

The matrices & and  normalize the order O(p}) as well as O. Therefore, using
Lemma we see that a canonical model of J(T') can be recovered from the
correct model above by taking a 2-isogeny over F. Fortunately, and
both have a unique such isogeny, and we end up with the same quotient either
way. A minimal Weierstrass equation is given by

(4.21) V4 xy+ (o + 1)y = 2° + ax® + (61a — 157)x + (348a — 896).

In this case |Cl(c0)| # 1. The maximal order O(1) = Zp[['?] has
O(1)! = (T, B). The curve Shy(O(1)) is canonically defined over Fx, = F(w),
where w = w_7. By Proposition the dual graph of Sh(O(1)) at p; is the
following:

4 3

6 12
By Proposition 3.1.6(ii), Shy(O(1)) has genus 1, hence O(1)* has signature (1;2).
Consequently PO(1)" = I'. The connected components of Sh(O(1)) are given
by Shy (O(1)) and Sh, (O(1)), as in the case e2d12D2. We can use the curves

Shf)t (O(1)) as canonical models of X*(T).

Let K’ be as in lb Then the inclusion K’ C @(1) * gives rise to a 2-isogeny
Jo(K") — Jo(O(1)) over Fs. There turns out to be a point in X((2)(Q(w)) C
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X0(2)(Fs) that gives rise to the correct traces of Frobenius up to a minus sign. A
corresponding elliptic curve over Q(w) is given by

(422) P4 ay+wy =2 —x2 4 (—554w + 1740)x + (—14641w — 9374).

This curve has conductor pzpépg, but none of its twists over Q(w) have good re-
duction at p3. It does have a twist of conductor pap,Zr,, over Fo, which we take
as a conjectural model.

Using isogenies of prime degree < 50, we encountered 8 elliptic curves in the
Fo-isogeny class of (4.22). In the next section, we shall show that these curves
indeed constitute the full Fo-isogeny class of J; (O(1)). The curves in this isogeny
class whose j-invariant has valuation in {—15, —10} are and its Gal(Fw|F)-
conjugate. Therefore these conjugates give canonical models of J*(T).

Remark 4.5. The canonical K’-models Jo(K') of J(O(1)!) resulting from a choice
of K" as in (2.29) are all isomorphic. Indeed, we saw that there are 2-isogenies
Jo(K") = Jo(O(1)) over Fg. But Jo(O(1)) admits only one such isogeny.

Once more we have |Cl(c0)| # 1. T(®) generates a level p3 order O =
Z[T?)] for which O! = T, Let O(1) be an order containing ©. Table 3 shows
that [O(1)! : O] = 2. By Corollary this implies that we are in case (iii) of
Proposition Consequently nrd(O*) equals Z 7, and Proposition shows
that [POT : PO = 2.

The signature (1;2,2) of the group O was calculated by John Voight, using
the methods from [Vo0i09b]. Combining the reasoning from the previous case
with Lemma we see that canonical models for J*(T') are given by Atkin—
Lehner quotients of the Shimura curves Shoi(O). These curves are defined over
Foo = F(w), where w = w_j. As in the case e2d8D7, we settle for determining
the isogeny class of Jo(O). Once more we search X (2)(Fe) using Algorithm[3.2.1]
This yields a point in X((2)(Q(w)) corresponding to the curve

(4.23) v2 +wxy 4wy = x>+ (w+1)x% + Bw +4)x + (2w + 4).

Remark 4.6. Even though the level and discriminant are both Galois invariant in
this case and the previous, we cannot use Theorem 2.1.7)to conclude that j(Jo(O))
is rational since |T(O0)| # 1.

The group r®@ generates a maximal order O(1) = Z¢[['®] whose
norm 1 group is given by O(1)! = T®), Proposition gives the following dual
graphs for Sh(O(1)):

1
Atpy and p) : twice @) Atp; : twice
2

By Proposition ii), the group O(1)™ has genus 1, hence signature (1;2,2). As
in the case €2d12D2, the connected components of Sh(O(1)) over Fo, = F(w3) are

given by Shi (O(1)). These components are isomorphic since |T(Oc)| = 1. For
the same reason, Corollary shows that j(Jo(O(1))) € Q. Reasoning as in the
case e2d13D4, we find the equation

(4.24) y2 +xy = 3%+ (a4 1)x% + (3470 — 1164)x + (—6063 + 20448).
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for Jo(O(1)). Asin the case e2d17D2, we see that the Atkin-Lehner quotient giving
a canonical model of J(I') over F can be described by

(4.25) V4 xy = x4 (a+1)x% + (27a — 84)x + (—63a + 216).

[e2d148D1i/ii/iii:] These three cases are conjugate (cf. Theorem ; we calculate
the first. As in the case e2d8D7, we only determine the isogeny class of the canon-
ical model of J(T).

Let O = Zp[(T'®), aB)]. This is a level pj order satisfying O! = (I'?), aB). There
exists a maximal order O(1) containing O for which O(1)/O 2 (Zf/p3)?. More-
over, there exists a unique order O’ inbetween O and O(1) for which O(1)/0" =
Zp/py X Zp/p3. Asin Remarkm one calculates nrd(@’x) = Z; An applica-
tion of [Sij11} Algorithm 2.3] yields the equality 0"t = O'.

By Lemma a canonical model of X(T') can be obtained as an Atkin-Lehner
quotient of the curve Shy(O’) = Sh(O’). This curve is defined over F, = F. As
in the case e2d17D2, we see that Jo(O) admits a 2-isogeny. Searching X (2) using
Algorithm we end up with a conjectural model for Jo(O) with conductor p3
and j-invariant 2°(—41a? 4 24a + 141).

These three cases are conjugate (cf. Theorem ; we take the first.
The order O(1) = Zp[T'?] is maximal, and O(1)! = (I'®,ap). From Proposi-
tion we get the following dual graphs for the Shimura curve Sh(O(1)):

2 3
Atp, : twice Atp) : twice @‘@
4 12

Using Proposition we conclude that the group O(1)" has signature (1;2).
As in the case e2d12D2, the components Shi (O(1)) of Sh(O(1)) over the degree
2 extension Fo of F are isomorphic. We take Shy(O(1)) as a canonical model of
X(I).

As for the case €2d21D4, Jo(O(1)) has a 2-isogeny over Fe, and as in the case
€2d8D2, the isogeny factor Jo(O(1)) of J(O(1)) is defined over F by [Hid81) Theo-
rem 4.4]. Using Algorithm we therefore searched X((2)(F) instead of the
larger set X((2)(Fx). This gives rise to two conjectural models, one for each
isogeny factor of J(O(1)). Both have j-invariant (1,42 + nja + n)/2'%, where
1y = 24628729701449988584212043, n1 = 52087486182589166202672597, and ng =
11645298538324182916131980. The conductors of these curves equal ppp5, and they
are isomorphic over Fe..

These two cases are conjugate (cf. Theorem i ; we take the first.
The group T generates a maximal order O(1) = Zf[I] for which I = O(1).
We take Sho(O(1)) = Sh(O(1)) as a canonical model of X(T); it is defined over
Fo = F. The dual graph of Sh(O(1)) at p;y obtained from Proposition is
given by

5

@@

12
The traces of Frobenius of Jo(O(1)) suggest that though Jo(O(1))[2](F) is empty,
Jo(O(1)) does admit a 17-isogeny. Browsing through the F-points of the curve
X0(17), we end up with a candidate for Jo(O(1)). It is an F-twist of the curve

(426)  y*+xy +wsy = x>+ x% 4 (447ws — 4152)x + (—85116ws + 59004).

Remark 4.7. Note that the fact that j(Jo(O(1))) is in the fixed field Q(ws) of Aut(F)
also follows from Corollary as |Cl(c0)| = 1.



CANONICAL MODELS FOR ARITHMETIC (1;¢)-CURVES 33

We have |Cl(c0)| # 1. The group r@ generates a maximal order
O(1) = Zp[T@)] for which O(1)' = (I®,B). Consider Sh(O(1)). At p,, the
Shimura curve Sh(O(1)) has the following dual graph by Proposition

@ ) @ )

Hence O(1)" has signature (1;2). As in the case e2d21D4, the curves 'ShaE (O(1))
give canonical models of X*(T'). These Shimura curves are defined over Fy, =
F(w), where w = w_15. Poring over the traces of Frobenius of Jo(O(1)), one sus-
pects that this curve has a 17-isogeny. Searching through the subset X(17)(Q(w))
of Xo(17)(Fe), Algorithm 3.2.1finds two Gal(Fe |F)-conjugate conjectural models
for J*(T') whose j-invariants equal (53184785340479w =+ 30252086554835) /23* and
whose conductor equals prZr, .

Remark 4.8. As in the case e2d21D4, the canonical models ]SE (K’) resulting from a
choice of K’ in (2.29) for K = O(1)* are in fact independent of this choice. Note
that there even exists an isomorphism J(K') = J(O) over F. Indeed, the two
models constructed above differ by a 2-isogeny over Fe.

We know j(J(T')) from [Sij11]. The order O = Z[T?] is of level 4 and
satisifies O' = (I'®,aB). Let O(1) be the maximal order containing ©. Then
O(1)/0 = (Z/2Z)?. We have [O(1)! : O] = 4 by [Sij11] Algorithm 2.3]. Hence
we are in case (iii) of Proposition by Corollary Since nrd(O*) = Z%,
the canonical model Shy(O) = Sh(O) of X(O!) is defined over Qxx = Q. By
Lemma there is an Atkin-Lehner quotient of Shy(O) giving a canonical
model of X(T'). The remaining calculations are as in the case e2d1D6ii.

The group r@ generates a level 32 order O = Z[F(z)] for which O! =
I'®). There exists a maximal order O(1) containing O such that one has O(1)/ 0 =
(Z./3Z)?. Calculating the index [O(1)! : O] using [Sij11} Algorithm 2.3], we see
that we are in case (iv) of Proposition This implies that there is a unique
level 3 Eichler order O(3) inbetween O and O(1) such that O' = O(3)!. Asin the
case e2d1D6i, we see that we can take Jo(O(3)) = J(O(3)) as a canonical model of
J(T'); it is defined over Qe = Q. An equation for Jo(O(3)) can be found in [GRO6]
and [ELk98].

[e3d12D3:] In this case |Cl(c0)| # 1. We know j(J(T')) = 1728 from [SijI1]. The
group I generates a level p; non-Eichler order O(p3) = Zp[T] satisfying O(p3)! =
I'. Proposition shows that

(4.27) nrd(O(ps)*) = U2, x [Tul” = ult < TTul”.
P13 pt3

Let x(p3) be the residue field Zr /p3. Since
(4.28) Ker(Z} — x(pa)* /x(p3)?) = Z;?,

we have PO(p3)* = PO(p3)! by Proposition Therefore, as in the case
2d12D2, the two components Shi (O(p3)) of Sh(O(p3)) furnish canonical models
of X*(T).

The curves Shi (O(p3)) have canonical field of definition Fyso = Fro = F(i).
Indeed, since p3 is non-trivial in Cl(c0), the proof of Lemma shows that the
projection map Cl(pzoo) — Cl(c0) is an isomorphism. As in the case e2d12D2, the
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curves Shy™ (O(p3)) are isomorphic over F. The Jacobian Jo(O(p3)) is determined
as in the case e2d1Déii. It is given by

(4.29) V4 (e +1Dxy+ay = x° + (a — 1)x%

We take the first of these two cases, which are conjugate by The-
orem m I'® generates a level p?2 non-Eichler order O = Zp[I?)] such that
O! = (T, xB). The index in Table along with Corollary shows that we are
in case (iv) of Proposition Hence there is a level p} Eichler order O(p}) inbe-
tween O(1) and O for which O(p})! = OL. We use Shy(O(p})) = Sh(O(p})), de-
fined over Fx = F, as a canonical model of X(O'). A canonical model of X(T') can
be obtained by taking a suitable Atkin-Lehner quotient (cf. Lemma [2.3.5). Propo-
sition3.1.9 gives the following dual graph for Sh(O(p)) at ps:

1

GLI®

3

Searching X (2) as in Algorithm[3.2.1]gives the following conjectural equation for
Jo(O(p3)):

(4.30) V4 xy+y = x>+ 2%+ (—190a — 248)x + (1303a + 1697).

Using prime isogenies of degree < 50, we found 12 elliptic curves in the isogeny
class of (#30). In the next section, we prove that these 12 curves constitute the full
isogeny class of Jo(O(p})) over F.

It remains to recover the corresponding canonical model of J(T'). Although we
could use Proposition[3.1.11]for this, we can also conclude by an ad hoc argument.
Indeed, the non-trivial automorphism of the dual graph above gives rise to a genus
0 quotient graph. Therefore we conclude that the Atkin-Lehner automorphism
giving rise to the canonical model of X(I') acts trivially. Hence the dual graph of
the corresponding quotient is given by

6

By Proposition we see that in fact X(I') = Yo(O(p4))/a(ps3).

The preceding shows that the canonical model of J(T) is the unique elliptic
curve that is 2-isogenous to Jo(O(p})) over F and whose j-invariant has valuation
—8 at p3. An equation is given by

(4.31) v+ xy+y = x>+ x% 4 (4954 + 637)x + (9261 + 12053).

The group <1"(2),txﬁ> is the norm 1 group of the level p3 non-Eichler
order O(p3) = Z¢[(T®,ap)]. Propositionyields

(4.32) nrd(O(ps)*) = U2, x [Tul® = ul x TTul”.

pt3 pt3
The curve Shy(O(p3)) is defined over the degree 4 ray class extension
(4.33) F ¢ Fo = F(V=3) € Fpyeo-

As in the case e2d8D7, we settle for determining the isogeny class of a canonical
model of X(T). By Proposition|2.2.1, we have [PO(p3)* : PO(p3)'] = 2. The group
O(p3)™ has signature (0;2,2,2,2,3): as in the case e2d24D3, this was calculated
by John Voight. To construct the isogeny class of a canonical model of X(T'), we
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therefore have to choose groups N’ and K’ as in 2.29) for K = O(p3)*. As in the
case e2d12D2, we have

(4.34) N(K') D N(O(p3)) = N(O(1)"),

hence the |T(K'e0)| = 1 by Proposition [1.4.2)iii). We conclude that the 4 compo-
nents of Sh(K’) over Fgr = Fy,00 are isomorphic.

The discriminant of B and the level p3 of O(p3) are Galois invariant. So if we
choose the prime at which N’ is non-maximal to be Galois invariant as well (tak-
ing N’ to be non-maximal at the prime p, above 2, for example), then the proof of
Corollary shows that j(Jo(K')) € Q. Note that this conclusion holds regard-
less of the choice of N’, since the geometric components of Shy(K’) are indepen-
dent of the choice of N’ (cf. Proposition[2.2.3).

Explicitly, we now take N’ to be non-maximal at py. Proceeding as in the case
e2d13D4, we get that the isogeny class of Jo(K’) is then given by the unique twist
of conductor p3 over Fy, o of the rational elliptic curve

(4.35) Y4ay=x>—x2-2x—1.

Remark 4.9. A priori, the isogeny class of J(O(p3)!) obtained above depends on
the choice of N’ in Lemma[2.2.2]and the resulting group K’ from (2.29). However,
the fact that there is no factor p, in the conductor above leads one to suspect that
the model is independent of the choice of N’. Though experimentally true, we
have not been able to prove this fact.

e3d28D18:] The order O(1) = Zp[[?] is maximal, and O(1)! = T'®). Proposi-
tion gives the following dual graphs for Sh(O(1)):
4
At py: twice @a@.@e@
4
1
Atpszand p5:  twice @)
3
As in the case €2d21D4, we conclude that O(1) " has signature (1;3,3). The curve
Shy(O(1)) is defined over Fo, = F(i). By Lemma a canonical model for X(T')
is given by the unique Z/2Z genus 1 Atkin-Lehner quotient of Shy(O(1)). Since
we have [T(O(1)o0)| = 1 (cf. Proposition iii)), we see that the components of
Sh(O(1)) are isomorphic over Fe. Moreover, since the discriminant of B is Galois
invariant, Theorem2.1.7)gives that j(Jo(O(1))) € Q.
We can therefore proceed as in the case e2d13D4. Assisted by the dual graph

above, we obtain that Jo(O(1)) is the unique twist of conductor pop5p3p5 over Fo
of the elliptic curve

(4.36) Y4 xy+y =20 +2x + 32

This curve has full 2-torsion over F. To determine the correct 2-isogeny, we cal-
culate the dual graphs of the unique Z/2Z genus 1 Atkin-Lehner quotient of

Sho(O(1)):
Above2: (p) 2 @ 4 e‘
2
Above 3: G‘G
6

This follows without further calculation from Proposition [3.1.11| considering that
the corresponding Atkin-Lehner automorphism should act trivially on the dual
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graph at the primes above 3 (indeed, a non-trivial action leads to a genus 0 quo-
tient). Note that in fact X(I') = Yy(O(1))/a(p;). We conclude that a canonical
model for J(T) is given by
(4.37)

V4 axy+ (a+1)y =3 4+ (—a — 1)x® + (—944a — 2496)x + (255324 + 67552)

Remark 4.10. If we take

1 0
(4.38) N =ul) x TTul”
ptps
and K = O(1)* in (2.29), then another canonical model for X(T) is iiven by

Shy(K'): indeed, we have P(K' N B*) = PO(1)! = I'®. Proposition 3.1.12| en-
ables us to calculate the dual graphs of Sh(K'):

At py:

Atpszand pj:  twice

This results in the same valuations, and hence the same canonical model, as above.
Note that the graphs above do not depend on the choice of K’ in by the final
part of Proposition Neither, as in the case €2d21D4, do the corresponding
canonical models of Jo(O(1)).

We know j(J(T')) = 0 from [SijI1]. Let O = Zp[I']. This is a level p3

non-Eichler order for which ©! = T. There exists a maximal order O (1) contain-
ing O such that O(1)/O = Zr/p3 X ZF /p%. There is no order inbetween @ and
O(1) whose norm 1 group has genus 1 (this can also be deduced using Proposi-
tion . Therefore we take the curves Shy (O) as a canonical models of X*(T).
As in Remark[1.2.2] one calculates

(4.39) nrd(0) = Ul x TTul.
pf3
The corresponding ray class field extension Fy,0o = F(v/—3) is the canonical field

of definition of Sh(jf (O). Proceeding as in the case e2d1D6ii, we obtain the Weier-
strass equation

(4.40) Viry=x>-7
for J7(0) = ], (O).

e4d8D2i/iii:| We already encountered these two conjugate cases in [Sij11], where
we failed to calculate them. Using the methods from this paper, the calculation of
these curves is analogous to the case e2d17D2.

In this case, the order O(1) = Z[[?)] is maximal and T ¢ O(1)'. We
know j(J*(T)) from [Sijl1]. Moreover, we have that F(j(J*(T))) = F(i) = Fpeo-
To obtain a model over a number field, we therefore pass to the non-trivial fay

class field Fp%oo, over which J*(I') admits a model with conductor pop3.

To find a canonical model for X* (T'), we seek an isomorphism X*(T') 2 Y;(K)
for a suitable choice of K. By definition of the topology on B, the cover YOi (K) —
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Y5=(O(1)) is the factorization of the Galois closure of some cover
(4.41) YFE(0) — Y55 (0(1))

arising from a suborder O of O(1). Motivated by the conductor p,p3 above, we
have tried orders O of level 9 = plzpé with i and j small, proceeding as for the
case e2d5D4ii. However, we did not obtain the cover X*(T) — XT(O(1)!) =
Y;5(O(1)) as a factorization the Galois closure of (4.41). Consequently, we have
not obtained a canonical model for X*(T). We formulate the following conjecture:

Conjecture 4.11. The group T is not a congruence subgroup of O(1)*.

e5d5D5i/ii:| These two cases are conjugate; we consider the first. Reasoning as in
the case e2d1Dé6ii, one finds a canonical model of J(T'). As in the case e2d17D2, we
can recover the curve Jo(O(p11)), which we did not calculate in [SjT1]. It is given

by
(442) P4 (e +1)xy+ay = x> —ax? + (—267a — 166)x + (—2416a — 1494).

We determined j(J(T)) in [Sij11]. The order O = ZF[F(Z)} satisfies
O! = (@), &). There exists a maximal order O(1) containing O such that O(1) /O =
(ZF/y2)* as Zp-modules. The index from Table 2| along with Corollary
shows that we are in case (iii) of Proposition By Lemma there is
an Atkin-Lehner quotient of Shy(O) giving a canonical model of X(I'). Since
nrd(0%) = Z;, we have that Shy(O) = Sh(O) is defined over F,x, = F. Asin
the case e2d1D6ii, we obtain the following canonical model of J(T'):

(4.43) y? = x% 4+ x% — 36x — 140.

We have |Cl(c0)| # 1. These two cases are conjugate (cf. Theo-
rem ; we consider the first. The order O(1) = Zp[[?] is maximal and
satisfies O(1)! = T'?). The genus of the group O(1)* equals 0. Indeed, Propo-
sition3.1.9 gives the following dual graphs for Sh(O(1)):

Atp,y:  twice @egge@

Atpg: twice (1 3 B) 1 B) 3 @  Atpn: twice
Choose K’ as in (2.29) for K = @(1)*. Then the canonical field of definition of
Shy(K’) is given by Fy» = Fx = Fo = F(i). As in the case €2d12D2, we have
|T(K'e0)| = 1. By Lemmata and the isomorphic Jacobians J;" (K') give

canonical models for the curves J*(T'). Proposition[3.1.12|gives the following dual
graphs for Sh(K’):

Atpr:  twice

1

As in the case €2d21D4, Jo(K’) admits a 2-isogeny for all K’ as in (2.29), and as in
the case e2d8D2, Jo(K’) is defined over F by [Hid81, Theorem 4.4]. Let us take
(4.44) N =ul) x [Tul”

pf3
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in (2.29). Searching X,(2)(F) using Algorithm then gives the conjectural
model

(445) V*+xy+ (a+1)y = 2+ (a — 1)x® 4 (—4050 — 836)x + (4739 + 7704).

It has conductor pngpHme.
The choice of N’ affects the conductor of the resulting canonical K’-model of
J(T'): for example, choosing N’ to be non-trivial at py, p11 or pj;, respectively, we

get twists of (4.45) of conductor p3pap11, papsp?;, and popap11p3.

5. PROVING CORRECTNESS

This section considers the correctness of the candidate models of J*(T") obtained
in the previous section. We combine the methods in [DDO06], [DD08]], and [SWO5].
Throughout, we denote the absolute Galois group Gal(L|L) of a number field L by
GL.

Correctness of the isogeny class of E(T). Let B and K be as in Section [0.3] and
set ® = D(B)/. Choosing a simultaneous eigenvector of the Hecke operators T,
from [Voil0], one obtains a system of eigenvalues

(5.1) e={a(p) | p: By splitand K, maximal}.

By [Hid81, Theorem 4.4], the systems of eigenvalues thus obtained are in bijec-
tion with the isogeny factors of J(K) over F. Given a system e, the corresponding
isogeny factor A, has real multiplication by the number field M generated by the
eigenvalues in e. Let A be a prime of M over a rational prime ¢ and let

(5.2) Va(Ae) = l&n Ae[A"].

be the A-adic Tate module of A,. Then we can construct a Galois representation
(5.3) p(Ae)y : GF — Aut(Vy(A,)) = GLo(My).
The representation p(A,), is unramified outside the primes p of F that do not di-

vide £ and at which B,, is split and K}, is maximal (cf. Theorem [2.1.6). Furthermore,
if we let Frob(p) be a Frobenius lift at such a p, then

(5.4) tr(Frob(p)) = a(p)
and
(5.5) det(Frob(p)) = nm(p) = €,(Frob(p)),

wheree; : Gp — Q (X is the ¢-adic cyclotomic character.

In the previous section, we have constructed conjectural models E for Jo(K)
over Fg. These candidates E are all isogenous to their Gal(Fg|F)-conjugates, as
required by Proposition2.1.5, Consider the Weil restriction

(5.6) A = Resp, r(E),

and let Ag be an isogeny factor of A over F. In all cases, the aforementioned isoge-
nies can be used to show that Ay has real multiplication by a number field M. For
a prime A of M over a rational prime ¢, we can consider the representation

(5.7) p(Ao)r : GF — Aut(V)(Ag)) = GL2(M,).

This representation is unramified at the primes of F that are coprime to £ and the
conductor of Ag. The restriction of p(Ap), to the subgroup Gr, of Gr is a direct
sum of copies of the representation

(5.8) p(E)¢ : Gr, — Aut(Vy(E)) = GLa(Qq).
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Conversely, one can recover p(Ag), from p(E), as a factor of the induced repre-
sentation

(5.9) Indr, |r(0(E)¢) = p(A)r : GF — Aut(V,(A)).

By Faltings’ isogeny theorem, proving that E is in the isogeny class of Jo(K) is
therefore equivalent to proving that we have an isomorphism

(5.10) P(Ag)r = p(Ae)r
for some isogeny factor A, of Jo(K).

Remark 5.1. In all the cases in Section 4} we have [Fx : F] < 2 and therefore
dim(Ap) < 2 as well. Usually Fx = F, whence A = Ay = E.

As in [SWO05], we apply the following Theorem to show (5.10):

Theorem 5.2 (Faltings-Serre, [Liv87]). Let M be a global field and let S a finite set
of primes of M. Let Mg be the compositum of the quadratic extensions of M unrami-
fied outside S. Suppose that p1,02 : Gy — GLo(Qy) are continuous representations,
unramified outside S, and furthermore satisfying
(i) tr(py) = 0 = tr(p,) and det(p, ) = det(p,).
(if) There exist a set P of primes of M, disjoint from S, for which
o The image of {Frob(p) : p € P} in the Fy-vector space Gal(Mg|M) is
non-cubic (that is, every cubic polynomial vanishing on T vanishes on all of
Gal(Mg|M)); and
o We have equalities

(5.11) tr(p1(Frob(p))) = tr(p2(Frob(p)))
and

(6.12) det(p1 (Frob(p))) = det(p2(Frob(p)))

forallpin P.
Then there exists an isomorphism of semi-simplified representations p® = p3°.

Using Theorem 5.2} it is often straightforward to show directly that

(5.13) p(E)2 = p(Jo(K))2,

whence the correctness of the conjectural isogeny class given by E. Indeed, we
take S to equal the set of primes dividing the product of 2 and the conductor of E.
After calculating the ray class group Rg corresponding to Mg, one constructs a set
P of primes of Fx mapping bijectively to the finite set Rg. For p in P, one calculates
tr(p(Jo(K))2(Frob(p))) as in [Voil0], while tr(o(E),(Frob(p))) is easily calculated
using the equation for E. Some elaborate calculations can be found at [Sij10b].

It remains to show the equalities

(5.14) tr(o(Jo(K))2(Frob(p))) =0
and
(5.15) tr(p(E)a(Frob(p))) = 0

for all p. In all but four of the cases of the previous Section, follows from the fact
that both E and Jo(K) admit a 2-isogeny over Fg, the latter of these coming from
an Atkin-Lehner involution (cf. Lemma 2.3.5).

In the exceptional cases e2d725D16, e2d1125D16, e4d2624D4 and e5d725D25,
the models E and the curves Jy(K) do admit a 2-isogeny. In principle, one could
mimic the calculations in [SWO05| Section 10.1] to prove correctness for these cases
as well. Due to the extensive calculations involved, we have not looked further
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into this matter. However, in the case e2d1125D16, the existence of the isomor-
phism follows as in [DDO08] by noting that both E en Jy(K) admit a 17-
isogeny over Fx and applying the Jacquet-Langlands correspondence along with
the results in [SW99].

Correctness of the isomorphism class of E(T). In the Section[4] we have seen that
Proposition can often be used to determine Jy(K) once the isogeny class of
Jo(K) over Fk is known. Having found a curve E isogenous to Jy(K), we therefore
proceed to calculate its full isogeny class.

Suppose we are not in one of the exceptional cases e2d725D16, e4d2624D4 and
e5d725D25. Then if we let €, be the conductor of E, the same methods as above
show that

(5.16) p(Ao)r = p(f)a

for a Hilbert modular newform f whose conductor ¢ satisfies ¢y = ¢Z,. Con-
sider the reduction p(f), : GF — GL3(k, ), where «, denotes the residue field of
M,.

In the case where Ag has complex multiplication, the isogeny class of Fx is
straightforward to calculate. In the non-CM cases, the proof of [DD06, Theo-
rem 5.1] carries over word for word to all cases to show that the residual repre-
sentations p(f), are irreducible for all primes A of norm > 50. As a consequence,
the elliptic curves Jo(K) have no isogenies of prime degree ¢ > 50. Indeed, a de-
composition p(E), = x1 & x2 would give rise to a corresponding decomposition
of the factors p(Ag)x = p(f)a of (6.9).

In either case, we conclude that the conjectural isogeny classes of Jo(K) that we
constructed in the previous section are indeed complete.

APPENDIX: TABLES

This appendix consists of three tables detailing our results. As in [Sij11], we
have assigned labels to the arithmetic (1; e)-groups I in [Tak83, Theorem 4.1]. Such
labels are of the form en, dn; Dnp r, where

« 1, is the index of the unique elliptic point of I,

« 1 is the discriminant of the center F = Q(tr(I'?))) of the quaternion
algebra B = F[I'®)] associated to T,

« np is the norm of the finite part of ©(B)/ of the discriminant of B over F,
and

o 1is a roman numeral indicating the position at which I' occurs in [Tak83,
Theorem 4.1] among the I' with the same 7., n; and np.

Given an arithmetic (1;e)-group I, Table|1{describes

+ The minimal polynomial f* of a generator « of F,

« The Galois group G of F over Q,

« The narrow class number i of F (the class number always equals 1),

« And the discriminant ©(B) of B.
In final column giving the discriminants, ¢ stands for an infinite place of F, and
is the product of the other infinite places of F. For fixed F, the : with a different
number of primes ’ are in different orbits under the action of Aut(F) on the set of
infinite places of F.
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Table 1: Fields and algebras associated to arithmetic (1; ¢)-groups

Label f* G h" 9(B)
e2d1D6i F—1 Ci 1  pops
e2d1D6ii F—1 Cit 1  pop3
e2d1D14 t—1 Ci 1  popy
e2d5D4i 2—t—1 C 1 pf
e2d5D4ii 2_t—1 C 1 p
e2d5D4iii 2—t—1 C 1 porf
e2d8D2 22 C, 1 pof
€2d8D7i 22 C 1 pxf
e2d8D7ii 22 G 1 p©
e2d12D2 2-3 C, 2 pof
e2d12D3 2 -3 C, 2 p3ff
e2d13D4 2—t—3 C 1 pf
e2d13D36 2-t-3 Ca 1 popapsec
e2d17D2i 2 _t—4 C 1 pf
e2d17D2ii £2—t—4 C 1 pf€
e2d21D4 2—t—5 C 2 pof
e2d24D3 2—6 C 2 paf
€2d33D12 2—t—8 G 2 pophp3if
€2d49D56 B2 -2t+1 Cs 1 popyt
€2d81D1 B —3t—1 C; 1
e2d148D1i B2 -3t+1 S3 1«
e2d148D1ii | 3 — 2 -3t 41 Ss 1 /[
e2d148D1iii | B — 2 —3t+1 Sy 1/
€2d229D8i B_4t—1 S3 2 paphi*
e2d229D8ii | B — 4t —1 Sz 2 paphl©
e2d229D8iii | 3 — 4t —1 S3 2 popht’c
e2d725D161 | #* — 3 =32+t +1 Di 1 pof
e2d725D16ii | #* — 13 =32+t +1 Dy 1 pol©
e2d1125D16 | #* — 3 — 42 + 41+ 1 Cy 2 poff
e3d1D6i F—1 Ct 1  pop3
e3d1D6ii t—1 Ci 1 pop3
e3d1D10 t—1 C 1 pops
e3d1D15 F—1 Cit 1 p3ps
e3d5D5 2—t—1 C, 1 psf
e3d5D9 2—t—1 C, 1 p3f€
e3d8D9 2 -2 C, 1 p3f€
e3d12D3 2-3 C 2 pyf
e3d13D3i 2_t-3 C 1 paf
e3d13D3ii 2—t—3 C, 1 p3lc
e3d17D36 £2_t—4 Co 1 paphpslc
e3d21D3 2_t—5 C 2 paf
e3d28D18 27 Co 2 popaphic
€3d49D1 B2 _2t+1 G 1
e3ds1D1 B —3t—1 Cz 1
e4d8D2i ?—2 C, 1 poff
e4d8D2ii 22 C 1 pf
e4d8D2iii 22 G 1 pl©
e4d8D7i 2 -2 C, 1 ppf
e4d8D7ii 2—2 C, 1 pyc
e4d8D98 22 Co 1 popyphi€
e4d2304D2 | A — 42 +1 Cy 2 poff

Continued on the next page
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Table 1 — Continued from the previous page

Label f* G Kt 9(B)
e4d2624D4i | £ —23 312 42t +1 Dy 1 pof
e4d2624D4ii | 4 — 213 — 312 + 2t +1 Dy 1 pol©
e5d5D4 P—t—1 C, 1 poff
e5d5D5i P2—t—1 C 1 psi€
e5d5D5ii 2—t—1 Co, 1  psif
e5d5D5iii 2—t—1 C, 1  pslc
e5d5D180 2—t—1 C, 1 popapsi€
e5d725D251 | A — 3 =32 +t+1 Dy 1  ps€
e5d725D25i | t* — 5 — 32+t +1 Dy, 1 s
e5d1125D5 | A — 3 — 42 + 41 +1 Cy 2 psf€
e6d12D66i 23 C 2 popapnitf
e6d12D66ii | 12 — 3 Co 2 popapinl©
€7d49D1 P -2 _2t+1 G 1
€7d49D91i B2 -2t+1 Cs 1 prppae€
e7d49D91ii | B — 2 —2t+1 C: 1 prpial©
e7d49D91iii | B — 12 —2t+1 C3 1  prpigl’c
€9d81D51i B _3t—1 Cz 1  p3pyyi
e9d81D51i | B2 —3t—1 Cz3 1  papyl©
e9d81D51iii | 3 —3t—1 Cs 1 papip’©
e11d14641D1 | ° —* — 43 +3:2+3t—1 Cs5 1 €

Let T be a (1;e)-group and let B be the corresponding quaternion algebra. Ta-
ble2ldescribes

The orders O of B generated by the groups G inbetween T'®) and T,
The norm 1 groups O! associated to these orders; if this is not given by a

G as above, then the minimum of the indices [O! : G] is given,

The level of O,
Whether or not O is Eichler,
Whether or not I' is commensurable with a triangle group,

And the degree of the map X(O'!) — X(O(1)!) for a maximal order O(1)

containing O.

Table 2: The orders Z¢[G] for rdcgcr

Label @) o1 Level Eichler? A? Deg
e2d1D6i Zr[r?)] r®@ ps Y Y 6
e2d1Dé6ii Zr[r?)] r@ 3 N Y 6
e2d1D14 Zrr®) =7z [(1®,AB)] (T@,AB) (1) Y N 1
e2d5D4i Zr[r?] r@ p3 N Y 20
Z¢[(r), B)) 2 N Y 5
e2d5D4ii all Zr[G] 5 1 Y Y 1
e2d5D4iii ZrT@) = Zp[(T®,4)]  (T@®,A) ps Y Y 10
e2d8D2 Zr[r®] r@ p3 N Y 24
Zp[(T@, AB)] (r®, AB) p3 N Y 12
€2d8D7i Zp[T@] =z [(T?,B)]  (T®),B) 2 N N 2
e2d8D7ii Zp[T@] =zp[(T®,4)] (T®,4) p32 N N 2
e2d12D2 Zp[r®] r@ pa N Y 12
Zr (T3, A)] r®,4) 9 N Y 6
z;[(T?, B)] r®,p) p3 N Y 6
Continued on the next page
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Table 2 — Continued from the previous page

Label O o! Level Eichler? A? Deg
Zr[(T®, AB)] (r®,AB) p3 N Y 6
ZF[F} T P2 N Y 3
e2d12D3 Zp[r®] r@ P4 N Y 6
€2d13D4 all Zr[G] T @ Y N 1
€2d13D36 Zp[T?)] r o Y N 1
€2d17D2i Zp[T?)] r pit N N 6
Zr[(TD, AB)] (T@,AB) p2 N N 3
e2d17D2ii Zp[T?)] re pt N N 6
Zr[(TD, AB)] (T@,AB) p2 N N 3
e2d21D4 ZpT@] =7z;(1@,B)]  (r®,B) (1) Y N 1
e2d24D3 Zp[T?)] r p3 N N 2
e2d33D12 Zp[T?)] r (1) Y N 1
€2d49D56 ZpT@] =7z (1@, 4] (®,4) (1) Y N 1
€2d81D1 all Z[G] r P2 Y Y 9
e2d148D1i | Zp[r?] r@ p3 N N 12
Zr[(T@, AB)] (r®,AB) p3 N N 6
e2d148D1ii | Zp[I?] r@ p3 N N 12
Zr[(T?, B)] r®,p  pf N N 6
e2d148D1iii | Zp[I?)] r@ P N N 12
Zp[(T?, A)] r®,4) pi N N 6
e2d229D8i | Zp[T®] = Zp[(T®,AB)] (r®,AB) (1) Y N 1
e2d229D8ii | Zp[T®] = Zp[(T®,AB)] (r®,AB) (1) Y N 1
€2d229D8iii | Zp[T?] = Z;[(T?,AB)] (I®,AB) (1) Y N 1
€2d725D16i | all Zf[G] T 1 Y N 1
€2d725D16ii | all Zf[G] r (1 Y N 1
e2d1125D16 | Zp[T®] =z [(T®,B)] (r®,B) (1) Y N 1
e3d1D6i Zr[1?)] r® p7 Y Y 8
e3d1Dé6ii Zp[T?] =2zp[(T®,AB)] (T(®),AB) p3 N Y 4
e3d1D10 Zp[T@)] re p3 N N 4
e3d1D15 Zp[T?)] re p3 N N 2
Zp[(T@, B)] r®,sy (1) Y N 1
e3d5D5 ZrT@] =Zp[(T@, A)]  (T®),A)  ps Y Y 10
3d5D9 Zp[T@] =2z [(T®,AB)] (T(®,AB) p, Y Y 5
e3d8D9 Zr[T@] =2z[(T®,4)] (T®,4) p3 N N 2
other G r (1) Y N 1
e3d12D3 Zp[T?) =z [(T?,AB)] (T®),AB) plps N Y 4
other G T p3 N Y 2
e3d13D3i zrT@]) =27p[(T?®,AB)] (I®,AB) p N N 4
e3d13D3ii Zp[T?] =zp[(1®,B)]  (1®,B) p2 N N 4
e3d17D36 Zp[r®] re 1 Y N 1
3d21D3 Zp[T@] =2z (T, AB)] (T(®,AB) ps N N 2
e3d28D18 Zp[r®] r@ (1 Y N 1
e3d49D1 all Zr[G] T p3 Y Y 28
e3d81D1 all Zr[G] r p3 N Y 12
e4d8D2i 7T =7z [((T@, 4] (3,4 py Y Y 18
e4d8D2ii all Zp[G] 9 1 Y Y 1
e4d8D2iii zp[r®] =z [(T®,AB)] (T®),AB) pi, Y Y 18
e4d8D7i Zr[r®] r@ p3 N N 6
e4d8D7ii Zp[r®] r@ p3 N N 6
e4d8D98 Zrp[r?] r@ 1 Y N 1

Continued on the next page
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Table 2 — Continued from the previous page

Label O o! Level Eichler? A? Deg
e4d2304D2 | Zp[T@)] r® pi N Y 12
Zr[(T?, A)] r®,4) p N Y 6
Zr[(T?, B)] r®,p  p N Y 6
Zr[(T@, AB)] (r®,AB) p3 N Y 6
ZF[F} T P2 N Y 3
e4d2624D4i | all Zp[G] r 1) Y N 1
e4d2624D4ii | all Zf[G] r 1 Y N 1
e5d5D5i Zr @) =7z [(T®,B)] (@®,B) py Y Y 12
e5d5D5ii zp[r@] =z[(r®,B)]  (T®,B) iy Y Y 12
e5d5D5iii Zp[T@] =2z[(T®,4)] (T®,4) 3 N Y 12
other G 6 (1) Y Y 1
e5d5D9 Zp[T@] =z, [(T@,AB)] (T®,AB) ps Y Y 6
e5d5D180 Zr[r?] re 1 Y N 1
e5d725D251 | all Zf[G] r 1 Y N 1
e5d725D25ii | all Zf[G] r 1 Y N 1
e5d1125D5 | all Z¢[G] r ps N Y 3
e6d12D66i | Zp[T?)] r®@ 1 Y N 1
e6d12D66ii | Zp[I'?)] r@ 1 Y N 1
e7d49D1 7T =7Zp[(T@,B)]  (T®,B)  popy Y Y 72
e7d49D91i | Zp[T@) = z;[(T®,B)] (r®,B) (1) Y N 1
e7d49D91ii | Zp[T@] = Z;[(T?®, A)]  (1®,A) (1) Y N 1
e7d49D91iiii | Zp[T®] = Z¢[(T?), AB)] (I®,AB) (1) Y N 1
e9d81D51i | Zp[T@] =2z;[(T®,B)] (®,B) (1) Y Y 1
e9d81D51ii | Zp[T@] =Zp[(1?,4)] (@4 1) Y Y 1
e9d81D51iii | Zp[T@] = Zp[(T?,A)] (@4 1) Y Y 1
e11d14641D1 | all Zf[G] T pii Y Y 12

The final Table B|summarizes the canonical models for the curves X* (T') deter-
mined in Section 4] For these models E*(T'), the table specifies

« The canonical field of definition Fr of E*(T),

« A minimal field of definition Mr of E*(T) (as an abstract field, Mr is
unique in all cases),

« The j-invariant j(E*(T)) of E*(T),

« The conductor €(E*(T)) of E*(T) over Fr, and

« Whether or not we succeeded in proving the correctness of E*(T') or its
isogeny class.

These data determine E*(T) in all cases. In the cases where multiple conjugate
values for j were obtained, we give these j-invariants as distinct embeddings ¢(;)
into C for a fixed element j of Fr (cf. Theorem[2.1.7).

Frequently, it was only possible to determine an isogeny class of curves over
F. In these cases, we have used the j-invariant of smallest height in this isogeny
class, even though our experimental evidence indicates that Shimura curves tend
to have a j-invariant of rather large height.

We point out a few anomalies in the list:

(i) At e3d21D3, K_13p1 denotes the subfield of F; of discriminant —1321.
This subfield is uniquely determined up to isomorphism (though not as a
subfield of Fy,c0).
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(i) The cases e4d8D2ii lacks some entries: this is because we have been un-
able to prove that the associated group is congruence. See the correspond-
ing paragraph in Section

(iii) Finally, for the case e6d12D66, the canonical model dds on the choice

of a certain compact open subgroup K’ as in Lemma

to Section [@ for examples.

Table 3: The canonical models for J(T')

2.2l We again refer

Label Fr Mr J(EE(T)) ¢(E=(T)) Proved?
e2d1D6i 3 F 752287° /203256 popaps Y
e2d1D6ii F F 24133 /32 p3p3 Y
e2d1D14 F F 53113313 /2376 popy Y
e2d5D4i F F 24173 3 Y
e2d5D4ii F Q 512113 /215 pap’ Y
e2d5D4iii F ja —269% /21035 Pap3 Y
€2d8D2 e Q 2633 ps Y
2d8D7i/ii F F (), /() p3p7 Y
(isogeny class) | where j = a2?(2a +1)/7
€2d12D2 Fo F 0 p3 Y
e2d12D3 Fe Q 221933 /31 P03 Y
e2d13D4 F F —293413 /215 2 Y
e2d13D36 F F 113238313 /21032 popsp) Y
e2d17D2i/ii F F (), /() p2ps Y
where j = —(2a + 3)(a — 2)°(2x — 3)3(4a — 17)3(8a + 23)3 /212
e2d21D4 Fo  Fe (), /() p2py Y
where j = —(w_7 —1)533(2w_; — 3)3(98w_5 + 213)3/21°
€2d24D3 Fo  Q(w_2) (j),/(j) p3psp} Y
(isogeny class) where j = —w_»2'%(w_5 + 1)?(w_, —3)3/33.
e2d33D12 F, F 53313 /2633 paphpapy Y
€2d49D56 F Q —5%16373 /21871 pop; Y
e2ds81D1 E Q —32531013 /221 P2 Y
e2d148D1i/ii/iii | F F (i), LG, () 3 Y

(isogeny class)

where j = (3a% — a — 12)22°

e2d229D8i/ii/iii | F.s  F (i), LG, " (j) pap)h Y
where j = (422 +8a +1)°(a 4+ 1)°
(8a% — 9a — 6)3(184a2 — 927a — 3724)3 /21°
e2d725D16i/ii | F F (), ¢ (f) p2 N
where j = (w5 — 2)%(2429ws + 33625)3 /217
e2d1125D16 Fo Fuo (), ¢ (f) paph Y
where j = —(17a — 3)(« — 1)8(16a + 269)3(240a + 187) /234
e3d1Dé6i T F 49933 /223874 p2p3p7 Y
e3d1D6ii F F 21473 /38 p3p3 Y
e3d1D10 F F 731278 /223652 p2p3ps Y
e3d1D15 F F 68413 /3852 p3ps Y
e3d5D5 E Q —52813 /3165 P3P5 Y
e3d5D9 F F 79493 /25310 p2p3 Y
e3d8D9 F F —262393 /310 3 Y
e3d12D3 Fo F 2633 p3 Y
e3d13D3i/ii F F (), /() paps Y
where j = (a +2)%5%(9a + 11)3(277a + 301)3 /38
e3d17D36 F F 1134131313 /22310 poplps Y

Continued on the next page
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Table 3 — Continued from the previous page

Label Fr Mr J(EX(T)) ¢(E=(T)) Proved?
e3d21D3 Fpyo Ko 131 3°5°17° p3 Y
(isogeny class)
e3d28D18 I F 233413 /2238 phpapsps Y
e3d49D1 F Q —21271 /31 3 Y
(isogeny class)
e3ds1D1 Fpo Q 0 p3 Y
e4d8D2i/iii F F (), 7 (j) pap17 Y
where j = — (& +1)(2a + 1)3(3a — 1)3(16a + 203)3 /27173
e4d8D2ii ? ? (), 2 (j) ? Y
where j = w_»(w_5 —1)(w_o +3)3(4w_» — 3)3(15w_, — 13)3 /214
e4d8D7i/ii F F (), 2 (j) p3p7 Y
(isogeny class) | where j = —(4a + 5)%(4a — 21)3 /72
e4d8D98 F Q 5°1132383%/2972  popypl, Y
e4d2304D2 Fo F 0 3 Y
e4d2624D4i/ii | F F (), /() P2 N
where j = — (3w, — 4) (1253w, — 2997)3 /218
e5d5D5i /ii F F (7)), () psp11 Y
where j = &% (a — 4)%(2x — 9)3(160a — 527)3 /50113
e5d5D5iii F Q —241093/5° pZps Y
e5d5D9 F Q 23%73% /3258 paps Y
e5d5D180 F Q 7322873 /26325 popsps Y
e5d725D25i/ii | F F (), /() ps N
where j = —21%(ws — 3)(4979ws — 8159)3 /57
e5d1125D5 Fo F 0 p2 Y
e6d12D66i /ii Fw F (), /() depends Y
where j = (10« + 17)% (459 + 7382)3 /2537112
e7d49D1 F Q 5°11°31° /237° popy Y
e7d49D91i/ii/iii | F F (), (), () p7P13 Y
where j = (a? — & — 2)18(a +2)2(4a — 7)%(a — 3)?
(a? —3a —11)3(8942 — 2111a — 737)3 /76132
e9d81D51i/ii/iii | F F (), 7, () p3p17 Y
where j = (a2 — 3)13(a +2) (4a + 1)%(a — 3)?
(65a — 4361a — 5810)3 /70132
el1d14641D1 F Q —212313/11° p11 Y
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